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Preface

This volume is the proceedings of a workshop on ‘Number Theory and Poly-
nomials’ held at Bristol University, 3—7 April 2006, with about fifty partici-
pants. The workshop was the first in a series of workshops sponsored by the
Heilbronn Institute for Mathematical Research. During the meeting, the par-
ticipants exchanged lectures, had informal discussions, and posed problems
in the broad subject area defined by the theme of the workshop. Some of the
articles in these proceedings are, in whole or in part, the direct outcome of
questions posed and ideas raised during the workshop.

The meeting and the proceedings shared the aim of bringing together
number-theorists with varied backgrounds having a common interest in prob-
lems concerning polynomials. Many of the overseas participants were sup-
ported by the Heilbronn Institute for Mathematical Research. The articles in
the proceedings are not intended to be a record of the lectures at the meeting:
some of the papers are more extensive than the corresponding talks, some of
the talks are not represented by papers, and non-speakers were also invited
to submit papers on the theme of the workshop. Expository papers and sur-
veys were encouraged, and many of the submissions are of this form. It is
hoped that this collection of papers will form a useful resource for new and
old researchers in the field.

The papers in the proceedings were refereed individually to a high standard,
and not all submissions were accepted. We take this opportunity to thank
the small army of referees who gave of their time and expertise so willingly.
We are grateful to all the participants, to the speakers, to the authors of the
papers, to the London Mathematical Society, to the staff at Bristol University,
and to the Heilbronn Coordinator, Cathy Badley.

James McKee
Chris Smyth
Royal Holloway and Edinburgh, April 2007.
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THE TRACE PROBLEM FOR TOTALLY POSITIVE
ALGEBRAIC INTEGERS

JULIAN AGUIRRE AND JUAN CARLOS PERAL,
WITH AN APPENDIX BY JEAN-PIERRE SERRE

ABSTRACT. Suppose that P(z) = 2% + ayz?~" +--- 4 a4 is a polynomial
with integer coefficients, irreducible, and with all roots real and positive.
In a remarkable paper of 1918, I. Schur proved that if ¢ < /e, then there
are only finitely many such polynomials for which the average of the roots,
equal to —ay /d, is less than ¢. The Schur-Siegel-Smyth trace problem asks
for the largest value of ¢ for which the same conclusion holds. In this paper
we give an account of the history of the problem, the latest results, and
its relations with other problems in number theory.

1. INTRODUCTION

An algebraic number is a complex number « that satisfies a polynomial
equation
" +a " '+ 4+ a,_ 1z +a, =0,

where the coefficients a; € Z, the ring of integers. If the leading coefficient
ag equals 1, then « is said to be an algebraic integer. The set of all algebraic
numbers is a field, while the set of all algebraic integers, that we shall denote
by A, is a ring. Given «a € A there is a unique monic polynomial P € Z[x],
the ring of all polynomials in one indeterminate with integer coefficients,
such that both P(a) = 0, and also if @ € Z[z] is such that Q(«) = 0, then P
divides @ in Z[x]. This polynomial P is irreducible, and is called the minimal
polynomial of «; its degree is called the degree of a.

Let a be an algebraic integer of degree d and let P(z) = z¢+a;2? 4+ - -+ay
be its minimal polynomial. Then P has d different roots ay, ..., ag, which
are called the conjugates of a. We have

Pz)=(r—ay)...(x — aq).

If all the conjugates of a € A are real, then « is said to be totally real; if they
are all positive, then « is said to be totally positive. The set of all totally
positive algebraic integers will be denoted by A, .

2000 Mathematics Subject Classification. 11R06.
Key words and phrases. Totally positive algebraic integers, Schur-Siegel-Smyth trace
problem.
J. Aguirre supported by grant 9/UPV127.310-15969/2004 of the Universidad del Pafs
Vasco.
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2 The trace problem

Associated with o € A there are several quantities of interest in algebraic
number theory, among them the trace

d
Trace(a) = Zak = —ay,
1

the norm

and the discriminant
Disc(a) = A(ay, ..., aq),
where A is the function defined by

Alzy,..za) = ] (&= (1)
1<i<j<d
For a monic polynomial P € Zx], Trace(P), Norm(P) and Disc(P) are de-
fined as Trace(a)), Norm(«) and Disc(«r), where « is any root of P. It is
clear that the trace and the norm are integers, and it turns out that so is the
discriminant. The resultant of two polynomials P(x) = apx™ + --- + a, of
degree n and Q(x) = byz™ + - - - + by, of degree m is defined as

Resultant(P, Q) = ag' H Q(x

that is, ag' times the product of the values of Q on the roots of P. If P and @)
have integer coefficients, then Resultant(P, Q) is also an integer. Moreover,
Resultant(P, Q) = 0 if and only if P and @ have a common root. In particular,
if P,@Q € Z[z] are coprime, then ‘Resultant(P, Q)‘ > 1. All the above facts
about algebraic integers can be found in any text on algebraic number theory,
for instance [3].

We shall also use the family of measures defined by

1< pl/p
Q)Z(E;MM) , p>0.

If a € Ay, then Trace(a) = d- M («). It follows from the inequality between
the arithmetic and the geometric means that

M,(a) > ‘Norm(a)|1/d,

and thus that M,(«) > 1 unless @« = 0 or @ = £1. The spectrum of the
measure M, is defined as the set

T, ={M,(a) €A, a#1}.
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For each positive integer n, 6, = 4 cos? (7r/ (2 n)) € A,. Its minimal poly-
nomial is a factor of

v/ n{n—=~%k—1
P (z) = gn/? L [n/2)—k
() ==z + ;( ) ’ b1 x

_ /2 eyt M pn/2=2 4 A /2]

where [ -] is the integer part function, ap,/o) = £2 if n is even, and ap, /9y = +n
if n is odd. Eisenstein’s irreducibility criterion implies that if n is an odd prime
or a power of two, then P, is irreducible. It follows that M;(6,) =2p/(p—1)
if p is an odd prime, and M;(fs.) = 2 for all positive integers n. Thus
2 is a limit point of 7;, and there is an infinite number of totally positive
algebraic integers, of different degree, for which the value of M; is 2. The
Schur-Siegel-Smyth trace problem, as stated by Peter Borwein in [4], is the
following.

Schur-Siegel-Smyth Trace Problem. Given any € > 0, prove that the set
{aeAl : Mi(a)<2—¢€}
15 finite, and if possible, find all its elements.

In other words, the problem asks whether 2 is in fact the smallest limit
point of 7;. A more general form of the problem is to find the structure of
7,. Of course the same problem can be posed for each of the sets 7,, p > 0,
but our main concern will be with the case p = 1.

Sometimes the problem is stated for the class of totally real algebraic in-
tegers instead of for the class of totally positive algebraic integers. However
both problems are equivalent, since if a is totally real, then o® € A, and
My(a?) = (MQp(a))Q'

The rest of the paper is divided into four sections and two appendices.
Section 2 is devoted to the work of I. Schur, C.L. Siegel and C.J. Smyth on
the trace problem. In Section 3 we explain the method of auxiliary functions
and give the best results known. Section 4 deals with the relation between the
trace problem and the integer Chebyshev problem, and Section 5 is dedicated
to the special case of cyclotomic algebraic integers. Appendix A gives the
best result, as far as we know, for the trace problem. Appendix B contains a
letter from J.-P. Serre to C. Smyth.
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2. EARLIER RESULTS

In this section we describe the results obtained by I. Schur, C.L. Siegel and
C.J. Smyth.

The work of I. Schur. The first result on the trace problem appears in
I. Schur’s 1918 paper [15], and is based on the following inequality for the
function A defined in (1):

Theorem (Schur [15, Satz I1]). The mazimum of A(z1,...,xq) over the set
of real n-tuples (r1,...,x4) such that 3 + -+ a3 <1 is

d
pa = (d* = d) 2T K-
k=2

It follows from Euler’s summation formula that

a2

T)’

d
Hk;k — X klogk _ O(d%(d2+d)+% o
k=2

and then
[y = O(dé—(Sd—dng—Q e—i—(Qd—(ﬂ))' (2)
Schur considers next totally real algebraic integers a of degree d, with
minimal polynomial 2% + a;27~! + - - - 4+ a4, and such that o? +---+ a3 < vd
for some v > 0. The definition of the discriminant implies that Disc(a) > 0,
and since the discriminant is an integer, we have

1< Disc(a) < (yd) g = O(eF d* = (i) 0). ()

If v < /e =1.648721..., then the right hand side of (3) converges to zero as
d goes to infinity. Since on the other hand Disc(«) > 1, there exists a positive
integer dy such that d < dy. Moreover, |ay| < v/yd for 1 <k <d. Thus

d
|CLk| = Z Oy O (ILk S (k>(’}/d) .

1<iy <ig < <ip <d

o[

This concludes the proof of the following:

Theorem (Schur [15, Satz VIII]). Let v be a positive constant such that
v < +/e. Then the number of totally real algebraic integers o such that
0 gy = ST
d
18 finite.

Finally, using the observation made in the introduction, this theorem is
restated as:
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Theorem (Schur [15, Satz XI]). Let v be a positive constant such that
v < +/e. Then the number of totally positive algebraic integers o such that

oy + e + QY

—— <

d >

s finite.
The work of C.L. Siegel. The next advance is due to C.L. Siegel in his 1945
paper [16]. The first result in the paper is an improvement of the classical
inequality between the arithmetic and the geometric means involving the

function A. Given an integer d > 2 define a polynomial P and a rational
function @ by

—2 d—1
t+ k\d-k-1 d—k
N (PR
H( Do =TIl g5
k=0 k=1
Theorem (Siegel [16, Theorem I]). Let xy,...,x4 be positive real numbers

such that A(xy,...,x5) # 0, and let p be the unique positive solution of the
algebraic equation

C(my gt
Piw) = A(xy, ... xq)
then .
(9“"1*";['”‘1) > Q) w1 ... T4 (4)

The polynomial P has positive coefficients and P(0) = 0, so that pu is
well defined. Since moreover Q(p) > 1, (4) is in fact an improvement of the
arithmetic-geometric inequality. If o € A, (4) can be rewritten as

(M; ()" > Q() Norm(a),

where 4 is the unique positive solution of P(1) = Norm(a)?~!/ Disc(a). Since
Norm(«) is positive, it follows that

d(d—1 . _
(Mi(a))™"" > Dise(a) P(1) Q" (1). (5)
This inequality is the starting point for the proof of the following two theorems
dealing with the trace problem.

Theorem (Siegel [16, Theorem I1]). Let 9 be the positive root of the tran-
scendental equation’

log 1
1+
and let \g = e(1+ 9717 =1.7336.... Then for any X\ € (1, \g) the set

{aeh,: M(a) <))}

(1+9)log(1+97") + =1,

18 finite.

tThere is a misprint in the paper. The ‘=’ on the left hand side should be a ‘+’.
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Theorem (Siegel [16, Theorem III]). The only a € A, with M;(a) < 3/2
are = 1 and o = (3 £+/5)/2, the roots of the polynomial x> — 3z + 1.

These theorems imply in particular that 3/2 is the smallest point in 7y
and that it is isolated. Siegel finds remarkable that they imply a refinement
of Minkowski’s inequality between the discriminant and the degree of totally
real algebraic fields of sufficiently large degree.

The work of C.J. Smyth. Stimulated by McAuley’s Master Thesis [12],
C.J. Smyth carries out in his 1984 paper [19] a detailed analysis, both the-
oretical and numerical, of the structure of the sets 7, for p > 0 (defined in
terms of totally real instead of totally positive algebraic integers). His main
result for the case p = 1, translated to the language we have been using, is
as follows.

Theorem (Smyth [19, Theorem 1]).

(1) The smallest three elements of Ty are isolated, and are the only ele-
ments of T in the interval (1,1.7719):

357
Lo nt = {5,251
( ) 7 g)m 1 27374
These values are Mi(«), where o € Ay is a root of one of the poly-
nomials x> —3x+ 1, 23 =522 + 60 — 1, 2* — 72> + 1323 =T + 1,
xt — T2+ 142° —8ax + 1.
(2) The set Ty is dense in [2,+00).

From this theorem we see that the structure of 7; is undetermined only
in the interval (1.7719,2). Let us remark again that Smyth proves similar
results for all p > 0.

The ideas for proving the above theorem had already been developed by
Smyth in [17, 18] to treat the corresponding problem for the measure

Qa) = <f[ max (1, |0zk|))1/d.

The methods for proving (1) and (2) are quite different. We will explain with
some detail in the next section the method used to prove (1), known as the
method of auxiliary functions, which can be applied to a large class of prob-
lems in the theory of polynomials with integer coefficients. Whereas Schur’s
and Siegel’s results were based on inequalities for the discriminant of an al-
gebraic integer, the method of auxiliary functions exploits an inequality for
the resultant of two polynomials, one of them being the minimal polynomial
of an algebraic integer.
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3. THE METHOD OF AUXILIARY FUNCTIONS

Suppose that somehow we are able to find a polynomial @ € Z[x| and real
constants y > 0, ¢ such that

r—ylog|Q(z)| >c forall z>0. (6)
If « € A, has conjugates aq, ..., a4, then

ar —ylog|Q(ag)| > ¢, 1<k<d.
Adding these inequalities and dividing by d we get

d
Mi(a) > ¢+ ylog‘H Q(ak)‘ = ¢+ ylog | Resultant(P, Q)|,
k=1

where P is the minimal polynomial of a. If Q(«) # 0, then
| Resultant(P, Q)| > 1

and M;(«) > c¢. Thus inequality (6) implies that

(Le)NnTy C { Mi() : Q(a) =01},
and in particular that (1,¢) N 7; is finite. Define the constant IC as

K= sup { inf (x —ylog \Q(x)\) } (7)

QEZ[], Q40,y>0 ~ *0

Reasoning as above, it is easy to see that

(1,¢) N7 is finite for all ¢ < K.

What Smyth did to prove the first part of his theorem is to compute explicitly
a polynomial @) € Z[z| and a constant y > 0 such that

x —ylog|Q(x)| > 1.7719

for all > 0, proving that IC > 1.7719.
How does one find such () and a? In practice, one chooses N irreducible
polynomials @; € Z[z] and solves the optimization problem

sup{rggigl(x— ick log]Qk.(x)D}, (8)

where the supremum is taken over all N-tuples (cy, ..., cy) € RY with ¢, > 0
for 1 < k < N. The function x — Zivzl cr log |Qr ()] is called an auxiliary
function. The method can be adapted to study other measures. For instance,
if we change x to z”, p > 0, then we obtain results about the sets 7,; changing
x to max(0,logx) will provide information on the spectrum of the Mahler
measure. It should be noted that in Smyth’s original approach, (8) appears
as the dual of another optimization problem on the set of all probability
measures on (0, 400).
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When we apply the method of the auxiliary functions we are confronted
with two different problems:
(1) Find appropriate polynomials Q.
(2) Once the polynomials have been chosen, find the values of the coeffi-
cients ¢;, that maximize (8).

The polynomials. To apply the method of auxiliary functions, one needs
to choose the polynomials @y in (8). There are heuristic rules to select them:

e They should have positive roots.

e They should have small coefficients.

e They should have small trace. The reason for this is the following:
to prove that M;(a) < ¢, all polynomials of degree d whose trace is
smaller than ¢ - d must appear in (8).

For small positive integers d and T, it is possible to give a complete list
of all monic irreducible polynomials with integer coefficients, positive roots,
degree d and trace T'. In [20] a complete list of such @ € Z[z] with

Trace(Q) — deg(Q) <6

is given, and all @ € Z[x] with deg(Q) = 10 and Trace(Q) = 18 are listed
in [13]. Table 1 gives for each 1 < d < 10 the smallest possible trace T' of
a totally positive algebraic integer of degree d, the corresponding value of
M, and the number N, of monic irreducible polynomials with positive roots
having such degree and trace. Some of them appear in Table 2.

TABLE 1. Number of polynomials of a given degree and trace
as small as possible

d T M, N,
1 1 1.000 1
2 3 1500 1
3 5 1.660 1
4 7 1750 2
5 9 1.800 4
6 11 1.833 11
7 13 1.857 40
8 15 1.875 151
9 17 1.889 686
10 18 1.800 3

Smyth’s theorem is used by O. Debarre in [7] to prove a result on curves
on simple abelian varieties. He also conjectures that if o € A, is of degree d,
then Trace(a) > 2d — 1, and if equality holds, then Norm(«) = 1. The first
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part of the conjecture is false, since by Corollary 3 in [14], for infinitely many
d there exists a € A, with
1 loglogd

d =d d T d) <2d— - ————.
s () o race(d) < 4 logloglogd

The smallest d such that there exists a € A, of degree d and
Trace(a) < 2d — 1

is d = 10. The second part of the conjecture does not hold either, as is shown
by the polynomial

22— 1527 +892% — 268 2° + 438 2% — 38523 + 16922 — 324 + 2.

The optimization algorithm. Once the polynomials )} have been chosen,
it remains to find the coefficients ¢, that maximize (8). This can be done by
semi-infinite linear programing, as in [19], or by a variant of the second Remes
algorithm, as in [1].

Latest results. New polynomials, better optimization algorithms and more
powerful computers have produced a series of improvements in the trace prob-
lem:

e > 1.7735 (1997, Flammang, Grandcolas & Rhin [8]),

e > 1.7783 (2004, McKee & Smyth [13]),

e /C > 1.7800 (2006, Aguirre, Bilbao & Peral [1]),

e [ > 1.7822 (2006, Flammang, personal communication to C. Smyth),
e I > 1.7836 (2006, Aguirre & Peral [2]).

The best current result as far as we know™ is L > 1.784109 and is due to the
authors. It is included in Appendix A.
Considering for £ > 0 the optimization problem

sup{rg? (x — i cr log |Qk(:c)|) } 9)

instead of (8), it is possible to obtain a different type of inequality for the
trace of € A, with conjugates a; < as < -+ < ay:

o M(a) > 1.60 + oy (1997, Flammang, Rhin & Smyth [9]),
e Mi(a) > 1.66 + «; (2006, Aguirre, Bilbao & Peral [1]).

These inequalities hold for all o € A, except for 26 explicit exceptions and
their integer translates.

*Added in proof: V. Flammang has proved recently that I > 1.78702.
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The limits of the method. How far is it possible to go with the method of
auxiliary functions? Is it possible to solve the trace problem? Unfortunately
the answer is no.

C. Smyth proved in [21] that K < 2 — 107, This was then improved by
J.-P. Serre in a private letter (24 February 1998) to Smyth, whose contents
appear as Appendix B. Serre proves that if () is a polynomial with real co-
efficients with leading and constant coefficients of modulus at least 1, and if
y >0, 2>0, c€R are constants such that

r—zlogzr —ylog|Q(z)| > ¢ for all x > 0, (10)
then ¢ < 1.898302... . It follows that
K < 1.898302. .. . (11)

Since Serre’s result is for polynomials with real coefficients, it is possible that
the inequality is in fact strict. We see from (11) that it is impossible to
show using the method of auxiliary functions that (1,¢) N 7; is finite for any
¢ > 1.898302... . Moreover, to prove for instance that (1,1.89) N7} is finite,
the sum in (8) should include all the polynomials referred to in Table 1. We
believe that the computational problem is intractable, and will remain so for
a long time.

In a subsequent letter (31 March 1998) Serre proved that the upper bound
for ¢ is optimal. For any ¢ < 1.898302... there exist constants y > 0, z > 0,
and a polynomial

Q) =[Jx-XM), Melad], [[Mm=1
k=1 k=1
where a = 0.08735..., b =4.41107 ..., such that (10) holds.

For optimal c, the corresponding values of y and z are y = 1.628472... and
z = 0.620741... . The extremal situation is described by a measure, giving
the limiting density function of the zeroes of a sequence of real polynomials
(), whose degrees go to infinity with n. This measure has support on the
interval [a,b], and is obtained by projecting the uniform probability measure
on the unit circle to [a,b]. The result is that, with this optimal choice,

b — bh—
fopil) = 2 — zlog.r - / tog r — | Y j; ) gy,

This function is constant on [a,b], equal to 1.898302..., and increases to
infinity both as x — 0 and z — oo. See Figure 1, where f,,, is compared
with the auxiliary function of Appendix A.

Serre’s interest in the problem comes from its connection with the counting
of points on curves over finite fields. For a curve C of genus g over a finite
field F,, the number of points of C in F, is given by Weil as ¢ 4+ 1 — trace(P),
where P is a monic integer polynomial of degree g having all its roots in the
interval [ —2,/q,2,/q]. The roots of P are of the form 7 4 7, where the 7, of
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1.8983

1.7841

a b
FIGURE 1. The optimal function f,,; and the auxiliary func-
tion of Appendix A.

modulus /g, are the eigenvalues of the Frobenius map on the Jacobian of C.
Thus by a suitable integer translation, the number of points can be expressed
in terms of a sum of traces of totally positive algebraic integers whose degrees
sum up to g. See [11] for details.

4. THE TRACE PROBLEM AND THE INTEGER CHEBYSHEV PROBLEM

Given N € N and a compact interval [a,b] C R (or in general, a compact
subset of the complex numbers), the integer Chebyshev problem asks for the
polynomial of degree N with integer coefficients of minimal uniform norm
on [a,b]. Let

tz(a,b) = inf (min{ sup |P(x)|dealﬁ : P eZx], P #0,deg(P) < N })
NeN a<z<b
The constant tz(a,b) is known as the integer Chebyshev constant of the in-
terval [a,b]. If b —a > 4, then tz(a,b) = (b— a)/4, but no exact value of the
integer Chebyshev constant is known for any interval of length less than 4.
The connection between the integer Chebyshev problem and the trace prob-
lem for totally positive algebraic integers is explained in [1, 2, 5, 9]. More
precisely, we have the following result.

Theorem (Borwein and Erdélyi [5, Proposition 4.1]). Suppose that m is a
positive integer and that

1<d< !
——m
tz(0,1/m)

Then the set (1,9) N1y is finite.

We see that it is possible to obtain results about the trace problem from
estimates of the integer Chebyshev constant of intervals [0,1/m]. As the fol-
lowing theorem shows, the constant I is also related to the integer Chebyshev
problem.
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Theorem (Aguirre and Peral [2, Corollary 2|). If m is a positive integer,
then

1 1
< t5(0,1/m) < d i (— ):/c.
K+m z(0,1/m) T+m 7 a0 tz(0,1/m) "

These are not the only relations between the two problems. Estimates
for the integer Chebyshev constant of intervals [p/q,r/s] with gr —ps =1
(called Farey intervals) can be obtained from the auxiliary function

log(z + s/q) — chlog@k

(see [2]). The same algorithms and Computer code developed for the trace
problem can then be used for the integer Chebyshev problem.

5. CYCLOTOMIC INTEGERS

A cyclotomic integer is an algebraic integer o in a cyclotomic field, that is,
there exists a root of unity ¢ such that o € Q((), the smallest field containing
the rationals and ¢. If a is a cyclotomic integer, then |a|?> € A, and since
the Galois group G of Q(¢) is abelian, |a”|* = (|a|?)? for all ¢ € G, where
represents the action of ¢ on a. It follows that

where |G| is the order of G.

This property has been used by J.W.S. Cassels in [6] to settle a conjecture
of R.M. Robinson about sums of roots of unity. As part of the proof, Cassels
proves the following result.

Theorem (Cassels [6, Lemma 3]). Suppose that « is a cyclotomic integer
which 1s neither a root of unity nor representable as the sum of two roots of
unity. Then

M (|af?) > 2.

Using this theorem it is possible to solve the trace problem for cyclotomic
integers, proving that 2 is the smallest limit point of

{ My(|a|?) : a is a cyclotomic integer }.

Identity (12) has been used jointly with lower estimates on the trace of
totally real positive algebraic integers to obtain results on the values of irre-
ducible characters of finite groups. If x is an irreducible character of a finite
group G, then x(g) is a cyclotomic integer for all g € G. Problem (3.15) in
the book [10] asks for the proof of the following result, atributed to Thomp-
son: if x is an irreducible character of the a finite group G, then x(g) is either
zero or a root of unity for more than a third of the elements g € G.
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TABLE 2. Values of ¢; and @y in (14)

k¢ Qr
1 0.5454395499 =z
2 0.5063717310 1 —x
3 0.0794899337 2 —x
4 0.1888620827 1 — 3z + 22
5 0.0214329965 1 —4x + 22
6 0.0112634625 2 —4z + 22
7 0.0809965525 1—6z 4+ 5x2 — 23
8 0.0061468586 1— 8z + 622 — 23
9 0.0052343340 1—9z+62% — 23
10 0.0329631947 1 —7x + 1322 — 723 + 2*
11 0.0293633546 1 —8x + 1422 — 723 + z*
12 0.0123766117 1 — 11z +292% — 2623 + 9z* — 2°
13 0.0127623387 1 —12x +312% — 2723 +92* — 2°
14 0.0064234181 1 —13x+322% — 2723 +9z* — 2°
15 0.0131772288 1 — 15z +352% — 2823 + 92 — 2P
16 0.0017897254 1 — 14z +51a% — 7223 +432* — 1125 + 2
17 0.0026454115 1 — 15z + 5922 — 7823 + 44 2* — 11 2° + 26
18 0.0005943490 1 — 18z + 6322 — 7923 + 44 2* — 11 2° + 26
19 0.0024309470 1 —15x + 7122 — 144 2% + 136 2* — 622° + 1325 — 27
20 0.0043077189 1 — 16z + 782> — 157 2% + 143 z* — 63 2° + 1325 — 27
21 0.0002265137 1 — 17z + 8122 — 1582 + 143 z* — 63 2° + 1325 — 27
22 0.0012139399 1 — 17z + 8222 —1592° + 143 z* — 63 2° + 1325 — 27
23 0.0015863832 1— 182+ 8922 — 1722 +1502* — 64 2° + 1325 — 27
24 0.0014865771 1 — 15z 4+ 8322 — 2202 + 303 z* — 2202 + 8326 — 1527 4 28
25 0.0026334873 1 —24z+ 19422 — 743 23 + 1526 2% — 1798 2° 4 1265 2°
—53727 + 13428 — 1827 + 210
26 0.0048437178 1 — 24z + 20022 — 766 2° + 1560 z* — 1822 2° + 1273 2°
—538 27 + 13428 — 182% + 210
27 0.0032411370 1 — 242+ 20622 — 813 2> + 1662 2* — 1920 2° + 1320 2°
—549 27 + 135 2% — 18 29 + 210
28 0.0010061264 1 — 26z + 26522 — 1388 2 + 4177 x* — 7677 2° + 8944 2.6
—6752 27 4+ 332228 — 1050 29 + 204 210 — 22 211 4 12
29 0.0032149270 1 —29z + 31422 — 1676 2° + 5007 z* — 9012 z° + 10213 2
—7474 27 4+ 3561 28 — 1092 29 + 207 210 — 22 211 + 12
30 0.0012158245 1 — 32z + 36122 — 1941 23 + 5726 2* — 10061 ° + 11086 x°
—7897 27 4+ 3678 2% — 1109 22 4+ 208 21V — 22 211 + 12
31 0.0011466823 1 — 33z + 37722 — 2009 23 + 5846 z* — 10166 x° + 11134 2°

—7908 27 + 3679 2% — 1109 27 + 208 2210 — 22 211 + 12




14 The trace problem

APPENDIX A. THE BEST LOWER ESTIMATE OF THE CONSTANT K

Theorem (Aguirre & Peral, 2007). We have

I > 1.784109 . (13)
Proof. 1t is enough to check the inequality
31
v =Y o log|Qx(x)| > 1.784109  for all z > 0, (14)
k=1
where the coefficients ¢; and the polynomials () are given in Table 2. 0

APPENDIX B. THE LETTER FROM J.-P. SERRE TO C.J. SMYTH

Notation. P is a polynomial with real coefficients, satisfying conditions:

a) the highest coefficient of P has modulus > 1;
b) the lowest coefficient of P has modulus > 1.

p is the degree of P; v = v/p, where z¥ is the highest power of x dividing
P(z). R(x) =2 "P(z) and Q(z) = 2P P(1/x).

We are interested in

x>c+ ylog‘P(m)} for all x>0,

and we write y as t/p. (The point of these conventions is that what is really
important is |P|"/ ("))
The basic inequality is

(1) x>c—i—£10g‘P(m)} for all x>0,
p

and one wants to show that this implies ¢ < 1.9 (more precisely:
¢ < 1.8983021).
Of course, one can rewrite (1) as:

Y

) @2 cttyloglo) + (1)t - log|Rla)

with ¢ = deg(R) = p(1 — 7).
The strategy will be to prove two inequalities for ¢, namely:

1 1—
(3) e/t <1—log(t/2) - — L log(1 +7) — —log(1— )
and
1+ -
(4) o/t <7+t log(l+7) — ——log(1—7) = ylog(2¢7?).

For any ~,t call a(y,t) = right side of (3), and b(v,t) = right side of (4).
Define ¢(vy,t) by

(5) C(’y? t) =t inf<a<77 t)’ b(77 t)),
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so that we may sum up (3) and (4) as:
(6) c<cly,1)
The last step will be to prove (with computer help):
(7)  The upper bound of ¢(v,t), for t >0, 0 <y < 1, is < 1.8983021.

This will complete the proof.
Let me give some details.

1. Integration formulae

I shall consider intervals (a,b), with 0 < a < b. I call L the capacity of such
an interval, i.e. (b —a)/4. On (a,b) I put the measure called ‘equilibrium
distribution’ in capacity theory. If one views the interval as the projection of
a circle in the plane, it is the image of the rotation invariant measure on the
circle, normalized so that its total mass is equal to 1. If f(x) is an integrable

function on the interval, I shall write fab f(z), or just [ f(x), for its integral
with respect to that measure. The few integration formulae I shall need are:

b
(8) / log|x — A| > log L for every A€ C.
(This follows from the very definition of the equilibrium measure.)

As a consequence, if K is a polynomial of degree k, with highest coefficient
of modulus > 1, we have:

b
1
9) / Z log| K (z)| > log L.

The inequality (8) is in fact an equality when A\ belongs to the interval. I
shall need an extra case, namely A = 0:

b
(10) / logleogL+log<1+u/2+\/u+u2/4>,

where u = a/L. (Remember that I am assuming a > 0.)
Moreover:

b
(1) / v = (a+b)/2

(Clear by using the symmetry around the middle of the interval.)

(12) /b§:1/m.

(This follows by a change of variables from ;- 0% o fcf)w =7 CIL -, C>1.)
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2. Proof of the first inequality
One integrates (2) over any interval (a,b) with 0 < a < b. If one defines u

by u = a/L and z by z = 1 +u/2 + \/(u + u2/4), one gets:
(13) (a+b)/2>c+ty(logL+logz)+t(1—~)loglL,
le.
(14) ¢/t <(a+10b)/2t —log L — vlog z.

It is convenient to write everything in terms of L > 0 and z > 1:
we haveu+2=z2+z2"1 a=Lz+2z'-2), (a+b)/2=(2+2"1)L, and
(14) becomes:

(15) c¢< L(z+z')—tlogL —tvylogz (for every L >0, z > 1).

One now optimizes this inequality. It is not hard to see that the optimal

choice (for a given pair (v,t)) is z = /(1 +7)/(1 —7), L = £1/1 — 4, which

corresponds to:

a=t<1—m>, b:t(l+m>.

Then (15) gives:

(16) c<t—t-log (%\/1—v2) —ty-log /(1 +9)/(1 =),

which is equivalent to (3).

2. Proof of the second inequality
Recall that P(r) = 2"?R(z), where R is a polynomial with non-zero con-
stant term. Call @) the reciprocal polynomial. We have

(17)  P(1/z) = 27"Q(x),

and the highest coefficient of () has modulus > 1 (this is where hypothesis
(b) is used). By writing 1/ instead of x in (1), we get:

t
(18) 1/x>c—tlogz + — log|Q(x)
p

Y

which I prefer to write as:

Y

(19) 1/z>c—tlogx +t(1 — 'y)é log|Q(x)

where ¢ = (1 —v)p = deg R = deg Q.

As before, we integrate (19) over an interval (a, b), and we make the same
change of variables: v = a/L, z = 1+ u/2 4+ \/(u+ u?/4). The integral of
1/zis 1/vab=1/L(z — z~"), and we obtain:

(20) ¢ <1/L(z— 2z +tylogL +tlog 2.
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If we make the optimal choice of (z, L), which is:

2=V(1+7)/(1=7), L=1/ty(z—=2"")=V1-72/2t

we get:

(21) ¢/t <y+7log (VI=77/2t7*) +log (V)T =),

which is equivalent to (4) .

4. Upper bound of ¢(v,t)
It remains to determine the maximum of the function c¢(v,t) defined by
formula (5):

c(vy,t)=t- inf(a(% t),b(, t)),

where

a(7,1) = 1~ log(t/2) — 3 L log(1 +7) — =L log(1 — )
and

b(v,t) =~ + 1+710g(1 +7) — 1_710g(1 — ) — ylog(2t77).

Now t and ~ are free variables, subject only to ¢ > 0 and also 0 < v < 1
(one could also accept the limiting cases v = 0, 1: they give a poor value of
¢, as may be expected). Since we can check that 1.898... is a value of ¢, this
already gives a small variation range for t e.g. 1 <t < 3. (Indeed, one can
check that a(v,t) < 1 —log(t/2) hence c(v,t) <t —tlog(t/2). One is led to
check that ¢ — tlog(t/2) > 1.89 implies 1 < t < 3, which is true, with a lot
of room to spare.) This shows that the maximum of ¢(v,?) occurs at some
interior point of the range.

The next remark is that neither ta(v,t), nor tb(v,t), have a maximum
inside the range. For ta, this is very simple, since the partial derivative
relative to v is easily shown to be everywhere < 0. For ¢ b(~,t), one needs to
compute both partial derivatives, and check that they cannot be both zero.

When this is done, it is obvious that the maximal value of ¢(v,t) can be
attained only at a point (v,t) where a(vy,t) = b(7,t).

If one writes down the equation a(~,t) = b(~,t), one finds a relation which
gives t as a function of . More precisely, one finds:

(22) (1 —7)log(t/2) = e(y),

where:

(23) e(y) =1—v+~7log(47*) — (1+7)log(1+7).

Hence:

(24) t=2-exp(e(y)/(1=7)).
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Plugging this value of ¢ inside the definition of ¢(7,t) gives a function:

(25) C(v) = e(v,1) = (7,2 - exp(2exp(e(7) /(1 = ))))-

The last step is to compute the maximum of C(y) and show that it is
approximately 1.89830200... . I do not have an actual proof for that. What
I did was first to program C(v) on my SHARP pocket calculator, and made
a table of values, for which the approximate value 1.898 ... was pretty clear.
Then I used the MAPLE system on my portable computer to draw up graphs
of C' and its derivative C" (and also C”, for good measure). The graph of
C" (and the values of C” which seem to be everywhere < —1) gave me the
optimal value of v as being around™ 0.27598, with a corresponding ¢ close
to 2.2492 ... and C close to 1.898302009... . I could easily get more precise
estimates™ by using the PARI program, but there is not much point in doing
so. A more serious problem would be to transform this last part into an actual
proof. You must know what kind of methods are best suited for such things.
The trouble with C'(7) is that, although it is an ‘elementary’ function, it is
rather complicated to write down, and its derivative is even worse! I have
tried changing variables for ~ by putting v = sin ¢, which allows one to write
14+ v and 1 — v in a nice trigonometric form, but that does not seem to
simplify the computations much.
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MAHLER’S MEASURE: FROM NUMBER THEORY TO
GEOMETRY

MARIE JOSE BERTIN

ABSTRACT. We survey the latest developments concerning explicit loga-
rithmic Mahler measures for polynomials defining rational curves, elliptic
curves or K3 hypersurfaces.

1. INTRODUCTION

The first person interested in Mahler’s measure was D.H. Lehmer. In his
famous paper [20] he asked the following question (still unsolved): does there
exist a monic irreducible polynomial P, not cyclotomic, with integer coeffi-
cients, such that

QP) = [] max(|al,1) < Q(P) ~ 1.17628?
P(a)=0

Here F, is the Lehmer polynomial

R L Ry iy

In fact
QP) = M(P),
where M (P) denotes the measure of the polynomial P introduced by Mahler

in 1962. The logarithmic Mahler measure of a multivariate polynomial P is
defined by

dvy - dan

1

and the Mahler measure by

X Ln

M(P) = exp(m(P)).

By Jensen’s formula, if P € Z[X] is monic, then

M(P) = H max(|al,1).

P(a)=0

2000 Mathematics Subject Classification. Primary: 11G05, 14H50, 14H52, 14J28; sec-
ondary: 11G15, 14H10.
Key words and phrases. Mabhler’s Measure, Bloch groups, Elliptic dilogarithm, Exotic
relations, Eisenstein-Kronecker Series, L-series of K3 hypersurfaces.
20
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The first partial answer to Lehmer’s question is due to Breusch (1951)[14]:
M(P) > 1.1796. ..

if P is nonreciprocal and P(z) # £z. In 1971 Smyth [27] independently
sharpened this, for the same P, to

M(P)> M(z® —x—1) ~1.3247... .

The obstruction to answering Lehmer’s question is therefore the reciprocal
polynomials, in particuliar Salem polynomials [5]. A reciprocal polynomial is
a palindromic polynomial and a Salem polynomial is an irreducible reciprocal
polynomial with a unique root outside the unit circle, hence a unique root
inside the unit circle and the other roots on the unit circle.

Boyd’s limit formula (1981) [§]

li P(z,z™)) =m(P

N—1>I£oom( (z,2")) = m(P(z,y))

whenever the left hand term contains an infinity of different measures, was a
hope for getting small measures in one variable from small measures in two
variables. At that time, Boyd computed numerically

M((z+1)y*+ (@ +z+ 1)y +a(z+1)) =1.25542...
M(y2+($2+:1:+1)y+:£2) =1.28573...,

and these are the smallest known measures in two variables. Notice that these
polynomials define elliptic curves. In the same year, Smyth obtained the first
explicit Mahler measures [8]:

m(z+y+1)=L(x_3 —1),

CCB),

22
where x_3 denotes the odd quadratic character of conductor 3 and

3V3
L'(x_3,—1) = ——L(x_3,2
(x-3,—1) A (x-3,2)
is derived from the functional equation of the Dirichlet L-series.

Then we must await Deninger’s guess of the formula [15] (1996)
2 15

1 1
- S+ 2 (B2 = L/(E,0),
miat byt + 1)L SLE.2) = K(E0)

m(rx+y+z+1)=

where the Laurent polynomial defines an elliptic curve E of conductor 15 and
L(E,2) its L-series at s = 2. The last equality comes from the functional
equation. (A question-mark over an equals sign means that the relation is
verified numerically up to fifty decimals.) Since then, there has been an
abundant literature in this area, three conferences on Mahler measure and
developments in many mathematics domains; see for example [10].

I want to focus on two questions:
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e There are experimental relations between the Mahler measure of dif-
ferent polynomials. Can we prove these relations? What do they
encode?

e How is the geometry of the curve or the surface involved in the explicit
expressions?

2. CURVES OF GENUS 0

Let me take an example. For the polynomial
P=y*(z+1)*+2y(a® — 6z + 1)+ (z +1)?,
Boyd guessed (1998) [9] that

? 8
m(P) = 4L/(X—47 _1) = ;L(X—472>7

where . |
Lix-4,2)=1- g+ 5+ =G,
G being Catalan’s constant. Here P defines a cubic curve C' with (1,1) as
double point. Putting x =14+ X and y =1+ Y and completing the square,
we find
(Y(X +2)?+2X%)* = —16X3(X + 1).

Hence we get the parametrisation of the two branches v; and 7, of the curve

C: )
1+t
.I'1:—t2, ?le_(l_t> ;
o (1=t
2 = o Y2 = 11t
But
d d
m(P / / log‘P x,y) 4y
@2 Jiagmr Sy
= log(ma,x(|y1| |y2|)>d—x (by Jensen’s formula)
27m |z|=1 x
[ @)
= x
27TZ 772 v Y),
with

12(2)(x,y) = ilog|y|dargx — ilog|z|d argy
being a differential form on the variety I' (Maillot’s trick [22]), where

[ ={(x,y) €C?/ (x,y) €C, |z[ =1, |y|>1}.
Using this parametrisation,

1

2m(P) = —=— [ n2(2)(x1(2), v1(t))

2 "

! / 1(2) (25(8), 3a().

271 o



Marie José Bertin 23

Now 75(2) is related to the Bloch-Wigner dilogarithm D:
D(z) := S Lig(z) + log |x| arg(1l — z),

which is an univalued function, real analytic on P*(C)\ {0, 1,00} and contin-
uous on P'(C). The dilogarithm Li, is defined as

. i
Lis(z) := 3
n=1
If we set X
D(z) =1D(z),

then the relation is the following;:
dD(x) = no(2) (2,1 — z).
The differential 7,(2) satisfies

e multiplicativity in each variable,
e antisymmetry,

o if a 7 3 then
t—« t—«
_ _ — 1 —
w)t -0t —0) = m(2) (151 - =5)
+12(2)(t — o, 0 = B) + 12(2) (6 — o, £ = 3).
Thus the Mahler measure can be expressed as

om(P) = —% 4dD(—t) — 4dD(t) — % / _4dD(—t) + 4dD(1)
= 2 [DW) ~ D(-0)]", + = [D(~) - D],
=20
— 8d,.

Thus Boyd’s guess is proved. So, for some genus 0 curves, the Mahler measure
encodes the Bloch-Wigner dilogarithm, and hence the Bloch groups.

2.1. The Bloch groups. Let F' be a field. Let us define the group of rela-
tions
Ry(F) C Z|PF,

1—x 1—y
Ry(F) := 1-— .
A(F) = [+ )+ =)+ [ |+ 2L
The second Bloch group is the quotient group
By(F) := Z[Py]/Ra(F).

There is a homomorphism §%:

2
Bo(F) 2 AZF
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defined by
2([z]s) =z A (1 — o).
The class of z in By(F'), [z]2, behaves like a Bloch-Wigner dilogarithm.
The cohomology of the complex

52
Brp(2) ® Q: By(F)g = (A*F")q
is related to K-theory by Matsumoto’s theorem
H?(Bp(2)) =~ Ks(F).

Lalin [18] has proved that Smyth’s first result can be treated in that context.
Vandervelde [31] has given a class of polynomials defining rational curves to
which this applies. For this class of polynomials, the Mahler measure can be
expressed in terms of dilogarithms of algebraic numbers up to possibly a term
in (r(2). One of the conditions for such polynomials is to be tempered.

Definition 1. A polynomial in two variables is tempered if the polynomials
corresponding to the faces of its Newton polygon have roots of unity as their
only zeros.

When drawing the convex hull of points (4, j) in Z? corresponding to the
monomials a; ;2'y’, a; ; # 0, you also draw points of Z? located on the faces.
The polynomial of the face is a polynomial in one variable ¢ which is a com-
bination of the monomials 1, ¢, t2, ... . The coefficients of the combination
are given when going along the face, that is a; ; if the lattice point of the face
belongs to the convex hull and 0 otherwise. For example, the polynomial

V4+y+at+a+1

is tempered, since its Newton polygon corresponds to

1
10
1 11

and the polynomials of the faces are
1+t% 1+t+t%, 1+t
The polynomial
P=(@+z-1)y*+ @ +5r+1)y—a*+a+1

is not tempered, since its Newton polygon corresponds to

-1 1 1
15 1
11 -1

and the polynomials of the faces are all equal to +(t? +¢ —1). However, even
in that case, the Mahler measure may have an expression of the same shape.
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Indeed, Boyd guessed for m(P) the formula [9]
2 2 1
A:=m(P) = 3 log ¢ + 6d15;

dis = LI(X—15, —1),
where x_15 is the odd primitive character of conductor 15.
Bloch’s formula [9] gives L'(x_f, —1) for odd primitive x s as a combination
of Bloch-Wigner dilogarithms,

L(x-j,—1) = ZXf

where (; denotes an f-th root of unity. Applymg this formula, we find

SL (x5, 1) = - [D(Gis) + DICE) + D(h) + DG

Now, using a parametrisation of the two branches of the curve

t
r=jEt—,
"B
(VB —1)\ (2t F2V5—-54iV15
B 2 20+5+iV15 )

we get

(5 o) )
of-259)0(5)

Numerically, correct to fifty decimal places, we check that

C=-D (—j21 _2\@) - D <j1 _2\/3>
-D (—jl +2\/g> -D (fil +2¢5>

? )
= &= [D(Cis) + D((F5) + D(¢is) + D(C5)]
where (5 is a 15-th root of unity; hence the formula guessed by Boyd.
So, even if the polynomial is not tempered, there is an underlying relation

between dilogarithms. Hence the objects are living in a Bloch group.
By Galois descent in the Bloch group, C' and FE live in B, (Q(v—lS))Q.

I have not yet guessed to which element in B, (@(‘/_15))(@ the numbers C'
and E correspond.
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3. CURVES OF GENUS 1
Let us consider the polynomials
P=@+D)y+)(z+y+1)+ay
and
Q=1y?+ (2% + 22 — 1)y + 2.
Boyd [9] suspected and I proved [2] in 2004 the following relation between
the Mahler measure of the two polynomials.
Theorem 1. [2] We have
m(Q) = dm(P).

What does this mean? If P defines a ‘good’ curve of genus 1, that is, if P
is tempered, such an equality encodes the K-theory of an elliptic curve.

3.1. The elliptic regulator. Let F' be a field. By Matsumoto’s theorem,
the second group of K-theory K3(F') can be described in terms of symbols
{f, g}, for f and g € F* and relations between them.

The relations are

b {flf?;g} = {flvg} + {f27g}a
o {f,q192} ={f 9} +{f, 92},
¢ {1 - f7 f} = 0.
For example, if v is a discrete valuation on F' with maximal ideal M and
residual field k&, the Tate tame symbol
v(y)
(.9)0 = (~1)"@W—~ " (mod M)
y'U X
defines a homomorphism
Aot Ko(F) — k.

Let E be an elliptic curve on Q and Q(F) its rational function field. To any

P € E(Q) is associated a valuation on Q(F) that gives the homomorphism
Ap: Ko (Q(E)) — Q(P)
and the exact sequence
0~ KyE)®Q— K>(QE) ©Q~ || QP Q-
PeE(Q)
By definition K3(F) is defined modulo torsion by
Ks5(E) ~ ker A = Npker \p C K»(Q(E)).

By a theorem due to Rodriguez Villegas [25], if a tempered polynomial,
P € Q[z*, y*] defines a smooth curve C, we obtain

{z,y}Y € Ky(C).
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In particuliar, if
Plz,y) = (x+y+ 1)z + 1)y +1) + 2y,
then
{,y} € Ko(E).
Let f and g be in Q(E)*. Define
n(f,g) =log|f|darg g —log|g|d argf.

Definition 2. The elliptic regulator r of E is given by

r: Ky(E) — R

{f.9} = % [nf.9)

for a suitable loop v generating the subgroup H,(E,Z)~ C Hi(E,Z), where
the complex conjugation acts by —1.

3.2. The elliptic dilogarithm D¥(P). There are two representations of the
complex structure of an elliptic curve E: the first as a lattice and the second
as a Tate curve.

E(C) ~ C/Z+TZ) — C*/q"
(P(u), P'(u)) = u(mod A) — e2mi — 5
Now define )
D"(P)= ) D(q"z)

for P € E(C) and D the Bloch-Wigner dilogarithm. The elliptic dilogarithm
D can be extended to divisors on F(C) and is also related to the elliptic
regulator 7.

3.3. Sketch of the proof of the theorem. The equality P = 0 defines two
roots y; and y, which are functions of x. Denote by y; the root satisfying
ly1(z)| < 1if |x| = 1. By Jensen’s formula, we get

1 dx
P)=_—_—_ ] ar
m(P) = g [ onll

= %/ﬂn(fv,y)-

But o is a path on the variety {(z,y) € E, |z| =1, |y| > 1} ando
generates Hqi(F,7Z)~, so

m(P) = +r({z,y}).
For the same reasons,

m(Q) = tr({z’,y'}).
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Comparing these regulators with the regulator of the isomorphic elliptic curve
X1 (1 1) .

Y24Y - X34+ X2 =0,
one gets

r{ X, Y}) +r({z,y}) =0,

_5T({X7 Y}> + T({xlv yl}) = 07

that is
5m(P) = Tm(Q).
We obtain even more: the proof of an exotic relation suspected by Bloch and
Grayson [6].
If D denotes the Bloch-Wigner dilogarithm, Milnor considers D(() for

¢(? =1 and conjectures, for geometric reasons, that the only relations

d—1

Y aD() =0, a €L

r=1
are those arising from the distribution relations
D(z®) =s Z D(rx)
T5=1
together with
D(z) = —D(x).

The corresponding situation for the elliptic dilogarithm is not quite the same.

Let E be an elliptic curve over Q and suppose that the torsion group
E(Q)tors s cyclic and put d = #E(Q)tors. Write X for the number of fibers
of type I, with n > 3 in the Néron model [23] and suppose [41] — ¥ > 1.
Then there should be at least [%2] — ¥ — 1 relations

d—1
ZarDE(CT) =0, a, € Z
r=1

where ( is a primitive d-th root of unity and

o0
DP(¢") =) D("¢").

Definition 3. The previous relations are called exotic.

If E denotes the modular elliptic curve X;(11), the earlier proof yields the
exotic relation

3D®(P) =2D"(2P),
if P = (0,0) is a 5-torsion point of X;(11).
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4. SURFACES
Consider the family of Laurent polynomials

1 1 1
Qe=r+—-+y+-+z2+-
x Y z

1 1 1

+ry+ —+z2y+—+ayz+ — —k,
xy 2y TYz
and the relation guessed by Boyd [11]
?
2m(Q—36) = 4m(Q—¢) + m(Qo).

What does this relation mean?

Computations up to high accuracy are possible thanks to the following
result.

Theorem 2 ((2005)[3]). Let k = —(t + 1/t) — 2 and

n(37)*n(127)%n(21)"
n(7)4n(47)8n(67)12

2miT

where n is the Dedekind eta function and ¢ = e“™". Then the Mahler measure
of the polynomial Q). can be expressed in terms of the following Fisenstein-
Kronecker series:

ST 1 1
mQn) = 55 o %o 0 . (28%(7%7 TRPmr T R) | (mr R (mT T /@)2)

1 1
- (mwf R CmE ) | @mr+ R Cm + @2)

1 1
— 18 (2% (3mT + k)3 (3mT + k) * (3mT + K)2(3mT + H)Q)

1 1
288 (2%(6m7' + K)3(6mT + K) N (6mT + Kk)2(6mT + I<,>2) '

4.1. Key points in the proof of the previous result.

e More geometry is necessary since the polynomials (), define K3-
surfaces X,.

e Since X is a K3-surface, there is on X} a unique (up to scalars)
holomorphic 2-form.

e Since X} is a K 3-surface, one can define periods.

e The family of periods satisfies a Picard-Fuchs differential equation of
order 3 [32].

e The derivative of the Mahler measure of the polynomial ), with re-
spect to the parameter k, dm;,f ’“), is a period of X}, hence satisfies the
Picard-Fuchs equation.
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e The family X} is modular, so the solutions of the Picard-Fuchs equa-
tion can be expressed in terms of modular forms.

e By integrating and taking the development in Fourier series, we find
the previous formulae.

For X, singular, m(FPy) is related to the L-series of the variety X} [4]. In
fact, one of the most important result on K3-surfaces is a theorem of Mor-
rison: a K3-surface X, M-polarized, with Picard number 19, has a Shioda-
Inose structure, that is to say

X A=FEXxE/Cy
NS

Y = Kum(A/+)

where F is an elliptic curve, C'y is a cyclic group of isogeny, ¢ an involution
and X/(¢) is birationally isomorphic to Y. Moreover, if X is singular (Picard
number 20), then F has complex multiplication.

So we get the following theorem.

Theorem 3. (2005)[3] Let Q(v/—3) and R = (1,2/-3) C R' = (1,/-3)
two orders of discriminants —48 (resp. —12), with class numbers 2 (resp. 1).
Let g (resp. ®ri), the Hecke Grassencharacter of weight 3, be defined by

(I)R(aR> = a27 (I)R(P> = _37 P = (37 2\/_—3)7
Op (BR) = (%
Then, the relation
2m(Q_s6) = 4m(Q_¢s) + m(Qo)

15 equivalent to the relation
)Y e Y (- )
8 (2 & 3.:2)3 5 g s |
s (m,x)#(0,0) (m? + 37) (m,k)#(0,0) (4m? +3k2)3  (12m? + K?)

which in turn can be expressed as a relation between Hecke L-series

Lr(¢r,3) = Lr(ér,3).

Zagier [33] has proved that this is in fact a relation between the L-series of
weight 3 modular forms for I'g(4):

(1+2-4"°)L(f,s) = L(f1,s) + L(f2, 5),
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where f = [61,0s], fi = [01,012] and fy = [0, 03] are Rankin-Cohen brackets.
In our situation, if

ea - Z qan2’

nez
the Rankin-Cohen bracket is

RC(g,h) = [g,h] = kgh' —lg'h

and is a modular form of weight £ + [ + 2 provided that g is of weight £ and
h of weight .

5. FINAL REMARKS

Using the Zagier-Goncharov trilogarithm, Lalin [17] has generalized the
wedge product to 3 variables, explaining for instance Smyth’s second relation
and many other relations such as

m((1+a+y™") = (1+z+y)2) = 35¢(3) (Smyth) (28], [29],

m((1+2)(1+y) — (1= 2)(1 - )2)) = 5¢(3) (Lalin) [18].
For all these examples, the surfaces are rational of a certain type. So my

last question is: what are the explicit formulae for rational elliptic surfaces,
for instance the rational elliptic modular surface associated to I'g(6) defined

by
z(r—1)(y—1)=z2y(x —y)?

Acknowledgement. I thank the referee for his pertinent suggestions con-
cerning the presentation of this article.
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EXPLICIT CALCULATION OF ELLIPTIC FIBRATIONS OF
K3-SURFACES AND THEIR BELYI-MAPS

FRITS BEUKERS AND HANS MONTANUS

ABSTRACT. In this paper we give an introduction to Belyi-maps and
Grothendieck’s dessins d’enfant. In addition we provide an explicit method
to compute the Belyi-maps corresponding to all semi-stable families of el-
liptic curves with six singular fibers.

1. INTRODUCTION

In a paper by Miranda and Persson [5], the authors study semi-stable
elliptic fibrations over P! of K3-surfaces with 6 singular fibres. In their paper
the authors give a list of possible fiber types for such fibrations. It turns out
that there are 112 cases. The corresponding J-invariant is a so-called Belyi-
function. More particularly, J is a rational function of degree 24, it ramifies
of order 3 in every point above 0, it ramifies of order 2 in every point above 1,
and the only other ramification occurs above infinity. To every such map we
can associate a so-called ‘dessin d’enfant’ (a name coined by Grothendieck)
which in its turn uniquely determines the Belyi map. If f : C' — P! is a Belyi
map, the dessin is the inverse image under f of the real segment [0,1].

Several papers, e.g. [3],[7],[13], have been devoted to the calculation of some
of the rational J-invariants for the Miranda-Persson list. It turns out that
explicit calculations quickly become too cumbersome (even for a computer) if
one is not careful enough. The goal of this paper is to compute all J-invariants
corresponding to the Miranda-Persson list. We use a trick which enables us to
reduce the calculation to the solution of a set of three polynomial equations
in three unknowns (see Section 7 for details). The results can be found on
the website

http://www.math.uu.nl/people/beukers/mirandapersson/Dessins.html

On that website, an entry like 14-3-2-2-2-1 means that one finds there
all dessins of J-functions with ramification orders 14,3,2,2,2.1 above infinity.
Alternatively one can say that the special elliptic fibers are of type I, with
n = 14,3,2,2,2,1. If to a partition there corresponds only one picture, this
means that J is a rational function with coefficients in Q. If there are several

2000 Mathematics Subject Classification. 14D05, 14H52.
Key words and phrases. Belyi-map, elliptic fibration.
33
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pictures, the corresponding fields of definition are indicated. On this website
one also finds the explicit J-invariants.

Besides giving the computation of explicit formulas for the Miranda-Persson
list this paper also contains a brief introduction to Belyi maps and dessins
d’enfant.

Acknowledgement. I would like to thank one of the referees in particular
for valuable advice concerning the presentation of the tables and the compu-
tational results. Thanks are also due to Jeroen Sijsling who compiled Table
1 in the Appendix.

2. DESSINS D’ENFANT

Let X be a smooth algebraic curve and ¢ : X — P! a non-constant rational
function, which can be considered as a morphism of curves. A point P € X
is called a point of ramification if dp(P) = 0. The image under ¢ of the
ramification points is called the branched set. Let S be a finite subset of P!.
We say that ¢ is unramified outside S if the branched set is contained in .S.
We have the following theorem.

Theorem 2.1. Let X be a smooth algebraic curve defined over C and ¢ :
X — P! a non-constant rational map. Suppose the branched set of ¢ is

contained in P*(Q). Then both X and ¢ can be defined over Q.

Although the theorem is quite well known, its proof is not easy to recover
from the literature. In Serre’s book [10, p. 71] on the Mordell-Weil theorem
we are referred to SGA1 (Séminaire de Géometrie Algébrique, LNM 224).

The following remarkable theorem is crucial to the story of dessins d’enfant.

Theorem 2.2 (Belyi). Let X be an algebraic curve defined over Q. Then
there exists a non-constant rational map ¢ : X — P which is unramified
outside {0, 1, 00}.

See [1] for a proof. Together with the previous theorem, this theorem
characterises algebraic curves defined over Q as algebraic curves that allow a
rational map to P! unramified outside {0, 1,00}. In other words, we have a
geometric characterisation for curves defined over Q.

A pair (X, ¢), where X is a smooth algebraic curve and ¢ : X — P! a
non-constant morphsim unramified outside {0, 1,00}, is called a Belyi pair.
Two Belyi pairs (X, ¢) and (X', ¢’) are considered equivalent if there is an
isomorphism o : X — X' such that ¢ = ¢’ oo. From now on, when we speak
of Belyi pairs, we mean their equivalence class.

The other surprise, due to an observation of Grothendieck, is that the
geometrical criterion can be turned into a purely combinatorial description
using certain graphs. To this end we shall use connected, bi-coloured, graphs
with rotation.

(1) A graph is called connected if every vertex is connected to any other
vertex via a sequence of edges.
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(2) A graph is called bi-coloured if every vertex is given one of two colours
(say black and white) such that vertices of the same colour are not
connected by an edge.

(3) A graph is called a graph with rotation if at every vertex there is a given
cyclic ordering of the edges ending in the vertex (in mathematical
physics literature they are referred to as ribbon graphs).

A graph satisfying all three of properties above is called a dessin d’enfant, or
simply a dessin. These names were first coined by Grothendieck, see [6]. Two
dessins are considered equivalent if there exists a graph isomorphism between
them preserving the bi-colouring and the cyclic ordering at the vertices. From
now on, when we speak of a dessin, we mean its equivalence class.

Before explaining the connection between Belyi pairs and dessins, we in-
troduce two other categories of interest. An ordered triple of permutations
00,01, 0o € Sy, the group of permutations on {1,2,...,n}, is called a permu-
tation triple if cgo10, = Id and the group generated by og, o1 acts transitively
on {1,2,...,n}. Two permutation triples o; (i = 0,1, 00) and o} (i = 0, 1, c0)
are considered equivalent if there exists 7 € S, such that ¢/ = 70,77 ! for
t = 0,1,00. From now on, when we speak of a permutation triple, we mean
its equivalence class.

Finally we consider finite extensions of @(z) unramified outside 0, 1, co.
Two such extensions K, K’ are considered equivalent if there exists a field
isomorphism ¢ : K — K’ fixing the subfield Q(z). Again, we consider equiv-
alence classes of such extensions.

Above we have defined four categories,

I Belyi pairs (X, ¢).
IT Dessins (d’enfant).
III Permutation triples.
IV Finite extensions of Q(z), unramified outside of 0, 1, co.

We would like to make these classes more refined by introducing the order

n.
I(n) Belyi pairs (X, ¢) where deg(¢) = n.
II(n) Dessins (d’enfant) with n edges.

ITII(n) Permutation triples in S,.

IV(n) Finite extensions of Q(z) of degree n, unramified outside 0, 1, co.

We now give an explicit set of natural bijections
I(n) = IV(n) — III(n) — Il(n) — I(n)

whose composition is the identity map I(n) — I(n). The reader should verify
that in each case the mapping is actually well defined on equivalence classes.

I(n) — IV(n). To a Belyi pair (X, ¢) we associate the function field Q(X)
as an extension of Q(¢).
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IV(n) — III(n). Let K be the degree n extension of Q(z). Choose y € K
such that K = Q(z,y). Let P(z,y) be the minimal polynomial of y over Q(z).
For the following consideration we need to consider an embedding Q — C
and then work over C with a monodromy argument.

Choose a point zg # 0, 1, oo and such that P(zg,y) is well defined and has n
distinct zeros. Consider the n Taylor series solutions y1, ys, . . ., y, of P(z,y) =
0 around zg. Choose a closed path vy € 71 (C\ {0, 1}, 29), which loops around
0 exactly once in the positive direction, and zero times around 1. Analytic
continuation of the functions yq,...,y, permutes these functions. Denote
this permutation by gy. Similarly we choose a loop 7 going around 1 exactly
once in the positive direction. Analytic continuation along -, generates a
permutation o;. Together, the permutations og, 01,04 = (0go1)~! form a
permutation triple. Transitivity of the group generated by o, o1 follows from
the irreducibility of P(y).

III(n) — II(n). Let 0; € S,, (i = 0,1,00) be a permutation triple. Take n
line segments each with a black and a white endpoint. We now identify the
black points and the white points in the following manner to obtain a dessin.
We number the segments 1, 2, ..., n. For each cycle in the cycle decomposition
of oy we identify the black points corresponding to the numbers in that cycle
and choose the ordering of the cycle as ordering on the edges ending in the
newly formed black vertex. We proceed in the same way with the white
vertices using the cycle decomposition of ;. Because the group generated by
09,01 acts transitively on 1,2, ..., n, the resulting graph is connected.

II(n) — I(n). Let D be a dessin. The argument used here is a topological
one. Choose a closed compact oriented surface which allows an embedding
D — S such that:

(1) the vertex orientation of D coincides with the positive orientation on
S;

(2) S\ D is a finite union of simply connected open sets Uy, Uy, ..., U,
with piecewise smooth boundaries.

These properties determine the genus g of S uniquely. We now complete the
embedded dessin into a triangulation of S. Choose in every open set U; a grey
point and connect it by edges to all vertices on D which are on the boundary
of U;. This gives a triangulation of S. There are two kinds of triangles:
positive ones, in which the ordering of the vertices is black-white-grey, and
negative ones, in which the ordering of the vertices is black-grey-white. Both
types occur equally often. Now construct a continous map ¢ : S — P! such
that:

(1) the positive triangles are mapped homeomorphically onto the north-
ern hemisphere (Im(z) > 0) with the black, white and grey vertices
mapping to 0, 1, oo;
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(2) the negative triangles are mapped homeomorphically onto the south-
ern hemisphere (Im(z) < 0) with the black, white and grey vertices
mapping to 0, 1, oo.

Now pull back the complex structure of P! to a complex structure on S via
¢. In this way S becomes a compact Riemann surface, hence an algebraic
curve.

Of course, any other mapping between these sets is a composition of one
or more of the above ones. There are a few useful shortcuts though.

I(n) — II(n). Given a Belyi pair (X, ¢) the corresponding dessin is sim-
ply ¢71([0,1]) where the two sets of vertices are ¢~'(0) and ¢'(1). The
orientation around the vertices is induced by the positive orientation on X.

II(n) — III(n). Let n be the number of edges of the dessin. We number
these edges 1,2,...,n. For oy we take the permutation induced by the cyclic
ordering around the black vertices; for o1 we take the permutation induced
by the ordering around the white vertices. Because the dessin is connected,
the subgroup of S, generated by oy, o1 acts transitively on 1,2,... n.

In each of the sets I, II, III, IV there are natural subsets which are also in
1-1 correspondence. They are

I’ Connected graphs with n edges and a cyclic order at each vertex.
These graphs arise if we take a dessin in which every white vertex has
multiplicity 2 (i.e., there are two edges emanating from it) and where
the white vertices are subsequently erased.

II" Belyi pairs (X, ¢) with deg(¢) = 2n, such that every point in ¢~1(1)
is ramified of order two.

IIT" Permutation triples in Sy, such that oy is a product of n disjoint cycle
pairs.

IV’ Finite extensions of Q(z) of degree 2n, unramified outside 0, 1, oo and
ramification order 2 in every place above 1.

Following Schnepps [6, p. 50] we call I’ the set of clean dessins. We can
always recover the original dessin from the clean one by putting a white vertex
in the middle of each edge. Although it seems like a restriction, any dessin
can be mapped to a clean dessin as follows. Let ¢ : X — P! be the Belyi
map corresponding to the general dessin. Then the map X — P! given by
P 4¢(P)(1— qb(P)) is again a Belyi map which now corresponds to a clean
dessin. This is based on the idea that = — 4z(1 — x) maps oo to oo, the
points 0,1 to 0 and it ramifies of order 2 above 1. The clean dessin is simply
obtained from the original dessin by changing the colour of the white points
to black.

Theorem 2.3. Let ¢ : X — P! be a Belyi map of degree N. Let ng,ny, neg
be the number of distinct points in ¢~1(0), ¢~ 1(1), p~1(c0) respectively. Then

29(X)—2=N —ng—ny — Neo,
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where g(X) denotes the genus of X.

Proof. We prove this theorem using the description of the Belyi map via
dessins. The pre-image qﬁ_l([(), 1]) C X defines a cell decomposition of X.
The number of 0-cells is ng + ny, the number of 2-cells is no, and the num-
ber of 1-cells N. The theorem follows from the computation of the Euler
characteristic of X,

2—-29(X)=ng+n — N+ ne.

3. COUNTING DESSINS

We address the following question. Given the ramification indices above
0,1, oo, how many corresponding dessins are there?

Before we answer the question we need a slight extension of the concept of
permutation triples and dessins. By a generalised permutation triple we mean
any three go, g1, oo € S, such that gog19.. = Id. So we have dropped the
transitivity condition. In the same way as before we shall consider equivalence
classes of permutation triples. A generalised dessin is simply a bicoloured
oriented graph, without the condition of connectivity. Again we consider
only equivalence classes of generalised dessins.

Furthermore we call g € S,, an automorphism of the triple g; (i = 0, 1, 00)
if gg;g7 = ¢g; for © = 0,1,00. We denote the automorphism group by
Aut(go, g1, goo). An automorphism of a generalised dessin is of course an
automorphism as of a bicoloured oriented graph. We observe the following.

Remark 3.1. The natural bijection between 11(n) and 111 (n) extends to a nat-
ural bijection between generalised dessins and generalised permutation triples.
Moreover, the automorphism group of a generalised dessin and the automor-
phism group of the corresponding generalised permutation triple are isomor-
phic.

One can also extend the classes I(n) and IV(n) and their correspondence
with generalised dessins. The class I(n) must be extended to sets of Belyi-
pairs where the sum of the degrees of the maps is n. The class IV(n) would
have to be extended to commutative Q(z)-algebras of dimension n. But we
shall not pursue this here.

The answer to our question is based on the following theorem (see also

11)).

Theorem 3.2. Let n € N. Let Cy, Cy,Cy be three conjugacy classes in S,,.
The number of triples gy € Cy, g1 € C1, goo € Cs Such that gog19oo = Id s
given by

|Col |01 O |ZX (Co)x (C )

dlm

N(Cy, C1,Cx) =

)
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where the sum is over all irreducible characters of S, and dim(y) denotes the
dimension of the representation corresponding to x.

Notice that for any solution go, g1, g of the problem, the conjugates gg;g—*

(i = 0,1,00) are also solutions. So we arrive at the observation that the
quantity N(Cy, C1, Cs)/n! counts the number of equivalence classes of g; € C;
(1=0,1,00) with gog19.c = Id with a weight equal to 1/’Aut(go,g1,goo)‘.

Notice that the conjugacy classes of S,, are in 1-1 correspondence with par-
titions of n, hence with sets of ramification indices that add up to n. So
suppose we are given n, three partitions pg, p1, P Of n corresponding to ram-
ification indices above 0, 1, 00, and Cy, C, C, their corresponding conjugacy
classes. Then N(Cy,C1,Cy)/n! counts the number of generalised dessins
with the given ramification data, where each dessin D is counted with weight
1/ |Aut(D)}.

4. AN EXAMPLE: PLANAR DESSINS

As first examples we consider Belyi pairs (P!, ¢), so we take X = P! A
Belyi map P! — P! is called a rational Belyi map. The automorphism group
of P! is given by the fractional linear transforms z — Z;J_rs where ad — be # 0.
So it is clear that if ¢(z) is a rational Belyi map, then any equivalent one is
given by ¢ (%) with ad — be # 0.

Consider a dessin in P! corresponding to a rational Belyi map and suppose
it does not contain oo. After stereographic projection this dessin becomes
a dessin in the complex plane, i.e., a two-coloured planar graph. The cyclic
order of the edges around every vertex is induced by the positive orientation
in the plane.

Now let ¢ : P — P! be a Belyi map, which we write as ¢(z) = 28 where
A(z), B(x) are polynomials with ged equal to 1. Define C(z) = A(z) — B(x).
Then ¢ 1(0), ¢ (00),»1(1) are the zeros of A(x), B(x),C(x) respectively.
Here oo is counted as a zero of A(x) if deg(A) < deg(B), deg(C'), and similarly
for B, C'. Let S be the set of distinct zeros of ABC' (possibly including oo) and
let N be the degree of ¢. Then our genus formula implies that —2 = N —|S]|,

and hence that

S| =N +2.
In fact, for any triple of polynomials A(x), B(x),C(z) with A(z) + B(z) +
C(z) = 0 and ged(A, B,C) = 1 we know that |S| > N + 2, where N =
max(deg(A), deg(B),deg(C)). This inequality is known as Mason-Stothers
inequality or the ABC-theorem. So we see that Belyi maps provide us with
optimal cases of Mason’s inequality.

5. J-MAPS

In this paper we shall be interested in special Belyi-maps which we call
J-maps: these have ramification order 3 in every point above 0 and unique
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ramification order 2 above 1. Because of this the degree of a J-map is always
a multiple of 6, say 6m. The corresponding dessin d’enfant now has vertices
of multiplicity two in the points ¢~'(1). We might as well suppress these
points and we are left with a graph with 3m edges and precisely 2m vertices,
each with multiplicity 3. In the group theoretic description the element oy
now has cycle type 33---3 (2m threes) and o; has cycle type 22---2 (3m
twos).

Proposition 5.1. Fquivalence classes of J-maps are in 1-1 correspondence
with torsion-free finite index subgroups T' of PSL(2,Z). The degree of the
J-map equals the index [PSL(2,7Z) : T].

The proof of this Proposition is fairly straightforward and can be found in
[12].

We remark that the subgroups in the above Proposition are in general not
congruence subgroups. In fact the majority is not. However the congruence
subgroups are of course of special interest. In recent work by Sebbar and
McKay [9], [4] a complete classification is given of all torsion-free subgroups
' that are congruence subgroups and such that H/I" is a rational curve. For
even more extensive computations see [2] and the references therein.

Proposition 5.2. Let J : X — P! be a J-map. Let n; = #J7(0), g the
genus of X and 6m = degree(J). Then 2g —2=m —ny.

Proof. This follows from Theorem 2.3 with ng = 3m,n; = 2m, N = 6m and
Noo = NJ. O

6. COUNTING RATIONAL J-MAPS

A J-map is called rational if X = P!. In this section we count the number
of equivalence classes of rational J-maps of degree 24. One way to do this
would be to draw all possible dessins d’enfant. However, this is a bit risky
since it is easy to overlook possible graphs. That is why we shall do the
drawing in conjunction with the group theoretic count using Theorem 3.2.

For a J-map of degree 6m the cycle types are 33 ---3 above 0 (2m threes,
this is Cp), 22 --2 above 1 (3m twos, this is C) and a partition of 6m above
oo into m + 2 parts (this is Cw ). In the Appendix we have given the table of
values for Ne, o, 0., /(6m)! for these cycle types in the cases m = 4. We do not
include the details of this computation in this paper, since the calculation of
the character table of Sy has been rather cumbersome. Suffice it to say that
we used the software package Lie with some special tweaks to find the table.

To enumerate all rational J-maps with m = 4 we consider each case in
Table 1 from the Appendix in the following way. Suppose for example that
C« is given by the partition 14-6-1-1-1-1 of 24. In Table 1 we find the counting
number 25/12. Let us draw all dessins corresponding to these data, where we
do not draw the vertices above 1 and the vertices above 0 are recognizable by
the three-fold branchings in the picture.



Frits Beukers and Hans Montanus 41

These are two mirror images (the orientations are induced by the orienta-
tion in the plane) and each has trivial automorphism group. So they con-
tribute 2 to our character formula. The remaining 1/12 are accounted for by
the following generalised dessin

X d

The smaller dessin has opposite orientations at the vertices, so it is not a
planar dessin. It has an automorphism group of order 6. The larger dessin is
planar and has an automorphism group of order 2. So the total automorphism
group has order 12, which explains the missing 1/12 in our character formula.
Moreover, we are now certain that we have listed all possible dessins corre-
sponding to the partition 14-6-1-1-1-1. On the website we have only pictured
the connected dessins.

7. COMPUTATION OF RATIONAL .J-MAPS

In this section we describe a method to compute rational J-maps efficiently,
in the sense that it gives us answers in a reasonable time when m < 4. We
have not explored the cases when m > 5. Moreover, due to condition (2) later
on, we must require that the partition of 6m into m + 2 parts must contain
at least one part > m. This is always true when m < 5.

Proposition 7.1. Let ¢ be a rational J-map of degree 6m such that ¢(co) =
0o0. Then there exist polynomials cy,ce € Clt] of degrees 2m,3m respectively
and a polynomial A of degree < 6m such that:

(1> ng<C4,Cg> = 1;
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(2) ci—cg=A,
(3) A has m+ 1 distinct zeros,
(4) ¢ = ci/A.

Proof. Since ¢ is a rational function which ramifies of order 2 in every point
above 1 and order 3 in every point above 0, there exist polynomials ¢y, cg, A
such that ¢(t) = ¢/A =1+ ¢2/A. Hence ¢} — ¢2 = A. Since ¢ has degree
6m, the degrees of ¢y, cg, A follow. From Proposition 5.2 it follows that A has
precisely n; — 1 distinct zeros (oo is left out) which equals (m+2—2g) —1 =
m+ 1.

O

Proposition 7.2. Let the notation and assumptions be as in the previous
Proposition, and A’ be the derivative of A. Define 6 = ged(A, A") and A =
pd, A" = qb, where the leading coefficient of § is chosen the same as that of
A, i.e., p is monic. Then c4,cq, A can be normalised in such a way that

/
Ce = C4q— 3D,
2 /
¢y = C6q— 2¢eD,
§ = 3cycg — 2¢gey .

Moreover, there exists a polynomial l of degree < m —1 such that cy = ¢>+Ip.

Proof. The identity ¢i — ¢2 = pd and its derivative 3cic) — 2cecl = ¢ can be
rewritten in vector notation as

2 C4 —Ce P\ _

We consider this as a system of linear equations in the unknowns c?, ¢s. The
coefficient determinant is 2c4cy — 3cgc). Suppose it vanishes identically. This
implies (c2/c3) = 0, hence ¢Z/c} is in C, which cannot happen since cy, cg are
relatively prime, non-constant polynomials. We conclude that 2c4c; —3cgcly #
0 and solving the equation gives us the existence of A € C(2)* such that

Co caq — 3¢4p
Ml = ceqg—2cp
o 3¢ ce — 2¢4¢

Since ged(eq, cg) = 1 we can infer that A € C[z]. We note that the degrees of
p,q are m + 1 and m respectively. So from the first equation it follows that

deg(A) + 3m < deg(cy) + deg(q) = 2m + m = 3m.

Hence deg(A\) < 0 and so A € C*. By making the substitution c; — A "2¢y,
cg > A 3cg, 6 — A0 we can see to it that the new \ equals 1.

Finally notice that p and ¢4 are relatively prime. Consider the first two
equations modulo p. We obtain ¢ = c4q (mod p) and ¢} = csq (mod p).
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Elimination of c¢g yields ¢ = c4¢® (mod p). Since ¢y, and p are relatively
prime this implies ¢, = ¢* (mod p) from which our last assertion follows.
O

Suppose we wish to compute the rational J-maps with cycle type ny, ns,
.o, Mm41, Nmio above co. In particular n; > 0 for all ¢ and ) ., n; = 6m.
We assume that J(oco) = oo and that oo has ramification order n,, 2. The
polynomial A in Proposition 7.2 has the form
m+1
A= AO H(Z - ai)”i,Ao S @*
i=1
The polynomials p, ¢ in Proposition then have the form
m—+1 m—+1

p=]]G-aw) quzziiai‘ (1)

=1

Proposition 7.3. Suppose we have polynomials p,q given as in (1). Suppose
there exist polynomials cy, cg of degrees 2m,3m in z such that

C6 = C4q — 3Cyp i = cgq — 2¢4p.

Then ¢ — cZ is proportional to T[]/ (z — a;)™. Moreover, if there exists a
polynomial I of degree < m—1 such that c, = ¢*+1p, then c4, cg are relatively
prime.

Proof. From the two equations for ¢y, cg it easily follows that
c2(caq — 3¢,p) = cg(ceq — 2¢5p).
Hence
(ci = cg)a = (ci —c3)'p
and thus

(=) Zi—a
In other words, ¢§ — ¢ is a constant times [[;(z — a;)™.

Suppose ¢, = ¢ + Ip. Since p,q have no common zeros, the same holds
for ¢4 and p. Suppose ¢4, cg have a common zero p. Then, from the first
equation it follows that ord,(cg) = ord,(cs) — 1. From the second it follows
that 2ord,(cs) = ord,(cg) — 1. This gives a contradiction. Hence ¢4 and cg
are relatively prime.

(-2 g ’”Z n;

O
Given p(z), q(z) as above, we solve the system of equations
C6 = C1q— 3D,
¢ = ceq—2p,

¢t = ¢ +lp,
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in polynomials ¢4, cg, [ of degrees 2m, 3m, m — 1. We can eliminate cy4, ¢g from
these equations to obtain the following single equation for [(z):

0 = p(pl2 + ¢+ 5p'ql — 6(p)*1 + 2pq'l — 6pp”
+5pql’ — 18pp'l’ + 12¢°¢' — 6p°l" — 12p'qq’ — 12p(q')* — 12pqq”)

Note that we can divide by p on both sides. Denote by () the polynomial
on the right between parentheses. In principle ) has degree 3m — 1. We
now write [ = Z:.':Ol l;z* and determine the coefficients I; recursively for
i=m—1,m—2,... by setting the coefficient of 23! 23"=2 _  in Q equal
to zero.

Let us first compute the leading coefficient of (). The leading coefficient
of p equals 1, the leading coefficient of ¢ equals N := Z:rjl n;. Then it is
straightforward to compute the leading coefficient of (). It reads

(Im—1+ N*)(ljn_1 + 12mN — 36m?).

Since [,,,_1 + N? is also the leading coefficient of ¢4, which we assumed to be
non-zero, we conclude that

1 = 36m? — 12mN.

Fix k < m — 1. The coefficient [ occurs in the expansion of () as a polyno-
mial in z. However, closer examination reveals that [, does not occur in the
coefficients of 2" in Q) when r > 2m + k. When r = 2m + k the coefficient [,
occurs linearly with coefficient

(N = 5m —k — 1)(N — 12m + 6k + 6),

where we have used our evaluation of [,,,_;. Setting the coefficient of z?™** in
() equal to zero allows us to compute [ in terms of [; with ¢ > k and the a;, n;.
In particular we see by induction that [, is polynomial in the a;. Notice that
the calculation of Iy is only possible if (N —5m — k — 1)(N — 12m + 6k + 6)
is non-zero. The procedure will work whenever N < 5m. Add n,,,» on both
sides and use N + n,, 12 = 6m to find that the latter condition is equivalent
to

Nt > M. (2)

When we restrict to m < 4, as we will do here, this does not give us problems.

Once we have have expressed the coefficients [;, in terms of the zeros a;, we
can substitute this in the equation () = 0. By construction, the coefficients
of 27 will be zero for j = 2m,2m +1,...,3m — 1. The requirement that the
coefficients of 2z’ for j = 0,1,...,2m — 1 should be zero provides us with a
set of polynomial equations for the unknown points aq, as, ..., Gpyi1.
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8. A SAMPLE COMPUTATION

As an illustration of the algorithm from the previous section we compute
the J-map corresponding to the case m = 4 and the partition 19-1-1-1-1-1
above oo.

We assume ng = 19 and take A proportional to 2° +az* +b23 +c2z? +dz +e.
We do this rather than taking A proportional to [[°_,(z — a;). In the latter
case the numbers a; may turn out to be algebraic, which may complicate our
calculations. Furthermore, by shifting z over a constant we can see to it that
a=0. So A is taken proportional to z° + bz + cz? + dz + e.

We find easily that p = 2°+b2%+c22+dz+e and ¢ = 52 +3b22+2cz+d. We
now use Proposition 7.2 to get ¢4y = ¢*+(I323+122*+112+1y)p where I3 = —576.
Substitute this in cg = c¢4q —3¢,p and substitute that in (¢§ —cgq)/p+2cs = 0.
We get the equation

450152" + (I3 + 52711 — 64872b)2" + - - = 0.

Setting the coefficient of 2'° equal to zero gives us I, = 0. We are left with
the equation

(5271, — 64872b)2" + (592l — 43392¢)2% + - - = 0.

Setting the coefficient of 2% equal to zero gives us I = 64872b/527. Notice
also that setting the coefficient of 28 equal to zero gives us lyp = 43392¢/592.
We are left with an equation of the form

Q2"+ Qe + -+ Qo =0,
where

Q7 = —25920d + 64864806 /961

Qs = 12096e — 13384224bc/1147

Qs = 855360bd/31 + 6486480c%/1369
+6486480b° /961

Setting (5, Qs, Q7 equal to zero gives us a set of polynomal equations in
b, c,d, e whose solution reads

b=62t>, c¢=148¢3, d=1001t", e = 8852¢t°,

where ¢ can be chosen arbitrarily. Surprisingly enough, all coefficients @);
(¢ =0,...,7) vanish for this choice of b, ¢, d, e. Hence we have found a solution
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which, choosing ¢ = 1, reads
ey = 19%(2% +842° + 1762° + 23662" + 135362°
12688422 + 2188642 + 268777),
ce = 193(2" +1262'° + 2642° + 61952° + 3139227
+1639562° + 12605282 + 35316392*

+197704002° + 629126222 + 94024776z 4 291742453) ,

_ 3_ .2
A = ¢ —c

= —2%3%19%(2° 4 622° + 1482% + 1001z + 8852) .

Always, when the computation is done, one can reduce the complexity of the
coefficients to a large extent by performing a variable substitution. In our
example we substitute z by 4z — 1 and obtain a new relation

¢ —ca = —16(42" — 5z* + 182 — 32 + 142 + 31),
where
ey = 4% =227+ 7205 -6+ 1121 + 422 + 122+ 1),
ce = 4(22"% — 62" + 24210 — 3829 + 7828
—4827 +602° + 722° — 302" + 1202° 4 272% + 92 + 29).

9. APPENDIX

In this section we list the values of N(Cy) := Ngyc,c., /24! for Say, where
Cy has cycle type consisting of 8 three’s, C; has cycle type consisting of 12
two’s and where C, consists of exactly six cycles. We list only those cases
for which N(Cy) # 0. The first column lists the partition, the second the
corresponding value of N(Cy). In the third column we find the number of
irreducible dessins. They are stated in the form ma or ma + ng, where m,n
indicate the length(s) of the Galois orbit(s) and «,  indicate the weights with
which the dessin contributes to N(Cy,). Sometimes we find the entry 0 in the
third column, meaning that only reducible dessins belong to that case. Also
note that due to the occurrence of reducible dessins the number in the third
column need not equal N(Cy ). We have not made any effort to describe the
reducible (generalised) dessins. The polynomials in the fourth column are the
defining polynomials for the field of moduli (equalling the field of definition
in these cases) of the dessins enumerated in the third column.

The abbreviation n.a. stands for ‘not applicable’.

Table 1: Counting dessins in the case m = 4

Partition N(Cw) # dessins fields
91 1111 1 1-1 X
182 1111 5/2 1-1/2+2-1 X, X243
173 1111 1 1-1 X
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Table 1: Counting dessins in the case m = 4, (continued)
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Partition N(Cw) # dessins fields
172 2111 2 2.1 X217
6 4 1111 11/4 1-1/4 X
16 3 21 11 3 1-1+2-1 X, X242
6 2 22 11 4/3 1-1/2 X
155 1111 2 2-1 X% +15
5 4 2111 9/2 2-1 X2 415
153 3111 1 1-1 X
153 2211 3 1-1+2-1 X, X?24+15
52 22 21 5/6 0 n.a.
14 6 1 1 1 1| 25/12 2.1 X243
145 2111 4 1-1+3-1 X, X3 +2X +2
14 4 3111 5/2 1-1 X
14 4 2211 5/2 2-1 X247
14 3 3211 2 1-1+1-1 X, X
14 3 22 21 3/2 1-1 X
14 2 22 2 2 1/6 0 n.a.
137 1111 1 1-1 X
136 2111 13/6 2-1 X?+3
135 3111 1 1-1 X
135 2211 2 2.1 X2 - 65
134 4111 1 0 n.a.
13 4 3211 2 1-1 X
13 4 22 21 1/3 0 n.a.
133 32 21 1 1-1 X
133 22 2 2 1/3 0 n.a.
127 2111 2 2.1 X243
12 6 311 1| 19/18 1-1 X
12 6 22 1 1| 19/12 1-14+1-1/2 X, X
125 4111 1 0 n.a.
125 3211 4 4.1 X*—3X%+6
125 22 21 4/3 1-1 X
12 4 4 211 7/4 1-1 X
12 4 33 11 11/6 1-1+1-1/2 X, X
12 4 32 21 3 1-1+2-1 X, X%2+3
12 4 22 2 2 1/4 0 n.a.
12 3 33 21 1 1-1 X
12 3 32 2 2| 11/18 1-1/2 X
119 1111 4/3 1-1 X
118 21 11 7/2 3-1 X3 —X?2+ X +1
11 7 3111 3 3-1 X3+ X%2-3
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Table 1: Counting dessins in the case m = 4, (continued)

Partition N(Cw) # dessins fields
117 2211 2 2.1 X247
116 4 1 1 1| 37/12 2.1 X233
116 32 1 1| 25/6 3-1 X3+ X?2-X+1
116 22 2 1| 13/36 0 n.a.
115 5111 3/2 1-1 X
115 4211 7/2 3-1 X3+ X?2-10X +10
115 3311 2 2.1 X2-5
115 3221 1 1-1 X
115 22 2 2 1/6 0 n.a.

11 4 43 11 3/2 1-1 X

11 4 42 21 1/4 0 n.a.
11 4 33 21 1 1-1 X

11 4 32 2 2 1/6 0 n.a.
113 33 31 1/12 0 n.a.
10 10 1 1 1 1 5/4 1-1/4+2-1/2 X, X2 -5
109 2111 13/6 2.1 X2-5
108 3111 1 1-1 X
108 2211 1/4 0 n.a.
107 4111 5/2 1-1 X
107 3211 2 2.1 X221
107 22 21 3/2 1-1 X
106 51 1 1| 25/6 1-14+3-1 | X, X*-X?2-3X-3
10 6 42 1 1| 71/24 1-1 X
106 33 11 1/12 0 n.a.
106 3221 5/3 1-1 X
106 222 2| 19/72 0 n.a.
105 52 11 5/4 2-1/2 X2-5
105 4311 1/2 0 n.a.
105 42 21 3 3-1 X3 — X?+2X 42
105 32 2 2 7/6 1-1 X

10 4 4411 1/4 0 n.a.
10 4 43 21 1 1-1 X

10 4 4 2 2 2| 5/24 0 n.a.
10 4 33 2 2 1 1-1 X
103 33 3 2| 1/24 0 n.a.

9 9 3111 1/9 0 n.a.

9 9 2211 2 1-1/2+3-1/2| X, X®-3X -4
9 8 4 1 1 1] 7/12 0 n.a.

9 8 3211 19/6 3.1 X342
9 8 22 21 1/6 0 n.a.
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Table 1: Counting dessins in the case m = 4, (continued)
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Partition N(Cw) # dessins fields
9 7 5111 1 1-1 X
9 7 4211 2 2.1 X247
9 7 32 21 3 3-1 X3 —6X 412
9 6 6 1 1 1| 55/216 0 n.a.
9 6 5 2 11 19/6 3-1 X3 —-3X +3
9 6 4 3 1 1| 37/36 1-1 X
9 6 33 21 10/3 3.1 X342
9 6 3 2 2 2| 1/108 0 n.a.
9 5 5311 1/6 0 n.a.
9 5 52 21 1 1-1 X
9 5 43 21 3 3-1 X3+3X -6
9 5 33 31 1 1-1 X
9 4 4 3 2 2| 1/12 0 n.a.
9 4 3 3 3 2 1 1-1 X
9 3 33 3 3| 1/36 0 n.a.
8 8 4211 9/8 1-1/2 X
8 8 3311 3/2 1-1/2+2-1/2 X, X%+2
8 8 22 2 2| 7/24 1-1/8 X
8 7 61 11 2 2.1 X243
8 7 5 211 3 3-1 X3+2X —2
8 7 4311 5/2 2-1 X246
8 7 42 21 2 2.1 X247
8§ 7 3321 1 1-1 X
8 7 3 2 2 2 1/6 0 n.a.
8 6 6 2 1 1| 307/144 2-1 X?+3
8 6 5 311 2 2.1 X2-5
8 6 5 2 21 7/6 1-1 X
8 6 4 4 1 1| 13/48 0 n.a.
8 6 4 3 2 1] 29/12 2.1 X2-2
8 6 4 2 2 2| 157/144 1-1 X
8 6 3 3 2 2| 1/12 0 n.a.
8 5 5 411 3/8 0 n.a.
8 5 5 2 2 2 1/12 0 n.a.
8 5 43 31 2 2.1 X2-10
8 5 43 2 2 1 1-1 X
8 4 4 4 31 1 1-1 X
8 4 4 4 2 2| 9/16 1-1/2 X
8 4 3 3 3 3| 1/48 0 n.a.
77 7111 1/3 1-1/3 X
T 7 6 2 11 1/6 0 n.a.
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Table 1: Counting dessins in the case m = 4, (continued)

Partition N(Cw) # dessins fields
7 7T 5311 2 2-1 X221
77 4411 5/4 2-1/2 X247
77T 422 2 1/12 0 n.a.
7T 7 3322 1 2-1/2 X2 -7
7 6 6311 1/6 0 n.a.
7 6 6 2 21 1 1-1 X
7 6 5411 1 1-1 X
7 6 53 21 19/6 3-1 X3 42X -2
7 6 4421 1 1-1 X
7 6 43 31 1/6 0 n.a.
7 5 5 4 21 2 2-1 X2 -2
7 5 53 22 1 1-1 X
7 5 44 31 1 1-1 X
7 5 43 3 2 1 1-1 X
6 6 6 4 1 1|1855/2592 1-1/2 X
6 6 6 3 2 1| 19/72 0 n.a.
6 6 6 2 2 2]|1855/7776 1-1/6 X
6 6 5 5 1 1| 175/144 2-1/2 X2 -3
6 6 5 4 21 7/6 1-1 X
6 6 5 3 31 1 1-1 X
6 6 4 4 2 2| 187/288 1-1/2 X
6 6 4 3 3 2 1/2 1-1/2 X
6 6 3 3 3 3| 235/864 1-1/4 X
6 5 5 3 3 2 1/12 0 n.a.
6 5 4 4 3 2 1 1-1 X
6 4 4 4 3 3 1/36 0 n.a.
5 5 5 5 2 2 1/4 1-1/4 X
5 5 44 3 3 1/2 1-1/2 X
4 4 4 4 4 4] 1/24 1-1/24 X
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THE MERIT FACTOR PROBLEM

PETER BORWEIN, RON FERGUSON, AND JOSHUA KNAUER

ABSTRACT. The merit factor problem is of considerable practical interest
to communications engineers and theoretical interest to number theorists.
For binary sequences, although it is generally believed that the merit factor
is bounded, it still has not been completely established that the number
of even length Barker sequences, each with merit factor N, is bounded.
In this paper, we present an overview of the problem and results of quite
extensive searches we have conducted in lengths up to slightly beyond 200.

1. INTRODUCTION

For the sequence A = [ay, ay, ..., ay] the kth acyclic autocorrelation coeffi-
cient, or kth shift sidelobe (0 < k < N — 1), is given by
N—k
Ck = Z AjAjtk ,
j=1

where the superimposed bar indicates the complex conjugate, in the case
where the sequence takes complex values. Of particular interest are the
polyphase sequences, where the modulus of each coefficient is 1. In these
cases the Oth coefficient, or main lobe to engineers, is simply the length of
the sequence. The other coefficients, or positive shift sidelobes, measure self-
interference of a signal based on this sequence. This points, for example,
to the use of signals based on sequences with low autocorrelation in radar
detection. The energy in the kth shift sidelobe is defined as |c;|? and higher
sidelobe values correspond to energy inefficiencies in the signal. The base
energy of the sequence is the total of the energies in these sidelobes, i.e.,

N-1
E=) l|al.
=1

The merit factor, F', of the sequence relates energy in the sidelobes to energy
in the main lobe,
N2
F=—.
2F

2000 Mathematics Subject Classification. 11B83, 11Y55.
Key words and phrases. Integer sequences, autocorrelation, polynomials, merit factor,
flatness.
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The merit factor is a measure of the quality of the sequence in terms of
engineering applications.

For number theorists, these coefficients arise in the expression for the mod-
ulus of a polynomial on the unit circle. For p(z) = Z;V:_lk a;z~! the L, norm

of p(z) on the unit circle C' is given by

L) = (52 [ oty 7a0)

In particular, for polyphase sequences and o = 2 and z € C, we have

1/a

N-1

()] = F) () =N+ (ewe™ +a2b)

k=1

so that

For the Ls-norm we then obtain

N-1
L4(p)4 = N2+220z

k=1

1

=N?(1+—=
(145):

La(lpl - N = L)'~ 32 = 2)

and

This equation relates a higher merit factor with less deviation of |p| from its
L, average value of v/ V.

1.1. Barker sequences. Barker sequences are sequences for which |c;| <
1 for 1 < k < N, ie., each autocorrelation coefficient has absolute value
less than or equal one. For binary sequences, this implies that |c;| = 1 for
autocorrelation sums of odd length while |¢;| = 0 for sums of even length.
Barker [1] was interested in their use for pulse compression of radar signals.
They exist for lengths 2,3,4,5,7,11,13 and conjecturally for no longer length.
Storer and Turin [45] proved that there are none for odd lengths greater than
13. For even lengths the conjecture has been proved for lengths up to 10%*
by Leung and Schmidt [35].

For sequences consisting of 3rd, 4th, or 6th roots of unity, the condition
lck] = 0 or 1 still applies. For sequences consisting of higher roots of unity
or for more general polyphase sequences, we can have 0 < |¢;| < 1. Borwein
and Ferguson [8] have shown the existence of such sequences up to length 63.
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1.2. Skew-symmetric sequences. A binary sequence A = [a;,as, ..., ay]
is symmetric (or reciprocal) if a; = any1—; for each j and antisymmetric
if a; = —an;i—; for each j. A skew-symmetric sequence is formed by in-
terleaving an odd length symmetric sequence with an even antisymmetric
sequence of length greater or less by 1. This means that for skew-symmetric
A =lay,as,...,ay], we have

a;ay +ani1—j-rany1—j =0

for odd k, implying that all even length autocorrelation sums are 0. Since
half of the sidelobe energies are zero, it is natural to search for sequences of
high merit factor among skew-symmetric sequences.

The equivalent condition with generalized or polyphase sequences would
require a conjugate skew-symmetric sequence, i.e., a sequence which is con-
jugate reciprocal interleaved with a sequence which is the negative of its
conjugate reciprocal. A difference here is that the odd length sequence may
be either conjugate reciprocal or the negative of its conjugate reciprocal. In
either case, we have

a;jajr +any1—jkans1—; =0

for odd £ so that again the even length autocorrelation sums are all 0. Thus we
may expect to find high merit factor sequences among this class. In practice,
however, we find that more optimal examples are obtained among reciprocal
sequences of odd length. Then for any k,

itk + AN41—j—kON+1—j = QjQj1f + Ajpka;
is purely real. In these cases, the imaginary part of each autocorrelation
disappears, so, in effect, half of the sidelobe energy expansion terms disappear
for these sequences as well.

The square of the middle entry is either 1 or —1. For binary sequences, this
implies that an odd length symmetric sequence is interleaved with an even
length antisymmetric sequence, since i = v/—1 cannot be an entry.

In all of these cases, specifying the entries up to and including the middle
term is enough to determine the entire sequence, so searching unrestricted
sequences at length N is comparable in complexity to searching symmetrics,
antisymmetrics and skew-symmetrics at approximately double the length.

Thus, with binary sequences, we have evidence that, with high probabil-
ity, we have found the optimal merit factor sequences for binary sequences
up to length 85, and for skew-symmetrics up to length 165. For polyphase
sequences, we believe the optimal results to be highly accurate to length
45. The best examples found at longer odd lengths are often from searches
restricted to symmetric searches.

1.3. Sequence equivalence. There are a number of operations for which
the sidelobe energies of a sequence remain unchanged and which generate a
group under composition. These include:
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1. Multiplication of all entries by a constant of modulus 1.

2. Taking the complex conjugate of all entries.

3. Sequence reversal.

4. Multiplication of successive entries by linearly increasing powers of a con-
stant of modulus 1.

As operations on the space of binary sequences, the second is redundant
while the remaining three generate a noncommutative group of order 8. Mul-
tiplying all entries by —1 or every second entry by —1 will give a new sequence,
so these operations applied to a sequence of length at least 2 will produce
at least 4 different sequences. In most cases, sequence reversal will add 4
more. However, for symmetric, antisymmetric or skew-symmetric sequences
the number produced remains at 4.

Using the first and fourth operations, any sequence can be transformed
to a sequence with 1’s as the first two entries. Using sequence reversal, fol-
lowed again by transformation to a sequence with 1’s as the first two entries,
we obtain a second sequence, not necessarily different. Applying complex
conjugation to these gives us a total of 4 from which to choose a canonical
representative of the orbit class of the original sequence. One method is to
compare successive entries and prefer a sequence for which the entry has a
smaller argument. Normalization to this canonical form allows us to identify
equivalence between sequences with the same base energy.

1.4. Flat polynomials. ‘Flatness’ of a polynomial on the unit circle is a
term used to describe closeness of the modulus of its values to the average
value over the whole circle. Equation 2 shows how the merit factor may be
used to provide a measure for flatness of +1 polynomials. This is further
illustrated in Figures 1, 2, 3 below, showing the modulus of the polynomial
p(z) = Z?:1 a;jz/~1 on the unit circle, where each A = [ay,as, ..., a3 is a
sequence of length 63.
Figure 1 arises from the randomly generated binary sequence

42F11C5DF FE24B8E

in hexadecimal notation with merit factor 1.4185. Here the leading 4 converts
to 0100 in binary and 1,—1,—1 in terms of 41 coefficients (dropping the
leading 0), while the following 2 converts to 0010 in binary and —1, —1,1, —1
in +1 coefficients.

Figure 2 represents the polynomial formed for the binary sequence

6C9B015052F14339

with merit factor F' = 9.5870, which we believe is optimal for binary sequences
of this length.

Figure 3 is a graph of the modulus of the polynomial formed with coeffi-
cients from the polyphase Barker sequence of length 63 with entries a; = ™%
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FIGURE 1. Modulus of p(e*™) for binary sequence with F' =
14185 and 0 <t < 1.

FIGURE 2. Modulus of p(e*™) for binary sequence with F' = 9.5870.

with ¢y, ¢, ..., Pg3 having the values

0.000000, 0.000000, 0.044072, 0.100041, 0.124944, 0.044316, 0.915805,
0.834292, 0.896073, 0.072380, 0.153734, 0.145180, 0.264172, 0.409227,
0.678385, 0.779028, 0.703430, 0.582492, 0.464976, 0.434226, 0.137145,
0.048468, 0.004949, 0.928442, 0.365491, 0.394539, 0.867998, 0.074881,
0.666226, 0.614514, 0.194754, 0.471911, 0.761195, 0.956267, 0.323923,
0.119675, 0.556891, 0.854043, 0.099691, 0.332923, 0.935108, 0.561814,
0.731794, 0.132518, 0.422282, 0.875526, 0.519252, 0.026738, 0.368575,
0.879993, 0.399091, 0.939885, 0.425655, 0.919075, 0.551357, 0.209371,
0.855254, 0.577566, 0.272426, 0.992504, 0.662106, 0.376538, 0.022081,

which has F' = 37.5022.

A high merit factor does not guarantee uniformity of closeness, since there
may be narrow domains where spikes occur as illustrated in Figure 2. Still,
the tendency toward a more uniform flatness with increasing merit factor is
shown.

In his book [37], Littlewood introduced this notion of flatness and its ex-
pression in terms of the Ly and Ly norms. At that time, a plot of known
optimal merit factor values would have had the appearance of Figure 4.
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FIGURE 3. Modulus of p(e*™) for polyphase sequence with
F =37.5022.
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FIGURE 4. Optimal merit factor values for binary sequences
to length 21.

The values for lengths 2,3,4,5,7,11, and 13 are in linear succession and cor-
respond to Barker sequences. These lend considerable bias to the picture,
the other points being more scattered. This may have been what led him to
suggest the existence of an infinite sequence of polynomials py, with merit
factor of order v/N; which would imply, in particular, that merit factors are
unbounded. He further formulated the following conjecture:
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Littlewood Conjecture: There exist constants C,Cy such that we can
find a sequence of polynomials py of increasing degree N with +1-coefficients
such that

C1\/N < |pN(z)| < CQ\/N

for all z on C.

The Rudin-Shapiro polynomials satisfy the upper bound of this conjecture.
The existence of a sequence satisfying the lower bound, however, has not yet
been confirmed. In the extension to polyphase sequences, Kahane [29] has
both confirmed the conjecture and the existence of sequences with unbounded
merit factors.

In contrast to Littlewood’s suggestion, Golay [21], using a hypothesis that
sidelobe energies move toward statistical independence as the length of binary
sequences increase, developed an argument to show an asymptotic limit of
12.32...as maximal. This certainly does not settle the question, but gives
an expression to what probably most researchers now believe, i.e., that an
asymptotic upper bound exists.

It was noted by Turyn and later proved [26] that Legendre sequences ro-
tated by 1/4 of their lengths will provide sequences with merit factors having
an asymptotic limit of 6. A few authors suggested that this might be op-
timal. More recently, a further construction applied to Legendre sequences
appears to produce sequences with asymptotic limit of approximately 6.34
for the merit factor [6], [33].

Computationally, this is still a very difficult problem. From results in
the ranges for which adequate data can be collected, we can project that
an asymptotic limit of F' > 7 for sequences of increasing length is certainly
expected. There is good evidence for F' > 8 as well and even F' > 9 appears
likely. Finding another sequence with F' > 10 beyond length 13, if indeed
such exists, may be computationally out of range.

More comprehensive introductions to the history and applications of the
binary merit factor problem are given in [25] and [28].

2. SEARCH ALGORITHMS

Where a sequence has entries drawn from a finite alphabet, e.g., the Kth
roots of unity, the number of sequences at a given length is finite. Thus,
finding the optimal sequences of a given type up to a fixed length by checking
the whole space is theoretically possible, but quickly becomes impractical as
the length increases. More clever methods may be applied, which eliminate
vast sections of the space from consideration as the search progresses in order
to confirm optimal examples.

In contrast, at least beyond very short lengths, the search space for op-
timal polyphase sequences is not finite. Since the range of each coordinate
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is continuous, methods of calculus may be used to transform this into a fi-
nite problem. However, the number of local maxima and minima proliferates
as the length increases, so this type of exhaustive search bogs down quite
quickly.

Greater reach is achieved by using directed stochastic methods. Such al-
gorithms include direct descent, simulated annealing, great deluge, genetic,
and tabu search. Here optimality is not confirmed, but on the assumption
that the number of locally optimal solutions within a given range is finite and
the search method is not biased in locating these, statistical analysis using
capture-recapture [40],[36] or the inverse collectors problem [34] can establish
levels of confidence.

2.1. Exhaustive searches. For binary sequences, this is essentially a 2V ~2

problem. Using a Gray code helps minimize recalculation through the it-
eration. To obtain precise information on base energy distributions we have
conducted exhaustive searches up to length 44 for the general case and length
89 for skew-symmetrics.

2.2. Branch and bound. This is the method which has been used to con-
firm optimality of merit factor for general sequences up to length 60 [38],
and for skew-symmetric sequences up to length 109 [9]. It uses the fact that
the shorter and increasing length autocorrelation sums only involve terms
progressing from the ends of a sequence to the middle. As a sequence is
developed in this way, more sidelobe energy values become determined and
better lower bounds for others are established. If this sum already exceeds
some predetermined bound, then continued development can be aborted and
the iteration passed to an earlier stage. The amount of truncation and thus
the speed of the search space depends on this bound. A known sequence of
low base energy supplies a good initial bound. This can be replaced when a
better example is found.

2.3. Directed stochastic searches. A search starts either with a sequence
in which all the coordinate values are randomly generated or a random se-
lection of the coordinate values of an existing sequence are regenerated. A
coordinate position is chosen either at random or by some directed method, a
change in value is proposed and either accepted or rejected according to some
selection criterion, which then returns either an altered or the same sequence
accordingly. This second process repeats until either no further improvement
is possible using this method or some other limit is reached. The process then
either reverts to an earlier position or restarts. The decision to discontinue
may be based on either time, computational resources, or an estimation that
any improvement is unlikely.

For the descent method, changes are allowed only if there is an improve-
ment in quality. Initially the coordinates for proposed changes are chosen
at random, though a final stage may be added where coordinates are chosen
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iteratively until no further improvement is possible. Experience has shown,
however, that better results are achievable if the demand for improvement at
each stage is relaxed.

At the starting stage we have used the great deluge approach to locate
a sequence of merit value above an initial bound. The method of descent
was then used first by random and finally by consecutive (with wrap-around)
choice of coordinates until either termination or a sequence with merit value
exceeding a second bound was located.

Two levels of intensified search then followed for appropriate sequences in
an approach derived from the genetic method.

1) For the same length sequence coordinates were chosen in order from the be-
ginning of the sequence. Any sequence found exceeding another preset bound
was chosen for further development. Otherwise the process backtracked to
an earlier stage from which a further choice was possible.

2) An appropriate sequence from the first stage was then stripped back, drop-
ping coordinate entries at both ends successively until either the merit fac-
tor dropped below an established bound or the last coordinate change was
reached but not exceeded. This core sequence was then extended at either
end iteratively while still retaining the merit factor bound.

These intensification methods ensure a comprehensive search of clusters of
sequences of high merit factor at neighbouring lengths.

For binary sequences, there is a single option for changing a coordinate
value or two choices for an extension of one unit. For polyphase sequences,
after a coordinate position was chosen for investigation, the base energy was
expressed as a function of this coordinate variable, keeping other coordinates
at their established values. This function was found to have up to two min-
imum values. The coordinate value at the lower of these was chosen for the
proposed change.

2.4. Comparison of methods. For determining optimal values for the merit
factor of binary sequences, the resources required to conduct the branch and
bound search at length 60 can be considered roughly the equivalent of those
required to perform a fully exhaustive search at length 53, or a directed sto-
chastic search at length 90 with a 99% confidence level of success. In terms
of complexity, this translates to O(2") for exhaustive methods, O(1.84") for
branch and bound and O(1.5") for the directed stochastic algorithm used
here.

3. REsuLTS

3.1. Growth trends for merit factor values. Figures 5 and 6 show plots
of best known merit factor values recorded for binary sequences and for the
more general polyphase sequences. We believe Figure 6 shows probable op-
timal values for unrestricted binary sequences with lengths into the late 80’s
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and for skew-symmetrics up to length 160. For polyphase sequences this
confidence extends to length 45.

The horizontal line in Figure 5 is drawn for reference at ' = 9. Up to
length 90, there appears to be a trend for more of these values to approach
or exceed 9. Beyond N = 112 all records are derived from skew-symmetrics,
which appear to reflect trends for unrectricted sequences at half the lengths.

Figure 6 shows the much more rapid growth for polyphase sequences.

T T T T T T T T T T T T T T T T T T T 1
0 50 100 150 200
Sequence length

FIGURE 5. Largest merit factors recorded for binary sequences.

3.2. Distribution of base energies for binary sequences. Figure 7 shows
histograms of all 2% values of the reciprocal of the merit factor, 1/F =
2E/N? at length N = 39, normalized to have unit area. Each base energy
value is congruent to 3 modulo 4. The graph on the left seems to be aligned
with two smooth curves. A more careful analysis finds that it is better sep-
arated into four sections, each corresponding to a separate congruence class
modulo sixteen for the base energy and each seeming to conform to a smooth
curve. An alternative is to combine the congruences classes 3,7,11,15 modulo
16, giving the histogram on the right.

This shows a remarkable resemblance to the extreme value distribution.
In fact, this was discovered through curve-fitting as illustrated in Figure 8.
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FIGURE 6. Largest merit factors recorded for polyphase sequences.
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FIGUure 7. Full distribution of 1/F values at N = 39 and
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F1GURE 8. Plot of the logarithm of the values in the graph on
the right in Figure 7 and and a plot of the logarithm of a linear
fit to the right tail minus the values for this adjacent graph.

These graphs point to an exponential tail to the right but a doubly exponen-
tial growth on the left which are characteristic for the extreme value distri-
bution. Figure 9 shows least squares fits of the extreme value distribution
to histograms of 1/F values at lengths 39, 99, and 300. Since obtaining full
distributions at lengths 39 and 300 is computationally out of range, these we
obtained for 237 and 2% sequences generated by a random process.
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FIGURE 9. Least squares fit of extreme value distribution to
1/F distributions at lengths 39, 99 and 300.

Our primary interest is in the tail of the distributions on the left. The least
squares fit is best at length 99. At 39, the curve overestimates the count of
higher merit factor sequences while at 300 it gives an underestimate.

3.3. High merit factor binary sequences. Using our directed stochas-
tic search method we have found approximately 2800 unequivalent sequences



64 The merit factor problem

with merit factor greater than 8, of which probably more than 80% may be
classified as new discoveries. This comprised two separate programs, the first
designed to search through general unrestricted sequences and the second re-
stricted to skew-symmetrics. The first found a sequence with merit factor
greater than eight at length 115, while the second found such a sequence
at length 233. The greatest length previously recorded was 161 by Militzer,
Zamparelli and Beule[39]. The intensification methods described in the pre-
vious section were applied to high merit factor sequences found during the
skew-symmetric search to find other non-skewsymmetric sequences of high
merit in the surrounding cluster, finding sequences with F' > 8 for all lengths
between 100 and 200 except 112 and 114. A sequence with F' > 8 at 112 was
found using the first program.

We estimate the first program to have been close to exhaustive up to length
85, and the second to length 161 as outlined in the analysis below. Confidence
that over 50% of the sequences with F' > 8 have been found remains to lengths
90 and lengths 181 respectively. Comparing the percentage that the skew-
symmetric sequences form of sequences found at odd lengths provides another
rough yardstick. Between lengths 61 and 85 skew-symmetrics form 11% of
sequences found at odd lengths with F' > 8. These increase to 26% and 77%
respectively for odd lengths from 91 and 99 and from 101 to 109. In fact
from Figure 10 we expect this percentage to decrease from 11%, so we expect
that we have found less than 40% and 12% of sequences with F' > 8 in these
respective ranges.

Figure 10 and Table 1 illustrate growth trends in numbers of high merit
factor sequences. The first, Figure 10, is a log-linear graph of numbers of
inequivalent sequences with F' > 7. This suggests exponential growth in
these numbers and gives what we suggest is the first empirical evidence that
limsup Fax > 7.

Table 1 lists estimated numbers of sequences with F' > 8 for general se-
quences and F' > 8, F' > 8.5 for skew-symmetrics at increasing lengths. The
growth in numbers found in the general case is noticeable but still modest
in lengths up to 85. For skew-symmetrics in lengths up to 181, where in
depth searches were still possible, the growth in numbers with F' > 8 is more
apparent, and still apparent for F' > 8.5.

Before our work, there were 15 inequivalent sequences with F' > 9 known,
one each at lengths 11, 13, 27, 64, 71, 83, 95, 105, 125, 127, 129, 131 and
three at length 67. We have found 23 more which are listed in Table 2. There
seems to be a trend for more of these to appear at longer lengths, but it is
difficult to say more.

3.4. The inverse collector’s problem. In collecting data on sequences
with F' > 7, we continued to run our programs at lengths up to 85 to the
point that we could have good expectation that the best examples were col-
lected. In advance, we do not know the size of the sample space of sequences
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FIGURE 10. Growth in number of sequences with F' > 7.

N|F>8| N |F>8|F>85
73 8 159 | 44 5
74 3 161 | 57 1
1) 9 163 | 52 Y
76 5 165 | 57 3
70 11 167 | 73 5
78| 12 169 | 73 11
79| 12 171| 58 7
80| 14 173 90 13
81| 17 175 97 8
82| 13 177 99 10
83| 16 179 | 153 9
84| 10 181 | 114 11
8| 18 183 | 125 9

TABLE 1. Estimated numbers of inequivalent sequences with
F > 8. Here T denotes skew-symmetric sequences.

140

65
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N F Hexadecimal sequence

63 | 9.5870 | 64CBEDOFAFEAC631

68 | 9.2480 | FED0B564E4D74798E

79 19.2050 | 7TF36491D815A531AA871

80 |9.0909 | FFES1ES89A8D1C665A9A5

89 19.1678 | 1FF924F246C19C2D4B8D454

95 |9.3427 | TFFCOFA333154B534DA71C69

98 19.0775 | SFFAA55B45978719636C4F633

102 | 9.1746 | 383F0C38A4D5D6673480256A44

126 | 9.0720 | 3C7854315FE710B9990BB655FB2FE96D

149 | 9.0542 | 1C71C7AB46CDDABF9F82959501 DCC6F016DB6DT

149 | 9.1137 | 1IFE0003921C9CC3E4CBDOCE52CD8DA392A A A551

157 | 9.0223 | 1F0600F83071FF993CC57ECD39955B6B294A A6B5

165 | 9.2351 | 1D5B2B41689B1B24BAAG6ES46010E31B1887AF031FDT
169 | 9.3215 | 1C1C7C623BSEB1FD05DAFDD41DEBD5B0491226D6DADT
1721 9.0526 | EO3F9CF6030FFOEDBE293338351C5954B2A74D952A5
173 |1 9.3179 | 18006 FFE1FCF33F079C3D999D2D96B5334D5A5546 A A9
173 | 9.3645 | 1E03F9CF6030FFIEDBF293338351C5954B2A74D952A 51
175 | 9.0768 | 6AA32AF1A35998 A5E530DAF8D30687D9983792FF37FET
177 | 9.5052 | 1D3842C58FCB33401779175F7B977AAF330D49EC2EI3DT
178 1 9.2915 | 3D3842C58FCB33401779175F7BI77AAF330D49EC2E93D
179 | 9.0974 | TA70858B1F9666802EF22EBEF72EF55E661A93D85D27AT
183 9.0073 | 6311C73B838E2AT2BF958 A85FD81ABF27F6DB5BB2491367

189 | 9.0847 | 1C39CE1FE1CBC67F3B7BF9002AB951713566D0DA55A4D92D1

TABLE 2. New sequences found with merit factor > 9. Here |
indicates a skew-symmetric sequence.

with energies in this range. At some point, however, the continual repetition
of previous examples suggests that we come close to exhausting this sample
space. We use the statistical model described below to give substance to this
observation. Part of this may be described as the inverse collector’s prob-
lem as described in [11] and [34]. However, our problem is not specifically
to establish the most probable size of the sample space, but to estimate the
likelihood that we have found the example with the lowest base energy.

Let S be the size of the sample space, i.e., the total number of sequences,
unique up to equivalence as described above, with F' > 7. Let n be the
number of trials in terms of sequences collected, and k£ the number of these
which are different. Where M is the event that we have collected the optimal
example, what we seek to evaluate is

P(M [ n, k),
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the probability that we have the best example, given the values n and k
arising from our data. We make assumptions:
(1) the occurrence of the different examples are equally likely;
(2) there is no specific bias on the actual size of the sample space in the range
where this is significant.

Then we use

P(M|nk)=Y P(M|S=k+ik)P(S=k+i|nk).
>0
From our assumptions, we have P(M | S = k + i,k) = k/(k + ). Using
Baysian probability theory, we then derive

Pk|S=k+in)
ijop(k’]S:k‘—i—j,n)'

Example: At length 80 we collected 9965 sequences of which 1636 were
different. This calculates to a 0.998 probability that we have the optimal
example [8], [9].

It remains, at present, computationally hard to verify optimality of merit
factor values beyond length 60 for unrestricted binary sequences and about
double this for skew-symmetrics. Other authors have published examples with
‘high” merit factor without any further assessment of quality. This method
of statistical analysis offers a way to estimate quality.

P(S=k+i|nk)=

4. COMMENTS

Determining the maximal merit factor for binary sequences of length N is
widely regarded as a difficult task in combinatorial optimization. Indeed it
appears as the fifth problem on CSPLib [24], a library of test problems for
use in benchmarking constraint solvers.

We have found good evidence that the upper limit for maxy F' is greater
than 8 and in fact greater than 8.5. These maximal values may routinely
exceed 9 in lengths over 200, but it would be difficult to establish this com-
putationally. With the information we have collected, it is difficult to project
whether values will continue to grow slowly or level off.

The match of the distribution of 1/F to the extreme value distribution for
lengths under 100 is intriguing. If this continued, it would suggest a sharp
cutoff for merit value as lengths increased. However, this fit becomes less
good as we go further, giving an underestimate for the tail containing high
merit factor values. Perhaps a match to a gaussian distribution is a better
choice for longer lengths, but this would require further investigation.

The upper limit for maxy F is known to be infinite for polyphase sequences.
What growth rates can be established for maxy F'7 Figure 6 suggests this
might be close to linear for polyphase sequences. If it can be established that
maxy F'is bounded for binary sequences, is this true for other finite alphabet
sequences as well?
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BARKER SEQUENCES AND FLAT POLYNOMIALS
PETER BORWEIN AND MICHAEL J. MOSSINGHOFF

ABSTRACT. A Barker sequence is a finite sequence of integers, each 41,
whose aperiodic autocorrelations are all as small as possible. It is widely
conjectured that only finitely many Barker sequences exist. We describe
connections between Barker sequences and several problems in analysis
regarding the existence of polynomials with +1 coefficients that remain
flat over the unit circle according to some criterion. First, we amend
an argument of Saffari to show that a polynomial constructed from a
Barker sequence remains within a constant factor of its Ly norm over the
unit circle, in connection with a problem of Littlewood. Second, we show
that a Barker sequence produces a polynomial with very large Mahler’s
measure, in connection with a question of Mahler. Third, we optimize an
argument of Newman to prove that any polynomial with 4+1 coefficients
and positive degree n — 1 has Ly norm less than v/n — .09, and note that a
slightly stronger statement would imply that long Barker sequences do not
exist. We also record polynomials with 1 coefficients having maximal L,
norm or maximal Mahler’s measure for each fixed degree up to 24. Finally,
we show that if one could establish that the polynomials in a particular
sequence are all irreducible over QQ, then an alternative proof that there
are no long Barker sequences with odd length would follow.

1. INTRODUCTION

For a sequence of complex numbers ag, ai, ..., a,_1, define its aperiodic
autocorrelation sequence {c} by

n—1—k
cp, = Z ajQjif
=0
for 0 <k < n and
C_| = Ek .
We are interested here in the case when the a; are all of unit modulus, in
particular when each a; = £1. Thus the peak autocorrelation cy has the

value ¢y = n, and in many applications it is of interest to minimize the off-
peak autocorrelations cqy, with 0 < k < n. In the integer case, clearly the
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optimal situation occurs when |cx| < 1 for each k # 0, s0 ¢, =01if 2 | (n — k)
and ¢, = 41 otherwise. A sequence achieving this for each k is called a
Barker sequence. Barker first asked for +1 sequences with this property in
1953 [1]. (In fact, Barker asked for the stricter condition that ¢; € {0, —1}
for £ # 0.) For the complex unimodular case, we say {a;} is a generalized
Barker sequence if each off-peak autocorrelation satisfies |c| < 1.

Since negating every other term of a sequence {a;} does not disturb the
magnitudes of its autocorrelations, we may assume that ap = a; = 1 in a
Barker sequence. With this normalization, just eight Barker sequences are
known, all with length at most 13. These are shown in Table 1. (Only three of
these satisfy the more strict condition requested by Barker—the ones of length
3, 7, and 11.) It is widely conjectured that no additional Barker sequences
exist, and in section 2 we survey some known restrictions on their existence.
First however we describe a broader conjecture that arises in signal processing,
and an equivalent problem in analysis regarding norms of polynomials.

Sequences with small off-peak autocorrelations are of interest in a number
of applications in signal processing and communications (see [1, 18, 13]). In
engineering applications, a common measure of the value of a sequence is the
ratio of the square of the peak autocorrelation to the sum of the squares of the
moduli of the off-peak values. This is called the merit factor of the sequence.
For a sequence A,, = {a;} of length n, its merit factor is defined by

,n2

MF(A4,) = ——— .
A el
Golay introduced this quantity in 1972 [16], and in [17] he conjectured that the
merit factor of a binary sequence is bounded, presenting a heuristic argument
that MF(A,,) < 12.32 for large n. Several researchers in engineering, physics,
and mathematics have made similar conjectures; see for instance [6] or [18].
It is clear, however, that a Barker sequence of length n has merit factor near
n, so certainly Golay’s merit factor conjecture contains the question of the
existence of long Barker sequences as a special case.

TABLE 1. Barker sequences with ag = a; = 1.

n Sequence Merit factor
2 ++ 2.00
3 ++- 4.50
4 +++- 4.00
4 ++-+ 4.00
5 +++—+ 6.25
T +++-—+- 8.17
11 4+t 12.10
13 +++++——++—+—+ 14.08
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The merit factor problem may be restated as a question on polynomials.
We first require some notation. Given a sequence {a; }_ 4, define a polynomial
f(2) of degree n — 1 by

For a positive real number p, let || f||, denote the value

i1, = ([ 1 \pdt),

where e(t) := e*™. If p > 1, this is the usual L, norm of f on the unit circle.
We also let || f]|, denote the supremum norm of f,

1l := iy [I£]], = sup | f(2)],

|2|=1

and we let || f||, denote its geometric mean on the unit circle,

191 += i 151, = exp ([ 1oel(e(0) ).

This is Mahler’s measure of the polynomial. We recall that if p < ¢ are
positive real numbers and f is not a monomial, then

1Al < LA, < 11l < 1l

Assuming that |a;| = 1 for each j, we have || f||> = n by Parseval’s formula,
and, since Z = 1/z on the unit circle, it is easy to see that

n—1

171 = 7 = | Z o 23l ()

Thus, the merit factor of a sequence {a;} can be expressed in terms of certain
L, norms of its associated polynomial,

I
171 = 1713

Golay’s problem on maximizing the merit factor of a family of sequences of
fixed length is thus equivalent to minimizing the Ly norm of a collection of
polynomials of fixed degree. This latter problem is one instance of a family
of questions regarding the existence of so-called flat polynomials.

For a positive integer n, let 4, denote the set of polynomials in C[z] defined
by

MF(f) =

n—1
i, = {f(z):Zajzj : |aj|:1f0r0§j<n},

=0
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and let £, denote the subset
n—1
£, = {f(z) a2’ a; =41 f0r0§j<n}.
i=0

1=

We call the first set the unimodular polynomials of degree n — 1, and the
second set the Littlewood polynomials of fixed degree. In 1966, Littlewood
[23] asked about the existence of polynomials in these sets with particular
flatness properties. More precisely, he asked if there exist absolute positive
constants «; and as and arbitrarily large integers n such that there exists a
polynomial f,, € i,, (or, more strictly, f, € £,), where

a1v/n < | fu(2)] < aav/n

for all z with |z| = 1. Since each polynomial in such a sequence never strays
far from its L, norm, we say such a sequence is flat. In 1980, Korner [21]
established that flat sequences of unimodular polynomials exist, and in the
same year Kahane [20] proved moreover that for any € > 0 there exists a flat
sequence of unimodular polynomials with ay =1 — € and ay = 1 + €. Such
sequences are often called wultraflat.

Much less is known regarding flat sequences of Littlewood polynomials. The
Rudin-Shapiro polynomials [28, 31| satisfy the upper bound in the flatness
condition with as = v/2, but no sequence is known that satisfies the lower
bound. In fact, the best known result here is due to Carrol, Eustice, and Figiel
[8], who used the Barker sequence of length 13 to show that for sufficiently
large n there exist polynomials f, € £, with |f,(2)] > n*! on |z| = 1. Also,
in 1962 Erd6s [12] conjectured that ultraflat Littlewood polynomials do not
exist, opining that there exists an absolute positive constant e such that

e -1 4

11,
for every Littlewood polynomial of positive degree. (Littlewood however
[23, sec. 6; 24, prob. 19] in effect conjectured that no such e exists.) Since
1 fll, < IIflle, We see then that Golay’s merit factor problem is in fact a
stronger version of Erdés’ conjecture. Further, from (1.1) it follows that if
the coefficients of f form a Barker sequence of length n, then

1\ 1

Vvn n 4n
Therefore, to show that long Barker sequences do not exist, it would suffice
to prove that ||f|l, > v/n + ﬁﬁ for f € £, and n large. Similar observations

occur for example in [4, Chap. 14] and [5].

In this paper, we describe some further connections between Barker se-
quences and flatness problems for polynomials. Section 2 summarizes some
known results on Barker sequences. Section 3 shows that long Barker se-
quences provide an answer to Littlewood’s question on flat polynomials,
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amending an argument of Saffari that connects these two problems. Section 4
then ties the existence of long Barker sequences to a problem of Mahler’s con-
cerning Littlewood polynomials with large measure. Section 5 connects the
Barker sequence question to problems on the L; norm of Littlewood polynomi-
als, and optimizes an argument of Newman to provide an improved restriction
on the flatness of Littlewood polynomials with respect to this norm. Finally,
Section 6 outlines a possible alternative method for establishing that there
are no Barker sequences of certain lengths.

2. BARKER SEQUENCES

We first record some facts about Barker sequences. The following results
are due to Turyn and Storer [35, 32]; we include the proof here for the reader’s
convenience.

Theorem 2.1. Suppose ay, ai, ..., a,_1 1S a sequence of integers with each
a; = 1, and let {c} denote its aperiodic autocorrelations. Then

¢k + g =n (mod4).

If in addition the sequence {ay} is a Barker sequence, then

ApQp—1-k = (_1)n—1—k'

If furthermore n is even and n > 2, then n = 4m? for some integer m, and
Coor = —Cp for 0 < k <n. Ifnis odd, then ¢, + co_j, = (—=1)""V/2 for each
k.

Proof. Since ¢, records the difference between the number of positive and

negative terms in Z;L:_Ol_k a;a;yy, it follows that

1
QiQjq ), = (—1)(717]670"')/2 (21)

n—

k—
i=0
for 0 < k£ < n. Multiplying this product by the same expression with &
replaced by n — k, we obtain

k—1 n—k—1
n—cp—Cp_k)/2
()t = T astinr [] wiair =1,
i=0 i=0

S0 ¢t + ¢ =n (mod 4). Assume now that {a;} forms a Barker sequence of
length n. Multiplying (2.1) by the same equation with k replaced by k + 1,
we compute that

ApQp—1—k = (_l)n_l_k-

Also, certainly ¢, = 0if 0 < k <n and n =k (mod 2), and ¢; = 1 for the
other £ in this range. In particular, if n is even and n > 2, then ¢y +¢,_» = 0,
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son =0 (mod 4). It follows then that ¢; + ¢, = 0 for 0 < k < n in this
case. Last, since

n—1 2 n—1
(Zai> :CO+Z<0k+Cn—k) =n,

1=0

we see that n is a perfect square if n > 4 is even. (]

Recall that a polynomial f(z) with integer coefficients is skew-symmetric if
f(z) = £29%87 f(=1/z). We remark that Theorem 2.1 then shows that every
Barker sequence of odd length corresponds to a skew-symmetric Littlewood
polynomial.

Much more is known about possible lengths of Barker sequences. Turyn and
Storer [35] proved that if the length n of a Barker sequence is odd then n < 13,
so the complete list for this case appears in Table 1. It also follows from
this that no additional sequences satisfy Barker’s original requirement for
sequences whose off-peak autocorrelations are all 0 or —1, since Theorem 2.1
implies that any such sequence must have length n = 3 (mod 4). For the
even case, we write n = 4m?. In 1965 Turyn [33] showed in effect that m
must be odd and cannot be a prime power (see also [2, sec. 2D and 4C], [9],
[10]). In 1990, Eliahou, Kervaire, and Saffari [11] proved that if p | m then
p=1 (mod 4); in 1992 Eliahou and Kervaire [9] and Jedwab and Lloyd [19]
both used this constraint, together with some additional restrictions on m,
to show that there are no Barker sequences with 1 < m < 689. In 1999,
Schmidt [30] obtained much stronger restrictions on m, determining that no
Barker sequences exist with m < 10°. This method was refined and extended
by Leung and Schmidt in 2005 [22], who established that no Barker sequences
exist with 1 < m < 5-10'°, that is, with even length n satisfying 4 < n < 10?2,
Another restriction was obtained in 1989 by Fredman, Saffari, and Smith [15],
who proved that a Barker sequence may not be palindromic.

3. LITTLEWOOD’S PROBLEM

In 1990, Saffari [29] noted that if there are in fact infinitely many Barker
sequences, then Littlewood’s conjecture on the existence of flat polynomials
with +1 coefficients follows. We present Saffari’s proof here, in part because
we require the result in Section 4, but also to correct an oversight in the
original article. The correction here affects the values of the constants in the
following theorem.

Theorem 3.1. Suppose f is a Littlewood polynomial of degree n — 1 whose
sequence of coefficients {ay} forms a Barker sequence of length n. Then

wr0(L) <50 oo (1)
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for each z of modulus 1, where ag = /1 — 60 = 0.52477485..., s = V1 + 60 =
1.31324459.. ., and

sin? t

0 = sup = 0.7246113537. .. .

t>0
Proof. Suppose f € £, with n > 13, and write n = 4m. Using the fact that
the off-peak autocorrelations satisfy ¢, = —c¢; from Theorem 2.1, and that
c2; = 0 for j > 1, we compute

n—1
}f (e”)}2 —n= 2chcosk:t
k=1
2m—1
=2 ¢ (cos kt — cos((n — k)t))
k=1
2m—1
= 4sin(2mt) Z cpsin((2m — k)t)
k=1
= 4sin(2mt) Z Com—2k+1 sin((Qk — 1)t) )
k=1
Thus ,
it
'|f<e I PP (3.1)
n

where 6,, is defined by

0, := max [sin(mt)| Z}Sin((Zk: —1)t)].

0<t<2m m
k=1

Define ¢,, and 1, by

m

O = max M Z‘sin(@k — 1)t)|

0<t<r/4 m
k=1

and

Yy = max Jsin(2mt)]| Z|COS(<2/€ - 1)t)],

0<t<n/4 m
k=1

so that 6,, = max{¢,,, ¥, }. For ¢,,, note first that the quantity

m

% Z’sin(@k — 1)t) |

is the midpoint approximation over m subintervals of equal size for the inte-
gral

1
/ |sin(2mtzx)|dx .
0
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We consider the error incurred when approximating this integral with the sum
over each interval [(k—1)/m, k/m]. If no cusp occurs in the interval, certainly
the error is at most 1/24m?, so the total error incurred from these intervals
is O(1/m?). If a cusp occurs in an interval, in the worst case it lies at the
midpoint, and the ratio of the error incurred in this case to the error when
the cusp occurs at an endpoint is tan(t/2)/(t — sint). If 7//m <t < 7/4,
this ratio is 3m/7? + O(1), so the total error incurred on the intervals with

cusps is
3m 1 m 1
0(?'@3)”(%)

If 0 <t < m/y/m, then there are at most 2,/m cusps, and the error in the
worst case at each cusp is (2 — cos(m/y/m))/2m+/m, so the total error in this
case is also O(1/m). Therefore,

¢m = max |[sin(2mt) \/ |sin( 2mtw)]dw+0( >
m

0<t<m/4
1

1
<sup [sinal [ |[sin(at)|dt + O ( )
m

a>0

— sup max (2n + 1 —cosx)sinx Lo <i> (3.2)
n>0 0<z<m nmT+x m

R (1 —cosz)sinz L0 (l)
0<a<r T m

1
= 0.6639534894 ... 4+ O (E) .

In the same way,

Yy, = max |[sin(2mt) |/ |cos(2mtz)| dx + O < )
m

0<t<m/4
1

1
<sup [sina| [ |cos(at)|dt+ O (—)
m

a>0 0
(2n + sinz) |sin x|

—sup  max L0 (l) (3.3)

n>0 —5<a<% nmT+x m

sin’ 1
= max +0 | —
0<e<T T m

1
= 0.7246113537...+ O (—) .
m

The statement then follows from (3.1), (3.2), and (3.3). O

We remark that Saffari computed the limiting value of 6,, to be 0.66395. ..
by considering only the computation of ¢,, above for 0 <t < 27. However,
this argument breaks down when ¢ is very close to m/2 or 37/2.
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4. MAHLER’S PROBLEM

In 1963, Mahler [25] posed the question of maximizing the normalized mea-
sure ||fllo/ || flly of polynomials with complex coefficients and fixed degree.
He proved that for each degree the maximum is attained by a unimodular
polynomial, and Fielding [14] proved that there exist unimodular polynomi-
als with normalized measure arbitrarily close to 1. Beller and Newman [3]
proved further that there exists a positive constant ¢ such that for each n > 0
there exists a polynomial f, € i, such that || f,||, > v/n — clogn. The prob-
lem remains open for Littlewood polynomials; the largest known normalized
measure in this case is 0.98636598. . ., achieved by the polynomial whose co-
efficients form the Barker sequence of length 13. We prove here that long
Barker sequences would also provide an answer to Mahler’s problem for the
case of Littlewood polynomials.

Theorem 4.1. Let f, be a Littlewood polynomial whose coefficients form a
Barker sequence of length n. Then

£l 1

>1—-—

Vn v

for sufficiently large n.

Proof. Let f,(z) = Z?:_ol a;zl, with {a;} a Barker sequence. Since the off-
peak autocorrelation ¢ is 0 if n = k (mod 2) and +1 otherwise, it follows
from (1.1) that

fully = n® +n—e(n),
where €¢(n) = 0 if n is even and 1 if n is odd. Thus
) 2
H A e®)] Al n—en)
1) de =t g = 220
0 n n n

Next, if a > b > 0 it is straightforward to verify that

a—>b

> loga — loghb,

so setting

a(t) = max {1, M} and b(t) = min {1, M}

n n

for ¢ in [0, 1], we obtain

/1 <|fn(e(t))|2 ) 1>2dt
i
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SO

! 1 1
/ (2log|fn )‘—logn) dt<—+0< );
0

ain n?
where ar; = 0.52477 ... is the constant appearing in statement of Theorem 3.1.
By the Schwarz inequality,

1 1 1
/0‘Qlog‘fn(e(t))}—logn‘dtgal\/ﬁ+0(n3/2>,

/0110g|fn( )|dt>log\/_— \/_ (i)
1)

and so

Since 1/2aq = 0.9527. .., it follows then that

4 i
bzt gm0

for sufficiently large n. O

For each n < 25, Table 2 lists a Littlewood polynomial with degree n — 1
having maximal Mahler’s measure over £,. We remark that the coefficient
sequences for n = 2, 3, 4, 5, 7, 11, and 13 are precisely the Barker sequences.
(The two Barker sequences of length 4 correspond to polynomials with iden-
tical Mahler’s measure.)

5. NEWMAN’S PROBLEM

One may also study flatness properties of polynomials by using the L; norm.
In this case, again the problem is largely resolved for unimodular polynomials,
and largely open for Littlewood polynomials. For the unimodular case, in
1965 Newman [27] proved that there exists a positive constant ¢ so that for
each n > 2 there exists a polynomial f, € L, such that ||f||, > /n —c. In
his proof, Newman first constructed a polynomial f,, whose L, norm satisfies
| fully /v/n =1+ O(1/4/n), then used Holder’s inequality to obtain a lower
bound on || f, ||, of the desired form.

Much less is known for the Littlewood case. In [26], Newman mentioned
a conjecture (without attribution) for the L; norm for these polynomials,
similar to Erd6s’ conjecture for the supremum norm: There exists a positive
constant ¢ < 1 such that [|f||; < ¢y/n whenever f € £, and n > 2. This
problem remains open, as does the weaker question of whether there exists a
positive constant ¢ such that [|f]|, < /n — c for f € £, of positive degree.
Resolving a still weaker problem however suffices for answering the question
of the existence of Barker sequences of large degree.

Theorem 5.1. If f(z) = Zz;é a;z; 1s a Littlewood polynomial whose coeffi-
cients form a Barker sequence of length n, then ||f||, > v/n — 1.
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TABLE 2. Maximal Mahler’s measure of Littlewood polynomi-
als by degree.

n  Coefficients of f 1flle Ifllo /v vn—=11fl
2 ++ 1.00000  0.70711 0.41421
3 ++- 1.61803  0.93417 0.11402
4  +++- 1.83929  0.91964 0.16071
5 +++—+ 2.15372  0.96317 0.08235
6 ++++—+ 2.22769  0.90945 0.22180
T A= 2.49670  0.94366 0.14905
8  Ad++——t-— 2.64209  0.93412 0.18634
9 H4+—+——++ 2.72501  0.90834 0.27499
10 +++4+—+——++ 2.92076  0.92363 0.24152
11 +++———4——4- 3.16625  0.95466 0.15038
12 +++tt——tt—+- 3.33463  0.96262 0.12948
13 +++++——++—+-+ 3.55639  0.98637 0.04916
14 ++++++——F+—+—+ 3.57536  0.95556 0.16630
15 +++++——t+——+—+- 3.74089  0.96589 0.13209
16 +++—F++———+—++-+ 3.77645  0.94411 0.22355
17 ++—++——t+++—t—+—— 3.87848  0.94067 0.24463
18  +++—+++———F—F+—+—- 4.01406  0.94612 0.22858
19 44—+t =4+ 4.16269  0.95499 0.19621
20 A+ttt —t b=t 4.30167  0.96188 0.17047
21 4+ =t —t—t——+ 4.39853  0.95984 0.18405

D i e e e 4.47518  0.95411 0.21523
D B L e e 4.57183  0.95329 0.22400
24 -t ——d——e—+——+ 471462 0.96237 0.18436
25 Attt ——+——++— 483413 0.96683 0.16587

Proof. Suppose f € £, has coefficients forming a Barker sequence. From
(1.1) we see that

£ =n® +n—e(n),

where €(n) = 1 if n is odd and 0 if n is even. Using Holder’s inequality, we
have

2 2/3 4/3
LI < A2 0187

and so

3 2
5 n 1 e(n)n
————=n-—1 1+ ———|. O
||f||1>n2—|—n—e(n) " +n—l—l( +n2—|—n—1>

This statement in fact appears in the 1968 paper of Turyn [34], who at-
tributes the observation to Newman.
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Newman in fact proved a statement similar to Theorem 5.1 in 1960 [26],
showing that || ||, < v/n — .03 for f € £, of positive degree. We revisit New-
man’s argument here, choosing parameters in an optimal way and employing
the results of some computations on Littlewood polynomials to obtain an im-
proved lower bound. It is clear from the proof however that a new approach
is needed to obtain the constant 1, as Newman observed.

Theorem 5.2. If f is a Littlewood polynomial of positive degree n — 1, then
If1l, < Vi —09.

Proof. Let f(z) = 332} arz® with a;, = 1 for 0 < k < n, and let o > 1 be a
real number whose value will be selected later. The argument splits into two
cases, depending on the size of || f]|

Case 1: || f]|,. < ay/n. Let ¢, denote the kth aperiodic autocorrelation of
the sequence of coefficients of f. Since Y 7—| ¢ > |n/2], using (1.1) we have

If1ls = 7* +n —e(n),
where €(n) = 1 if n is odd and 0 otherwise. Next, since
! 2 2 4 2 2
(17D =) de= 115 = 21+ 07 2 m = (),

we compute

! S O A
/0 (If (e@®)| = vn) d‘t—/0 (‘f(e(t))H_\/ﬁ) 2 o

However,
/ |f ‘_ )dt—2n—2\/_||f||1=
2y T e(n) | (n—en))’
Il =n =73 J; 1)2n " 4o+ 1)in3 (5.1)
:n—m+0(1/n)'

Case 2: | f||, > ay/n. Suppose max|.— [f(2)] = Ay/n, occurring at z =
e(ty). By Bernstein’s inequality, |f'(z)| < A(n — 1)y/n, so for 0 <t < 1, it
follows that

|f(e(®))| = Avn(1l —2m(n — 1) [t — to]).
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Let 3 be a small positive number whose value will be selected later, let I
denote the interval [ty — 8/n,to + 8/n], and let B = [, |f(e( t))|> dt. Then

) to+06/n 9
B > 2a'n (1—2m(n—1)(t —t))" dt

h , (5.2)
:2a25<1—2ﬂﬁ<1—l>+4ﬁzﬁ2 (1—1> )
n 3 n

B >2a’3 (1 — 278+ 47°3°/3) (5.3)

It follows that

if 6 < 3/4.
Next, let J denote the complement of I (modulo 1) in [0, 1] so that

/\f Ndi=n—B.

By the Schwarz inequality,

(/\f |dt) < 28B/n
(/If \dt><(n—3)(1—26/n),

Ifll; < v/28B/n+ \/(n = B)(1 - 25/n). (5.4)

The expression on the right is decreasing in B for B > 2, so assuming that
(1 —2n0+4w*3%/3) > 1, we may replace B in (5.4) with the expression in
(5.3) to obtain

1 < (wm i T AR B)n

and

SO

B (TR 7S et 2y w/n))

—n—28 (1 +a? — 20261 + 402372 /3 — 2a0/T — 207 + 4527r2/3>
+O0(1/n).

(5.5)

Selecting parameters. Now we wish to choose o and 3, subject to the
identified constraints, so that the constant terms in the expressions (5.1) and
(5.5) match and are as large as possible. (Newman uses o = 2/m ~ 3.54,
B = 1/47 ~ .0796, and B > 1, which yields .0484 in case 1 and .361 in
case 2.) Selecting candidate values for § between 0 and 3/47 produces the
values of 1/(a+ 1)? shown in Figure 1. The optimal value is approximately
092347, occurring near o = 2.2907 and 3 = .064804.
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FIGURE 1. Optimal constant term.
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When n is even, we obtain from (5.1) that ||f||} < n —.091281, and it is
straightforward to verify that the bound in (5.5) is slightly smaller for all n.
However, for odd n > 3 we obtain from (5.1) that ||f]? < n — .09 only for
n > 41. To obtain the inequality for all odd n, we first perform the analysis
a bit more carefully to decrease this threshold, then we complete the proof
by determining for small n the maximal value of the L; norm of a Littlewood
polynomial of degree n — 1. To this end, we replace the parameter o with the
expression o — 7y /n and use the more precise lower bound from (5.2) for B in
(5.4) in place of the bound (5.3). Choosing v = .899634 to balance the 1/n
terms in the respective asymptotic expansions, we verify that both (5.1) and
(5.4) yield || f||} <n — .09 when n is odd for n > 21.

To complete the proof, we therefore need only check that every Littlewood
polynomial with even degree n — 1 < 18 satisfies ||f|;, < v/n —.09. This is
established in Table 3, which displays for each n < 25 a Littlewood polynomial
of degree n — 1 having maximal L; norm. ]

We remark that the last column of the table shows that the value of .09
in Theorem 5.2 cannot in general be replaced with any number larger than
.1856... . We also note that the extremal polynomials with respect to the I,
norm in Table 3 are precisely the same as the extremal Littlewood polynomials
with respect to Mahler’s measure in Table 2. In particular, the coefficient
sequences appearing in Table 3 for n = 2, 3, 4, 5, 7, 11, and 13 are Barker
sequences. Again, the other Barker sequence of length 4 has the same [,
norm as that of the n = 4 entry in the table.

6. AN IRREDUCIBILITY QUESTION

As we noted in Section 2, Turyn and Storer [35] proved that no Barker
sequences of odd length n exist for n > 13. Their proof is elementary, though
somewhat complicated, and relies on showing that long Barker sequences of
odd length must exhibit certain patterns. We describe here a possible alter-
native route to proving this result, in the hope of spurring further research.
The material in this section also appears in [7].
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TABLE 3. Maximal L; norms of Littlewood polynomials by degree.

n  Coefficients of f [ A AV il
2 4+ 1.27324  0.90032 0.37886
3 ++- 1.67761  0.96857 0.18562
4 +++- 1.92555  0.96277 0.29227
5 4++—t 2.19412  0.98124 0.18583
6 ++++—+ 2.33899  0.95489 0.52912
T A4t+——4- 2.58397  0.97665 0.32311
8  A4++——+— 2.73681  0.96761 0.50989
9 A4t —d——t+ 2.87385  0.95795 0.74097
10 ++++—+——++ 3.04989  0.96446 0.69817
11 +4++———t——4— 3.25835  0.98243 0.38317
12 +++4t——tt—+- 3.40074  0.98171 0.43498
13 ++++4+——++—+-+ 3.57946  0.99276 0.18749
14 ++++++——tt+—+—+ 3.65775  0.97757 0.62088
15 ++++4+——t+——+—+- 3.80732  0.98305 0.50430
16 +++—F++———+—++-+ 3.89389  0.97347 0.83764
17 44—ttt —t—t—— 4.00380  0.97106 0.96956
18  +++—t+++———+—F+—+—- 4.13097  0.97368 0.93505
19 ++—4———+—++++—t+++- 4.26105  0.97755 0.84344
20 - 4.39129  0.98192 0.71659
21 ++——————- e e e 4.50012  0.98201 0.74893
22 Attt =+ 4.58809 0.97818 0.94943
23 Attt — ==t 4.68409  0.97670 1.05934
24 ++——+++——————+—+—+——+——+ 481295 (0.98244 0.83550
25 =4ttt —+——+——++- 492189  (.98438 0.77497

For a polynomial f(z), we define its reciprocal polynomial f*(x) by f*(z) :=
zi°8f f(1/x). For f(x) € Z[x], we say f is reciprocal if f = £f*.

Theorem 6.1. If the polynomial
Qm(l') — Z (me—Zk + me,+2k) + (_1>m(2m + 1)l’2m
k=1
15 irreducible, then no Barker sequence of length 2m + 1 exists.

Proof. Suppose {a;} is a Barker sequence of length 2m + 1, and let f,,(z) =

izo ayz®. By Theorem 2.1, the aperiodic autocorrelation ¢, is 0 if k is odd
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and (—1)™ if k£ # 0 and k is even. Thus

fm (x)f;L ({E) _ Z C2kx2k+2m

k=—m

= (2m + 1)z + Z(_l)m (g2m2k g g2m=2k)
k=1

and 50 gy, () = (1) fu (2) 3 (). O

The polynomials g,,(z) are in fact irreducible for 6 < m < 900, and it
would be interesting if there is a short proof of this for large m. We note
however that Erich Kaltofen has observed that the polynomials g,,(z) are in
fact always reducible mod p, for any prime p. With his permission, we include
his proof of the following more general statement.

Theorem 6.2. Suppose f(x) is an even, reciprocal polynomial with integer
coefficients and deg(f) > 4. Then f(x) is reducible mod p for every prime p.

Proof. If f = —f* then f(+1) = 0 so f is reducible over Q. If f = f*
and deg(f) = 4n + 2 then f(+i) = 0, so again f is reducible over Q for
n > 1. Suppose then that f = f* and deg(f) = 4n with n > 1, and write
f(z) = g(z*). Clearly f(z) = g(x)* (mod 2), so suppose p is an odd prime,
and g(z) is irreducible mod p. Let a be a root of g in its splitting field F2n

over [F,, so that
2n—1

g@) = (g: . oﬂ) .
k=0
Let v be a primitive element of Fjn, and let @ = 4' for some integer ¢.
Since g is reciprocal, a~! is also a root of g, so a™! = 4t = a? = 4" for
some positive integer j < 2n. Then 7#” = 4 =~ s0 o1 =1, and
consequently j = n. Therefore 4/*"*1) =1, so (p" — 1) | t and thus ¢ is even.
Let 3 =~2. Then

2n—1 2n—1

f@) =TI (=+8") -1 (== 8").

k=0 k=0
and each of these products lies in F,[z]. O
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THE HANSEN-MULLEN PRIMITIVITY CONJECTURE:
COMPLETION OF PROOF

STEPHEN D. COHEN AND MATEJA PRESERN

ABSTRACT. This paper completes an efficient proof of the Hansen-Mullen
Primitivity Conjecture (HMPC) when n = 5,6,7 or 8. The HMPC (1992)
asserts that, with some (mostly obvious) exceptions, there exists a prim-
itive polynomial of degree n over any finite field with any coefficient ar-
bitrarily prescribed. This has recently been proved whenever n > 9 or
n < 4. We show that there exists a primitive polynomial of any degree
n > 5 over any finite field with third coefficient, i.e., the coefficient of
"3, arbitrarily prescribed. This completes the HMPC when n = 5 or
6. For n > 7 we prove a stronger result, namely that the primitive poly-
nomial may also have its constant term prescribed. This implies further
cases of the HMPC and completes the HMPC when n = 7. We also show
that there exists a primitive polynomial of degree n > 8 over any finite
field with the coefficient of ™ ~* arbitrarily prescribed, and this completes
the HMPC when n = 8. A feature of the method, when the cardinality
of the field is 2 or 3, is that 2-adic and 3-adic analysis is required for the
proofs. The article is intended to provide the reader with an overview of
the general approach to the solution of the HMPC without the weight of
detail involved in unravelling the situation of arbitrary degree.

1. INTRODUCTION

For g a power of a prime p, let [, be the finite field of order ¢. Its mul-
tiplicative group I} is cyclic of order ¢ — 1 and a generator of I} is called a
primitive element of F,. More generally, a primitive element v of Fy», the
unique extension of degree n of F,, is the root of a (necessarily monic and au-
tomatically irreducible) primitive polynomial f(z) € F,[z] of degree n. Any
root of f is a primitive element of F» and so are its conjugates 79, ... N
In 1992, T. Hansen and G.L. Mullen [16] stated a conjecture on the existence
of a primitive polynomial of degree n over F, with an arbitrary coefficient

prescribed. (See also [22] and [23].)

Conjecture 1.1 (Hansen and Mullen, 1992). Let a € F, and let n > 2 be
a positive integer. Fixz an integer m with 0 < m < n. Then there exists
a primitive polynomial f(z) = ™ + 2?21 a;x™ of degree n over F, with

2000 Mathematics Subject Classification. 11T06, 11T30, 11T24, 11140, 11S85.
Key words and phrases. primitive polynomial, finite field, prescribed coefficient, Hansen-
Mullen conjecture.
89
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a, = a with (genuine) exceptions when
(¢,n,m,a) =(q,2,1,0), (4,3,1,0), (4,3,2,0) or (2,4,2,1).

We shall refer to Conjecture 1.1 as the Hansen-Mullen Primitivity Conjec-
ture (HMPC). Substantial progress has already been made towards a complete
proof of the HMPC. We outline some of these steps. (For a fuller bibliogra-
phy consult Cohen’s survey of the last decade’s activity, [5].) When m = 1, it
was demonstrated by Cohen, [1]. (See [9] for a self-contained exposition.) For
n =m—1, it follows from [2], [6], [17]. The papers of Han [15] and Cohen and
Mills [8] cover most cases with m = 2 and n > 5 (although the situation when
q is even and n = 5 or 6 is not altogether clear). For m = 3, the conjecture
holds provided n > 7 by [13], [14], [21] and [7]. As remarked previously in
[10], however, when m = 2 or 3, significant computer verification in a large
number of cases was necessary to resolve these questions, particularly when
5 <n < 7. Next, the HMPC follows from [3] whenever m < % (except that
for ¢ = 2 the restriction is to m < 7). For even prime powers ¢ and odd
degrees n it was shown by Fan and Han [12] provided n > 7. Recently, the
HMPC has been established when m = 2 or, provided n > 6, when m =n—2
[10]. Finally, the whole conjecture has been established by Cohen whenever
n>9, [4].

To resolve the HMPC for particular values of n and m, it is evidently more
delicate when n is small and, less evidently perhaps, when m is around % (see
[4]). From the above summary, the outstanding cases all have 5 < n < 8.
In particular, the existence of a primitive quintic (n = 5), a primitive sextic
(n = 6) and a primitive septic (n = 7) with the coefficient of z* prescribed
(m = 3), as well as the existence of a primitive octic (n = 8) with the
coefficient of z* prescribed (m = 4) has not been settled.

In this paper, we prove existence in all of the remaining cases of the HMPC
listed above. In particular, with regard to m = 3 or 4, we give a self-contained
proof of the following Theorems 1.2 and 1.4 with a minimal amount of com-
putation.

Theorem 1.2. Suppose n > 5. Let a be an arbitrary member of the finite
field F,. Then there exists a primitive polynomial f(z) € F,[z] of degree n
with third coefficient prescribed as a.

Note that when n = 5 and a = 0 the conclusion of Theorem 1.2 is a
consequence of Theorem 1.2 in [10]. A (difficult) case of the HMPC is an
immediate consequence of Theorem 1.2.

Corollary 1.3. Suppose 5 < n < 6. Then the HMPC' holds.

Theorem 1.4. Suppose n > 8. Let a be an arbitrary member of the finite
field ;. Then there exists a primitive polynomial f(x) € F,[z] of degree n
with fourth coefficient prescribed as a.

Corollary 1.5. Suppose n =8 and m = 4. Then the HMPC' holds.
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Moreover, when the degree n > 7, we prove a stronger version of Theo-
rem 1.2 wherein additionally the constant term of the primitive polynomial
is appropriately prescribed as (—1)"c € F,. Here, necessarily ¢ must be a
primitive element of IFy, since this is the norm of a root of the polynomial.

Theorem 1.6. Suppose n > 7. Let a be an arbitrary non-zero member of
the finite field Fy, and ¢ be an arbitrary primitive element of F,. Then, there
exists a primitive polynomial f(z) € Fylx] of degree n with third coefficient a
and constant term (—1)"c.

In view of the fact that a monic polynomial f(z) € F,[z] of degree n with
constant term (—1)"c is primitive if and only if the reciprocal polynomial
(_“‘f;nc - f(2) is primitive, Theorem 1.2 (for @ = 0) and Theorem 1.6 (for
a # 0) imply further cases of the HMPC.

Corollary 1.7. Suppose n > 7 and a € F,. Then there exists a primitive

polynomial of degree n over F, with its coefficient of x* equal to a. In partic-
ular, the HMPC'is established for (n,m) = (7,4) and (8,5).

Corollary 1.8. Suppose 7 < n < 8. Then the HMPC' holds.

Generally, for the numerical aspects we can suppose 5 < n < 8, though
the calculations could easily be extended to larger values of the degree. (Of
course, the working becomes easier as n increases).

In the proofs of Theorems 1.2, and 1.6 we will separately approach fields
of orders = 0 (mod3) (the ternary problem) and orders Z 0 (mod3). We
shall refer to this as the non-ternary problem. This is because, when ¢ =
0 (mod3), the criterion for prescribing the third coefficient has a different
shape and 3-adic analysis is employed. (Recall that in [10], for prescribed
second coefficient, 2-adic analysis was involved.)

Granted Theorem 1.6, for a # 0 we need only consider n = 5 or 6 in
Theorem 1.2. When n = 5 in Theorem 1.2 and n = 7,8 in Theorem 1.6, we
only need give the proof for when a # 0 (the non-zero problem), but when
n = 6, we shall distinguish two cases according to whether a # 0 or a = 0
(the zero problem). In particular, in the non-zero problem, when n = 7,8 we
also treat the case when the constant term is prescribed.

In the proof of Theorem 1.4, we have to treat fields of even and odd or-
ders separately. Here in numerical work it suffices to take n = 8. When
g = 0 (mod?2) and 2-adic analysis is brought in, we will speak of the even
problem and refer to everything else as the odd problem. In both problems we
distinguish between the zero problem, when the prescribed coefficient is zero,
and the non-zero problem (otherwise).

In every case careful work on expressing the number of desired primitive
polynomials in terms of character sum expressions is required, as well as a
sieving technique. However, in most cases for a number of values of ¢ examples
had to be found directly using the computer algebra package Maple. Full
details will be given in [24].
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2. BASIC NOTATION WITH APPLICATIONS

In order to render this account as self-contained as possible, we reproduce
some basic material from [10].

Throughout take Q,, = % and, for any integer r, denote by 0(r) the ratio
@, ¢ being Euler’s function.

Observe that a primitive element of Fyn is not a d-th power in Fy» for any
divisor d of ¢" — 1 exceeding 1. More generally, for any divisor k of ¢" — 1,
call a (non-zero) element of F,n k-free if it is not a d-th power in Fy» for any
divisor d of k exceeding 1.

Given a € F,, for a divisor k of ¢" — 1 denote (temporarily) by m,(k)
the number of k-free elements of F whose characteistic polynomial over F,
has specified coefficient a (here third or fourth). It is required to show that
7a(q" — 1) is positive. In particular, in the zero problem (a = 0), the number
is mo(¢™ — 1). Evidently, from the definition of k-free, the value of (k)
depends only on the square-free part of k, that is, the product of all distinct
primes dividing k. Accordingly, we replace k by its square-free part, whenever

appropriate.

Lemma 2.1. Suppose that an (irreducible) polynomial f(x) € Fy|x] of degree
n has specified coefficient 0 and a root v € Fyn that is Q,-free. Then there
exists b € Ky, such that the minimal polynomial of v* := by is primitive of
degree n and also has specified coefficient Q.

Proof. Since vy is Q),-free, for a fixed primitive element { € Fyn, v = £°, where
ged(e, Q) = 1. Set b = &9 (automatically in F,) for some j to be chosen.
Then, for any choice of j, v* := by remains Q),-free. Write ¢ — 1 = ¢1¢o,
where ¢; and ¢y are co-prime with ¢; the largest factor of ¢ — 1 co-prime to
Q.. Thus, for any b, by = ~* is already ¢o-free. It is additionally ¢;-free
(and so primitive) if j is chosen so that e+ j@,, =1 (mod ¢;). This is always
possible. The result follows. O

Consequently, from Lemma 2.1, in the zero problem in order to establish
that mo(¢"™ — 1) is positive, it suffices to show that m(Q),,) is positive.

For Theorem 1.6 (wherein the constant term is also prescribed), introduce
E,,, defined as the product of distinct primes in ¢" — 1 that are not factors of
g — 1. In particular, E, is an odd divisor of @,. Further, for a (# 0) € F,,
¢ primitive in F, and k|(¢" — 1), define m,.(k) to be the number of k-free
v € Fyn whose characteristic polynomial has third coefficient a and constant
term (—1)"c. We want to show that when n > 6, then 7, .(¢" — 1) is positive.

Lemma 2.2. Suppose that f(x) € F,[x] is an irreducible polynomial of degree
n with constant term (—1)"c, where ¢ is a primitive element of F,. Then f
is primitive if and only if any root v € Fyn is L, -free.
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" -1

Proof. Since ~ TT =cisa primitive element of IF,, v is guaranteed to be
(¢ — 1)-free. To be primitive (in Fgn) it therefore suffices for v to be E,-
free. 0]

By Lemma 2.2, it suffices to show that 7, .(E,) is positive.

The next items of notation relate to the characteristic function of the set
of (non-zero) k-free elements of F ;. For any d|(¢" — 1), write 4 for a typical
(multiplicative) character in Iﬁi;* of order d. Then 74 is extended to a function
on F,» by setting 174(0) = 0 (even when d = 1). Thus 7, is the trivial character.
We shall however write n = 1 for the version of the trivial character for which
n(0) = 1. As in other papers, adopt an ‘integral’ notation for weighted sums;
namely, for k|(¢"™ — 1), set

p(d)
Ju= 255 z a
dlk d|k
where the inner sum runs over all ¢(d) characters of order d. (Once again, only

square-free divisors d have any influence.) Then the characteristic function
for the subset of k-free elements of Fn is

o(k) / (1), v €Fp, (2.1)

dk

with 6(k) as above.

The next batch of notation relates to the sieving technique. Given k (taken
to be square-free), write k = kopy - - - ps, s > 1, for some divisor kg and distinct
primes pi,...,ps. Then (ko,s) is called a decomposition of k. To such a
decomposition we associate a number

0= 1-) —, (2.2)

which is of special significance. To be useful it is essential that k is selected
so that ¢ is positive: it will always be assumed that this is so.
From here on, we write (k) for 7,(k) whenever a # 0.

Lemma 2.3. For any divisor d of ¢" — 1, let w(k) denote the number of k-
free elements of Fn satisfying prescribed conditions. Suppose that (ko, s) is a
decomposition of k. Then

n(k) > (Zmopz) (s — (ko) (2.3)

R Z ( (kop:) — (1 _ %) w(k0)> @29

1
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Proof. The results are trivial for s = 1. The basic sieving inequality (2.3)
holds by induction on s > 2. When s = 2, S(ky) C S(kop1) U S(kopa),
where S(k) denotes the set of elements counted by 7 (k).

The expression (2.4) is a useful rearrangement of the right side of (2.3). O

In brief, for a given k (such as ¢" — 1), one starts out by estimating 7 (k)
directly (i.e., take s = 1 in the above) for sufficiently large ¢. For smaller
values of ¢, genuine applications of the sieve (s > 1) become crucial.

For any positive integer r, denote by W (r) = 2¢(") the number of square-
free divisors of r, where w(r) is the number of distinct prime divisors of r.
For a given decomposition (ko, s) define

s—1

A$75 = + 2.

When s = 1, then Ag s =2 and W (k) = 2W (ko).

3. PRESCRIBING THE THIRD COEFFICIENT

3.1. The non-ternary problem. Throughout this section we will only con-
sider fields with characteristic not 3. First we recall a standard general fact.

Lemma 3.1 (Newton’s formula). For a field F, let f(x) € Fx] be a separable
monic irreducible polynomial in F|x] with a root v € E, say. For 1 <t <m,
denote by s; the E/F-trace of v*. Then the m-th symmetric function o, of
the roots of [ satisfies

(_1)m_1mam = S — Sm—101 + Spm—209 + -+ -+ (_1)m—1510m_1 . (31)

As it stands when m = 3, Lemma 3.1 is useful only when the characteristic
of F' is not 3. Suppose now that ¢ # 0 (mod 3) and that a € F, is given.
From (3.1), considering that 209 = s7 — sy and oy = 51, we have

60’3 = Si’ - 38182 + 283 .

As we want to assign the value a to the third coefficient, we put o3 = —a.
Set s; = 0. Then we have to put s3 = —3a. The characteristic function for
the set of elements v € Fyn for which s; = 0 and s3 = —3a is

1
7 > xn(ay® + By)x(—30a).
o,B€F,

Here x is the canonical additive character on [F, (so that
21T, (b
X(b) = exp (T()> ,

where ¢ = p*) and Y, is the canonical character on Fyn. Also ¥ is the complex
conjugate character to y.
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Therefore, for k|¢g" — 1, redefining 7, (k) to refer specifically to the number

of primitive polynomials with s; =0, s3 = —a, we obtain
q 7
20— [ Y xasia s, (32)
dlk “PEFq

where S, (a, 3;n) = Z xn(ay® + By)n(y) and, for simplicity, 3a has been
YEF 4n
replaced by a .
More generally, suppose that (kg, s) is a decomposition of k. Then, by the
equivalence of (2.3) and (2.4),

¢ra(k) _ ,
Ol 5d|/ a%qx(aa)sn(a,ﬁ,nd)

+ Z<1——)/ Y xX(aa)Su(a, Binay).  (3.3)

diko o,BelFy

For (3.2) use the equivalence of the right sides of (2.3) and (2.4).
Of course, (3.2) is recovered from (3.3) by setting s = 1.
Estimates for S, («, 3;74) are standard as now described.

Lemma 3.2. Suppose o, 3 € F,, not both 0.
If a =0, then S,(0,5;1) = 0; otherwise

|Sn(c, B;1)] < g2
Suppose d|q™ — 1 with d > 1. Then

}Sn<a76;nd)‘ <

Define S (k37,n) = Z x(k87)n(B). The following lemma gives the bounds
B€EF,
for Si(kB7,n). It is a version of Lemma 9.5 in [4].
Lemma 3.3. Suppose pt T and 1" := ged(m,q — 1). Assume that k € F;,
and n € E’; Then

1S1(sBT )+ 1] < (T'— 1)q% if m is trivial,
1S1(kB", )| < T'qz otherwise.

Proof. For any v € E’;, define the Gaussian sum G(v) 1= }___p ¥(2)r(2). As
usual, G(v) = —1 if v is trivial and, otherwise, |G(v)| = /q. Now let v be a

generator of E’;, so that v has order ¢ — 1. Then y = v for some i < g — 2:
1 =0 if x is trivial.
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Moreover, for y € F,

2
(ry) = —= ) G() v/ (ky).
q—1+%
7=0
Hence,
1 &=
T oy —j (TN
Si(kz',x) = q_—l'ZG(yJ) v (ke ' (c)
7=0 celFy
1=
o —7 iT+1 %
- =2 G (k) Y vV (e) = V(o)
j=1 cely cely

Now, 3 .cp, /77 (c) = 0 unless /""" is trivial (in which case the sum is
q — 1). The latter occurs precisely when j7 4+ i =0 (mod ¢ — 1). For this,
necessarily 7”|¢, in which case there are 7" solutions j (mod ¢ — 1).

When i = 0, there are 7" — 1 such solutions j with 1 < j < g —2; otherwise
there are T" solutions. O

Lemma 3.4. Suppose that p # 3 and that a € F, is non-zero and k|P, 3 :=

n—1

q
ng(37q_ 1) ’

positive. Then m,(k) is positive whenever
73 IW (ko)Ass, when g=1 (mod3);
qgz > (3.4)
3W (ko)Ass, when ¢ =2 (mod3).
Specifically, when s =1 and k = P, 3, the sufficient condition is

» IW(q"—1), when qg=1 (mod3);
7 > (3.5)
3W(¢"—1), when ¢ =2 (mod3).

Suppose also that k = kopr---ps, s > 1, p1,...,ps prime, with o

Proof. In (3.3), aggregate the contributions to the right side relating to a spe-
cific multiplicative character 7y or ngp,, (without the weighting factor implicit
in the integral notation). Suppose d|kq and take 7,: similar reasoning applies
to each 74,,. The contribution to the right-hand side of (3.3) attributable to
values of @« = = 01s §(¢" — 1), as S,(0,0;74) = 0 unless d = 1. This yields
the main term. It remains to show that for each character n, for any d|k
(with d > 1) the sum of terms with «, § not both zero is bounded absolutely
by 96" when ¢ = 1 (mod 3) and by 36" when ¢ = 2 (mod 3).

Suppose d 1 Q. Then the restriction 7; (of 1y € @qn to @q) is nontrivial.

For the terms with 3 # 0, we can replace o by a3® and v by % to yield
D e, Sy (aa;1q)S,(a, 1,14), where Si(z,7) = >_ser, X(@B)N(8). Because
q 1 Qn, when o = 0, then Si(aa;7) = 0. On the other hand, when « # 0,
then, as usual, }Sn(a, 1,nd)| < 3¢z, whereas ‘Sl(aa;ﬁdﬂ < m'q: by Lemma
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3.3. So the total contribution from terms with g # 0 is bounded absolutely by
9 (q — 1)qnzil when ¢ = 1 (mod 3) and by 36(¢ — 1)¢"2 when ¢ = 2 (mod 3).

For the remaining contribution in this case, consider terms with § = 0 (and
hence a # 0): >° cr X(—aa)S,(a, 0;nq). Here, if 31 (¢ — 1), replace a by o’
and v by 1 to obtain Si(a,7a)S,(1,0;14). Again [S,| < 3¢ and |S] < ¢z
so that the total contribution is 3(5an+1. On the other hand, if 3|¢ — 1, one

has to split S, into three sums (each with weight %) by replacing o by g‘a?
(i =0,1,2) and v by 2 for a fixed non-cube in F,. Each S; is bounded as

before whereas, now |51 < 3¢2. Now the total contribution is bounded by
n+1

99q 2 .

Thus, adding the contributions we obtain the required absolute bound
n+3

3dged(3,g—1)g = .
Suppose d|@,. Now 7, is trivial. For the terms with § # 0 proceed as

before. This time, provided a@ # 0, we can conclude that ‘Sl((m; ﬁd)‘ <
(gcd(S, qg—1)— 1)q% + 1. On the other hand, when o = 0, we can only use
the trivial bound |S;| < (¢—1), though |S,(0,1;74)| < ¢2 in this case. Hence
for these terms (with 3 # 0) we have a total absolute bound of

30(q — 1)((gcd(3,q —-1)— 1)q% + 1)q% +8(q — 1)g?
=35(q — 1)g? ((ged(3,q — 1) — 1)q2 + 3)

< 30ged(3,g—1)(g— 1)g"F .

The contribution from terms with § = 0 (and so a # 0) is certainly
bounded by 30 ged(3, ¢ — 1)an+1 as before. Indeed, the factor ged(3,q — 1)q%
could be reduced to (gcd(S, g—1)— 1)q% + 1.

The remaining terms on the right side of (3.3) (involving characters like
Ndp;) are estimated in the same way: we have used no special properties for
d|ko. Taking into account that there are ¢(d) characters of order d for each
divisor d we deduce that numerically the right side of (3.3) exceeds

6 (q" — 3ged(3,q — 1)an+3As,5> ,

with A, 5 as in Section 2, since ) (1 — pi) =s5—1 +0.
i=1 ’

U

To prescribe additionally the constant term of the polynomial, we use the
condition of the following lemma.

Lemma 3.5. Suppose that a € F, is non-zero, c is a primitive element of
F, and k|E,. Suppose also k = kopy---ps, $ > 1, p1,...,ps prime, with ¢
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positive. Then m, (k) is positive whenever

B IV (ko)Ass, when g=1 (mod3);
g > (3.6)
3W(ko)Ass, when g=2 (mod3).

Specifically, when s =1, W(ko)As s is replaced by W (E,) in (3.6).
In particular, the norm case of the HM-problem is solved whenever (3.6)
holds with k = F,,.

Proof. The characteristic function for the subset of F}, comprising elements

1 B . .
1] Z V(Nn(')/)c 1) (Fqn being the

with F,-norm ¢ (i.e. N,(vy) = ¢) is ;

group of multiplicative characters of an) Redefining 7, . to refer to the
number of primitive polynomials with s; = 0, s3 = —a, we obtain the follow-
ing modification of the condition (3.3), where o denotes the lift of v to I,

(so that D(y) = v(Nu(7))):

<q_1£§’kﬂ“ / S Y He)x(Baa)Sala, B;nab)

dlko ©PEFaveRy,

(3.7)

+ Z(l——)/ > > ve)x(3aa)Su(a, B; ngp, D).

dlky @PEFa veFy,
The result is then obtained by the same methods as (3.4). O

We will distinguish between the cases of ¢ = 1 or 2 (mod3) for smaller
values of q, when this gives us a useful saving. In general, however, we will
use only the condition for ¢ = 1 (mod 3), which applies to all cases.

3.1.1. Quintics. To assist in the application of Lemma 3.4 we employ some
auxiliary results. The first is an easy fact that was also quoted as Lemma 4.2
in [9].

. n_q
Lemma 3.6. Suppose n and [ are odd primes such that 1|Q, = quI. Then

either L =n orl € Lo, (with 1{(q—1)). Here Lo, denotes the set of primes
congruent to 1 (mod 2n).

Remark. We will use [ to denote a prime number throughout.

Throughout we use some explicit bounds for the number of square-free
divisors of an integer h.

Here is an example to illustrate how to obtain such a bound. Let h be
a positive integer, such that w(h) > 13. Then the number of square-free
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divisors of h is bounded by W(h) < hir. This holds because [T > 2 when
[ > 41 (the 13-th prime) and so, by calculation,

gH%<1.

1

2w(h)

hit SHZ

I|h 1<41

s

[eo

=
Jun
-

Other bounds we use are obtained analogously.

Express the product of distinct primes in ¢° — 1 as K - Ky, where K; (a
factor of ¢ — 1) is the product of all distinct prime divisors of ¢ — 1 and Ko
(a factor of @) is the product of distinct prime divisors of Q)5 that do not
divide ¢ — 1. Observe that 5|(¢— 1) if and only if 5|Q5 and therefore all prime
divisors of Ky are =1 (mod 10). Denote w(K;) by w; and w(Ks) by ws.

Lemma 3.7. Suppose that n =5, w; > 13 or we > 26. Let a (# 0) € F,.
Then there exists a primitive polynomial of degree 5 over F, with the coefficient
of £ prescribed as a.

Proof. First suppose w; > 13 and wy > 26. The number of square-free divisors
of h, an integer with w(h) > 13, is bounded by W(h) < hir. Therefore
W(Ky) < (¢ — 1)% < qir. Also, when integer h is a product of primes
I =1 (mod10) and w(h) > 26, then W (h) < hs. That yields W(K,) <
(Q;,)g < (q5)% = ¢%. Tt follows that Wi —1) < q%. Consequently, by
(3.5), to show existence it suffices that ¢ > 9¢%, i.e., ¢ > 97 ~ 3.131 - 103,
which holds as w; > 13 and w, > 26 both yield ¢ > 10,

Next, suppose w; < 12 and wy > 26. Set kg to be the product of Ky and
the least three primes in K;. Thus s < 9,6 > 1—1 — ... — 3 > 0.440 and

Ass5 < 20.19. By the above, W(kq) < 8¢5 and (3.4) is satisfied whenever
g > 1615716202. This is the case since wy > 26, whence g > 10,

Finally, suppose w; > 13 and wy < 25. Put kg = K;. Then s < 25, § >
1-> 1<5m % > 0.743 and Ay < 34.31. Now (3.4) is satisfied whenever

1=1(mod 10)
q > 2651. This completes the proof since w; > 13 implies ¢ > 104, U

Following Lemma 3.7, we assume w; < 12, wy < 25 and run the full sieving
process. The sieving steps are shown in the table below, where ¢.,;, denotes
the minimum integer ¢ satisfying (3.4) numerically.

(#] ¢ Jui<|w<|ko|wko)|s<] > [Ass <] Guin |
1 12 25 |30 3 34 10.263 | 127.48 | 9179
2 1 <9178| 5 8 6 2 11 10.378 | 28.46 | 1025
31<1024| 4 7 6 2 9 10.461 | 19.36 | 697
4| <696 4 6 6 2 8 10.469 | 16.93 | 610
5 | <609 4 5) 6 2 7 10479 | 14.53 | 524
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In line 5, ¢ < 609 yields we < 6, but as there are no values of ¢ in this range
with wy = 6, we can suppose wy < 5. (Similar reductions apply to subsequent
tables.)

At this point, it is appropriate to separate the calculations regarding mod 3.
Firstly, criterion (3.4) takes a milder form for values of ¢ = 2 (mod3) and
line 5 of the table above gives qui, = 175. We may then suppose ¢ < 174,
wi < 3 and wy < 5. Putting ky = 6 gives s < 6, § > 0.621, A, 5 < 10.06 and
Qmin = 121.

Secondly, when ¢ = 1 (mod3) but ¢ Z 1 (mod9), then 3 is not a factor of
P, . In line 5 we obtain w; < 3 and wy < 5. Putting ky = 2 yields s < 7,
0 > 0479, A5 < 14.53 and gmin = 262. We may then suppose ¢ < 261,
wy < 3 and, as there are no values of ¢ in this range with wy, = 5, we proceed
assuming wy < 4. Again we set kg = 2. Now 6 > 0.493, A,s < 12.15 and
Gmin = 219.

The remaining prime powers are checked separately. In fact, by individual
consideration, all remaining prime powers > 121, other than ¢ = 163, satisty
(3.4) with kg the least prime factor of P, ,,,. These comprise 361, 343 and 289
(E 1 (mod 9)) together with 211, 199, 196, 193, 181, 169, 157, 151, 139 and
127 (=1 (mod 3)). Indeed, lower values of ¢ similarly satisfy (3.4) except for
q = 109, 67, 64, 61, 49, 43, 37, 31, 25, 19, 16, 13, 11, 8, 7, 5, 4 and 2. For
these and for ¢ = 163 a primitive polynomial had to be found explicitly in
each case, using Maple.

3.1.2. Sexatics: the non-zero problem. Write the product of distinct primes in

¢® — 1 as K, - Ky, where K, is the product of all distinct prime divisors of
¢> — 1 and K, is the product of distinct prime divisors of gzj that do not
divide ¢? — 1. Notice that 3 cannot be a factor of K, and so (by an analogue
of Lemma 3.6) any prime divisor [ of K5 is =1 (mod6), i.e., [ € Lg. Denote

w(Ky) by wy and w(K3) by ws.

Lemma 3.8. Suppose that n = 6, w; > 13 or wy > 15. Let a (# 0) € F,.
Then there exists a primitive polynomial of degree 6 over IF, with the coefficient
of 3 prescribed as a.

The proof of Lemma 3.8 is similar to that of Lemma 3.7.

Consequently to Lemma 3.8, we now assume wy < 12, wy < 14 and run the
full sieving process: steps are shown in the following table. Here ¢y,;, denotes
the minimal integral value of ¢ for which (3.4) holds with the displayed value
of 9.

‘#‘qg‘wlg‘WQS‘]{T0|W(k0)‘S§‘52 ‘As,6<‘Qmin‘
1 12 14 |30 3 24 10.241 | 93.29 | 356

2135 | 5 7 6 2 11 10.235 | 44.56 | 138
311371 5 6 6 2 9 10.295| 29.12 | 104
41103 5 o 6 2 8 0.318 ] 24.02 | 91
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Here, as in Lemma 3.7, in the last line, ws < 6, has been reduced to wy < 5.

We now assume ¢ < 89 separately treat ¢ = 1 and ¢ = 2 (mod 3). When
¢ =2 (mod3), wy,wy <5 and setting ky = 6 results in s, § and A, 5 as in row
4 of the table above, and ¢, = 44. Assuming ¢ < 41 and putting ky = 6,
gives s < 7,0 > 0.377, Ay 5 < 17.92 and gpmin = 36.

When ¢ =1 (mod 3) but ¢ # 1 (mod9), then w; <4 and wy < 5. We put
ko = 2 and obtain s <8, 6 > 0.318, A5 < 24.04 and @uin = 58.

There are two values of ¢ = 1 (mod 9) in between 89 and 36, namely ¢ = 73
and ¢ = 64, and both satisfy condition (3.4) when we set kg to be the smallest
divisor of P, ,,.

Of all the other values of ¢ left out by the sieve procedure, ¢ = 49, 43,
32, 31, 29, 25, 23 and 17, satisfy condition (3.4) with w(ko) = 1. Primitive
polynomials for ¢ = 37, 19, 16, 13, 11, 8, 7, 5, 4 and 2 had to be found
explicitly, using Maple.

3.1.3. Sextics: the zero problem. Suppose thet the prescribed coefficient a is
zero. By Lemma 2.1, it suffices to prove that m(@),,) is positive. Now, putting
a = 01in (3.3) yields the following proposition. Note that, by comparison with
the proof of Lemma 3.4 we always have to use the trivial bound }SI(O, ﬁd)| <
q — 1 since d|Q,.

Proposition 3.9. Let k|Q,, and let (ko, s) be a decomposition of k. Suppose
q # 0 (mod3) and

¢"T > 9W (ko) Ass. (3.8)

Then my(k) is positive.
Specifically, when s =1 and ky = Q,,, the sufficient condition is

¢T > IW(Qn). (3.9)

Now take n = 6. Write the product of distinct primes in Q¢ as K; - Ko,
where K is the product of all distinct prime divisors of ¢ + 1 and K5 is the
product of distinct prime divisors of gzj that do not divide ¢> — 1. As in the
previous section, any prime divisor [ of K5 is =1 (mod6). Denote w(K7) by
wy and w(Ky) by ws.

Lemma 3.10. Suppose that n = 6, w; > 12 or wy > 25. Then there exists
a primitive polynomial of degree 6 over F, with the coefficient of 2* equal to
Zero.

The proof parallels that of Lemma 3.7, giving lower bounds for W (K}),
W (K3): though here K; - K5 is taken to be a divisor of q;%ll and not ¢" — 1.

Following Lemma 3.10, we assume w; < 11, wy < 24 and run the full sieving
process. The sieving steps are shown in the table below.
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(#] ¢< Jwi <Jwa<Jko|wko) [s<] 0> [Ass <] Guuin |
1 11 24 |30 3 32 10.174 | 180.17 | 12973
2 112972 5 10 |30 3 12 10.437 | 27.18 | 1957
3 | 1956 4 8 6 2 10 1 0.322 | 29.96 | 1079
4 | 1078 4 7 6 2 9 10.337| 25.74 | 927
51 926 4 6 6 2 8 10.354 | 21.78 785
6| 784 3 6 6 2 7 10.445 | 15.49 558
7| 557 3 5 6 2 6 |0.468 | 12.69 | 468

Here there have been reductions to wy and wy in lines 5-7. When ¢ < 167,
polynomials were found explicitly, using Maple.

Remark. Proposition 3.9 can also be used easily to treat the zero problem
for m = 3 when n = 7,8. This would avoid relying on the calculations used
in [13], [14], [21] and [7].

3.1.4. Septics. For degrees n = 7 and n = 8 we prove a stronger result and
prove the existence of primitive polynomials over F, with prescribed third
coefficient and constant term (necessarily a primitive element of F,). The
main tool here is Lemma 3.5.

Lemma 3.11. Suppose that n = 7 and w(E7) > 20. Let a (# 0) € F, and
¢ be a primitive element of F,. Then there exist a primitive polynomial of
degree 7 over F, with the coefficient of z* and the constant term specified as
a and —c, respectively.

Proof. Suppose w(F7) > 20. Then W(E7) < (E7)§ < (q7)% < ¢%. Then, by
(3.6), to show existence it suffices that ¢ > 9 - g%, or ¢ > 98, which obviously
holds as w(E7) > 20 yields g > 108. O

We can now assume w(£E7) < 19 and sieve: the outcome is displayed in the
table below.

[ #1q<|w(Er) < [ko[wlko) <[ s | 6> [Ass <] Guin |
1 19 1 0 19 10.874 | 22.60 | 204
2 | 203 7 1 0 7 10.901| 8.66 | 78
3|77 5 1 0 510911 ] 6.40 | 58

Next, ¢ = 53, 49, 47, 43, 41, 37, 32, 31, 29, 23, 17 and 11 all satisfy criterion
(3.6) when kg is set to be 1. But for ¢ = 25, 19, 16, 13, 8, 7, 5, 4 and 2,
suitable primitive polynomials had to be searched for with Maple.

3.1.5. Octics. Express the product of distinct primes in Fg as K - Ko, where
K is the product of all distinet prime divisors of (¢+1)(¢*+ 1) and K is the
product of distinct prime divisors of ¢* + 1 that do not divide ¢* — 1. By an
analogue of Lemma 3.6, any prime divisor [ of K3 is =1 (mod8), i.e., [ € Lg.
Denote w(K;) by wy and w(K>) by we. Note that 2 is never a factor of Fy.
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Lemma 3.12. Suppose that n = 8, wy > 16 or wy > 13. Let a (# 0) € F,
and c be a primitive element of F,. Then there exists a primitive polynomial
of degree 8 over F, with the coefficient of x° prescribed as a and constant term
c.

The proof is analogous to that of Lemma 3.7. Consequently, we now assume
wy < 15, wy <12 and sieve. The sieving steps are shown in the table below.

‘#‘qg‘wlg‘wgﬁ‘ko|w(/€0)‘SS‘ 62 ‘As,5<‘Qmin‘

1 15 12 |15 2 25 10.247 | 99.17 | 234
21233 7 D 3 1 11 10.274 | 38.50 | 79
3|78 6 4 3 1 9 10.328 | 26.40 | 61
4| 60 5 4 3 1 8 10.381] 20.38 | 52
5| 51 5 3 3 1 7 10392 | 17.31 | 46
6 | 45 3 3 3 1 5 10.560| 9.15 | 31

Here there are reductions in wq, wy in lines 5-6.

Each prime power ¢, 29 > ¢ > 16, satisfies (3.6) with k¢ the least prime in
Es. When ¢ =13, 11, 8, 7, 5, 4 or 2, however, the primitive polynomials had
to be found explicitly by Maple.

3.2. The ternary problem. In this section, we give a summary of appro-
priate p-adic analysis. It will later be applied first to the ternary problem
(when p = 3) and then to the even problem (when p = 2).

The fields F, and F;» will be identified with subsets (or finite quotient
rings) of an extension of the field Q, (the completion of the rational field
with respect to the p-adic metric).

Introduce definitions and notation as follows.

e K, is the splitting field of the polynomial 2" — z over Q,.

o ', (C K,,) is the set of roots of the polynomial above (the Teichmiiller
points of K'). The non-zero elements of I',, form a cyclic group of order
q" — 1.

e R, denotes the ring of integers of K,. Then

=0

Moreover, R, is a local ring with unique maximal ideal pR, and
R, /pR, = Fgn.

e Distinct elements of I',, are already distinct modulo p. For a set iso-
morphic to Fgyn, temporarily denoted by G,, all ¢" members of T',
can be expressed uniquely in the form Y ° p'y;, v € G,, where
v € I, is already fixed by specifying ~y. For any integer e > 1,
I, is the set (of cardinality ¢") of elements of I';, mod p°, ie., I'; . =
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{Ze 3 PV, Vi € Qn}, where we retain the notation + for the mem-
ber associated with v € T',,.. In particular, 44" = v for v € T,,..
Moreover, G, =1I';, 1 = Fyn.

e R,.= {Zf 5;01%,% €l .} = R,/p°R,, so that R, . has cardinality
¢"°. (Thus R, . is a Galois ring.) Observe that here R, ./pR,. =
F,n also. Moreover, R,; = I', 1, which can be identified with Fn
Conversely, each v € T, yields a unique lift, also denoted by 7, to
every I', . and to I';, itself. An element of (multiplicative) order r in
I',,1 lifts to an element of the same order in each I', . and in I',; in
particular, a primitive element lifts to a primitive element.

Next, consider objects relating to the extension Fyn /F,. Note that K, is a
subfield of K,,, with 'y C T',,, and R; is a subring of R,,. Similar relationships
apply to the Galois rings. Further, note that the Galois group of K, /K is
isomorphic to that of Fyn /F,, being cyclic of order n and generated by the
Frobenius automorphism 7,,, where 7,(y) = 79,7 € I';,. More generally, on
Ro, 70 Q020 p™ i) = Yoo P (where each v; € T',,). This induces a ring
homomorphism 7,, on R, . such that 7, (Zf 01 pWZ) = 3 'y (where now
each v, € 'y ).

Now we discuss polynomials. The polynomial x¢" — z over F, (and so over
Ry) is the product of all monic irreducible polynomials of degree a divisor of
n. A typical monic irreducible polynomial f(x) of degree d (a divisor of n)
in Ry 1[x] has the form

f@)= (@@= =99 (=" ) =2’ — o+ 4 (=1)%04, (3.10)

where v € I',,; and each o; € I'y;. The polynomial f [lifts to a (unique)
irreducible polynomial of degree d over each R;., and over R; having the
same form, except that « is the corresponding lifted element of I'; . or I';.
But note that, in general, the coefficients o; in (3.10) lie in Ry, (or R;), but
may not be in I'; . (or I'1). From the above, the order of the polynomial f
(which equals the order of any of its roots) or any of its lifts has the same
value (a divisor of ¢" — 1). In particular, f is primitive if it is irreducible
of degree n and has order ¢" — 1: this holds if and only if any of its lifts is
primitive.

For any v € I, define its trace (over Ry) as Tp(7) == v+ 7(y) + -+ +
() =4+~ +---+97"" € Ry. Observe that T, (cy) = ¢T,(v), ¢ € I'y.
A trace function 7,, with similar properties is induced on I',, ..

Next, let v € I';, be a root of a lifted irreducible polynomial f(z) € R;[z].
Eventually, we can suppose ~ is primitive: for the moment it suffices that
f has degree n. Thus, (3.10) holds with d = n. Here o; denotes the i-th
symmetric function of the roots v,~%, ..., ~!. Employing the trace, we
have that s;, the sum of the ¢-th powers of the roots of f, is given by s; =
T.(v") € R. Of course, each s; depends only on f and not on the specific
root 7: moreover, all this translates to the expansion of f as a polynomial in
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R.[x]. For our purposes, we require an expression for the p-adic expansion of
S;.

We proceed to work with a lifted irreducible polynomial f of degree n
in Ry[r] and eventually its reduction to R;,. Henceforth, the letter ¢ is
reserved for an positive integer Z 0 (mod p). Note from above that, for any
such ¢, the value of s, for any ¢ > 0 is already determined by s;, and is

given by sgi) := 7'(s;). For any t, write s, = Y o s:;07, st; € I'1, whence

sgl) = Z;io sgjp] . Since each positive integer L can be uniquely expressed as
= tp’, then any component s;; is uniquely associated with the integer tp’.
Now assume p = 3. In the context of 3-adic analysis Lemma 3.1 assumes

the following shape.

Lemma 3.13. Let f(z) = 2" — oyz" ' + -+ + (—=1)"0, € Ry[x] be a (lifted)
wrreducible polynomial with o; being a symmetric function of the roots of f,
01,...,0n € I'1. Let s; be the sum of the i-th powers of the roots of f. Then

303 = 098] — 0182 + S3.. (3.11)
Lemma 3.14. Let f, 0; and s; be as in Lemma 3.13. Then
203 = Sio — S1,082,0 + 28?,1 (mod 3) .
Proof. Over Ry, equality (3.11) translates to
6o = si}’ — 35189 + 2s3
= (s10+3s11)> — 3(s1,0 + 351,1) (52,0 + 352.1) + 2(s7 o + 357 )

which, modulo 9, is congruent to 3s} , — 3s1,052,0 + 657 ;. Hence 203 = s, —
51,0520 + 25:{’71 (mod 3). O

We wish to assign the value a to the third coefficient, i.e., set 03 = —a. In
characteristic 3, we can write —a = A3, A € F,. To achieve this, set s;9 =0
and s1; = A.

The characteristic function for the set of elements v € I'), 5 for which s, =
0 and s;; = A is, with £ = o + 3ay,

1 1
= > XETu) =34) =5 > X ((a0+30a1)(7))x(—3a0A),
q £ER1 2 ap,a1€l'1,1
It follows that, for k a divisor of ¢" — 1,
7Ta
¢ / X(BapA) Sn(&;m4), (3.12)
d|k ap,1€M 1

where S,,(¢;7) = Zyepn,g xX(Ev)n ().

Of course, S, (£;74) = 0 unless d = 1. Hence the ‘main term’ (correspond-
ing to £ =0) is ¢" — 1.

The next lemma summarises bounds for S,,(£;74) = 0 implied by [17] when
£#0.
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Lemma 3.15. Suppose § =ap+3a1 € Ry,. Then the following hold:
° 5,(&1) =
o |Sh(3au; 77d)| g7, a1 #0;
® [Sn(ao;na)l <qz, 0407&0
o |S,(ap +3ar;n4)| <3q7, apay # 0.

We consider the contribution to the right side of (3.12) from terms with
ap # 0. Replace a1 by apay and ~ by alo The contribution is

/1dk Y X(BagA)ia(an)Sa(l + 3ax; na)

ar€l,1 apel1

— [ Y seAmSGsam).  (313)
1<d|k

a1€l'y 1

For the terms with ag = 0, a;y # 0, replace ~ by all to yield the contribution

/1<dk > dalar)Sn(3;ma) (3.14)

*
O‘161“1,1

Note that in (3.14), the sum over a; is zero unless d|Q,, (as 7, is trivial).

It is time to split the discussion into zero and non-zero cases according to
the value of A. The zero case will only be needed when n = 6, and is therefore
treated in Section 3.2.3. Here we proceed supposing A # 0. Then by Lemma
3.15, the sum S;(3A4;74) in absolute value does not exceed 1 if d|Q,, and does
not exceed /g otherwise. Hence, for each character nq (1 < d]k) with d { Qp,
by Lemma 3.15, we obtain a total contribution of 3(¢—1)g"™ > = 3(1— —)an

On the other hand, for each character n; (1 < d|k) with d|Qn, we obtam a
bound 3(¢ — 1)g? from contributions with oy # 0 (governed by (3.13)) and
(¢ — 1)q2 from contributions with ag = 0, a; # 0 (governed by (3.14)), a
total of 4(1 — —)q2+1 Since this is less than 3(1 — —)q >, for simplicity we

use the latter as a bound for the contribution for every 7y, d > 1.
Thus the right hand side of (3.12) is bounded by 3W (k) (1 — %) ¢"=". This

yields a sufficient condition (in the non-sieve case) of

T >3<1—1)W(k).

q
More generally:

Proposition 3.16. Assume that ¢ = 0 (mod3) and a € F is non-zero.
Assume also that k|q" — 1 and that (ko, s) is a decomposition of k. Suppose
also that

n

-3 1

Then m,(k) is positive.
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Multiplicatively, Fy. = T, 5. Take ¢ to be a primitive element of F* = T7 ;
as well as a # 0 (¢ F = T'y ). Then, with k|E,, (by Lemma 2.2), there is an
0(ko)
Lemma 3.5 bears to Lemma 3.4. In particular, each ‘integral’ on the right
side is also over a sum over characters v € l:ﬂ and each character such as 7y

or ngp, replaced by a product na nap, 7, where v is the lift of v to T, ,.

analogous expression for to (3.12) comparable to the relationship

Proposition 3.17. Assume that ¢ = 0 (mod3), a € F is non-zero and c
is a primitive element of F. Assume also that k|E, and that (ko,s) is a
decomposition of k. Suppose also that

s 1\2
¢ >3 (1 - 6) W (ko) Ass (3.16)

Then m,.(k) is positive.

3.2.1. Quintics. Express the product of distinct primes in ¢° — 1 as K - Ky
and define wy, wo as in Section 3.1.1 and note again that all prime divisors of
K, are =1 (mod 10). Observe that, throughout Section 3.2, 3 is not a factor
of ¢" — 1.

Lemma 3.18. Suppose that n =5, ¢ =0 (mod 3) and w; > 11 or wy > 22.
Let a (# 0) € F,. Then there exists a primitive polynomial of degree 5 over
F, with the coefficient of x* prescribed as a.

Even though the characteristic of the field is different, the proof of Lemma
3.18 is analogous to that of Lemma 3.7 and is not outlined here. Similarly,
we will omit proofs to Lemmas 3.19, 3.20, 3.21 and 3.22.

Following Lemma 3.18, we assume w; < 10, wy < 21 and obtain the follow-
ing table.

(#L g [ | w [kefwlk)] s [0> [As <] Gun |
1 <10 <21[10] 2 [<29]0.201] 9822 | 1179
2[<729] <3| <6 2| 1 | <8]|0469] 16.93 | 102
5] 8 | 2 | 3 | 2| 1T | 4 |0.691] 635 |37.62.
i 27 | 2 | 2 [2] 1 0.831 | 441 | 2548

w

When ¢ = 9 or 3, primitive quintics with third coefficient prescribed have
to be found explicitly, using Maple. They are stated in Section 5.

3.2.2. Sextics: the non-zero problem. Express the product of distinct primes
in ¢® — 1 as K, - Ky and define w;, wy as in Section 3.1.2.

Lemma 3.19. Suppose that n = 6, ¢ = 0 (mod3) and wy; > 9 or wy > 12.
Let a (# 0) € F,. Then there exists a primitive polynomial of degree 6 over
F, with the coefficient of x® prescribed as a.
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Consequently to the above Lemma, we now assume w; < 8, wy < 11 and
run the full sieving process: steps are shown in the following table.

(] g Jw | w [kefwlho)] s [ 9= [Ass <[ dmm]
1 <8|<I11][10] 2 [<17]0298] 5570 | 77
2 [<27[<3| <4 2| 1 | <6|0404| 1438 | 20

For primitive sextics when ¢ = 9 or 3, see Section 5.

3.2.3. Sextics: the zero problem. An isolated case of the ternary problem
where considering the possibility of the third coefficient being prescribed zero
is needed, is when n = 6. Therefore we treat it in this separate subsec-
tion, complete with the estimates necessary to establish the criterion for the
existence of desired primitive polynomials.

Now, wishing to fix the third coefficient as zero, following Lemma 3.14 we
suppose A = 0. We may therefore assume also that k|Q,,. Suppose 1 < d|Q,.
In this case, the sum S;(3A4;17,) is trivially ¢ — 1 and we obtain a contribution
for each 1y bounded by the sum 3(q — 1)g2*! (from (3.13)) and (¢ — 1)q>

(from (3.14)). In total this is less than 3 (1 - %) ¢"%" . Thus the right hand
side of (3.12) is bounded by 3W (k) (1 — 3%) ¢"z . This yields a sufficient

condition of

- 2
¢"T >3 <1 - 3—q> W (ko) Ay - (3.17)

As always, when the coefficient is prescribed to be zero, we only need to
consider W(@,,). Therefore we express the product of distinct primes in Qg
as K - Ky and define wy, wy as in Section 3.1.3.

Lemma 3.20. Suppose that n = 6, ¢ =0 (mod 3) and w; > 10 or wy > 23.
Then there exists a primitive polynomial of degree 6 over IF, with the coefficient
of 3 prescribed as zero.

Here is the sieving table.

(#| ¢ |wi | wo [ko|wke)]| s [ 0> [Ass <] Guin |
<91 <2270 3 <28 10.368 | 75.37 1809
<7291 <3| <7 |2 1 <9 [0.337 | 25.74 155

81 2 4 2 1 5 10.741 | 7.40 |44.03...

w| | —||F

When ¢ = 27, 9 or 3, primitive sextics with zero third coefficient are stated
in Section 5.

Remark. Similarly, (3.17) could be used to treat the zero problem when
n="728.
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3.2.4. Septics.

Lemma 3.21. Suppose that n = 7, ¢ = 0 (mod3) and w(E7) > 16. Let
a (#0) € F, and ¢ be a primitive element of F,. Then there exists a primitive
polynomial of degree T over F, with the coefficient of x* and the constant term
specified as a and —c, respectively.

We can now assume w(F;) < 15. The sieving steps are shown in the table
below.

(#] g |wEr) ko |wko)| s | 0> [Ass <] Guin |
1 <15 |1 0 <15|0.879 | 17.93 54

2 1<27| <4 1 0 <4 10919 | 5.27 16

3 9 2 1 0 3 0.997 | 3.01 |7.13...

The primitive septics with prescribed third coefficient are in Section 5.

3.2.5. Octics. Express the product of distinct primes in Eg as K; - Ky and
define wy, wy as in Section 3.1.5.

Lemma 3.22. Suppose that n =8, ¢ =0 (mod3) and wy > 11 or we > 10.
Let a (# 0) € F, and ¢ be a primitive element of F,. Then there exists a
primitive polynomial of degree 8 over F, with the coefficient of z° and the
constant term specified as a and c, respectively.

Consequently to Lemma 3.22, we now assume w; < 10, wo < 9 and sieve:

| ¢ | wi | w [ko|wko)| s | 6> [As <] Gumin |
<101 <95 1 <18 (0.331 | 53.36 47
<271 <4 | <3| 1 0 <7 10392 17.31 14
<9 |1 <3 (1<2|1 0 <5 [0.483 | 10.29 |8.41...
1 1 1 0 2 0.775 | 3.30 |2.68...

| ol Do ([T

4. PRESCRIBING THE FOURTH COEFFICIENT

This section deals with m = 4. It achieves the final goal of settling the
existence of primitive polynomials with (n,m) = (8,4), thereby completing
the proof of the Hansen-Mullen conjecture. Consider separately the fields of
characteristic 2 (the even problem) and those with odd characteristic (the
odd problem).

4.1. The odd problem. Throughout this section I, is a field of charac-
teristic not 2. Putting m = 4 in Lemma 3.1 and setting s; = 0 (already)
yields

40’4 — —0289 — S4. <41>

(Working in this order avoids any difficulties in characteristic 3.)
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Condition (4.1) can be further expressed as
8oy = sg — 284.

For a € F, and for any z € F,, setting s = z and 2s;, = 2* — 8a fixes
the fourth coefficient of the polynomial as a. Now, using the characteristic
functions defined in Section 2, we can deduce a basic formula for 7, (k).

Lemma 4.1. Suppose q is odd, a € F, is given and k|¢™ — 1. Then
Pra(k) = 0(k) [ D x(a(2® —8a) + B82) Su(2a, Bima) , (4.2)
dlk a,B3,2€F,

where S, (a, B;n) denotes the character sum Zveﬂ?qn Xn(ay? + BY)n(7).
More generally, suppose that (ko,s) is a decomposition of k. Then

Cma(k) S g(a(z2 = 8a) + 52) Su(20, B;na)
(ko) diko @Br=€Fq o
(4.3)
s 1 ~ )
i=1 pi dlko a,3,2€F,

In particular, the contribution to the right side of (4.3) attributable to values
of a =3 =0 (the ‘main term’) is 6q(¢™ — 1).

Proof. For (4.3) use the equivalence of the right sides of (2.3) and (2.4).
For the main term, observe that S,(0,0;74) is zero unless d = 1 when the
value is ¢" — 1. Then summing over z € F, we obtain the ‘main term’ in (4.3).
Of course, (4.2) is recovered from (4.3) by setting s = 1. O

Estimates for S, («, 5;14) are standard:

Lemma 4.2. Suppose o, 3 € F,, not both 0.
If a =0, then S,(0,5;1) = 0; otherwise
1Su(e, 3;1)| < ¢2.
Suppose d|q™ — 1 with d > 1. Then
2qz, ifa#0,

|Sn(0475777d)‘ < .
qz, ifa=0.

Of course, now S;(a, 3;1q) is not the same function as S; (k47, 1) in Section
3.

At this point it is convenient to split the discussion in two parts: the
zero and the non-zero problem. First consider the case when the prescribed
coefficient a is non-zero.
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4.1.1. The odd non-zero problem.

Proposition 4.3. Suppose q is odd and a # 0. Let k|¢g"™ — 1 and (ko,s) be a
decomposition of k. Suppose

anfAl > 4W(k’0)AS’5 . (44)
Then m,(k) is positive.

Proof. Consider the expression (4.3). We aggregate the contributions to the
right side relating to a specific multiplicative character 1, or 74, (without
the weighting factor implicit in the integral notation). Denote by 7, the
restriction of 1y to I, the significance being that 74 has order W‘{Qn).
Suppose d|ky and take 74 (similar reasoning applies to each 7gy, ). Consider

the contribution of terms with 3 # 0. Replace v € Fy» by % €EFpm, a €l
by af? € F,, and z € F, by 5 € Fy. We obtain

53 S xBaaBna(B) Y (a2 + 2) Su2a,15m4)

aclFq BEF; z€F,

which is the same as

J Z S1(8aa, 0;74) Si(a,1;1) S, (2cr, 1514) . (4.5)

o€l

The expression (4.5) is essentially the same as in the proof of Proposition
4.1 in [10]. Similarly, we obtain an analogous expression when considering
the contribution from terms with 8 = 0. We therefore do not give a detailed
discussion here; summarising, we obtain an absolute bound of 46¢z*3 for the
(non-weighted) contribution of all terms corresponding to a character 7.

The remaining terms on the right side of (4.3) (involving characters like
Nap;) are estimated in the same way: we have used no special properties for
d|ko. Taking into account that there are ¢(d) characters of order d for each
divisor d we deduce that numerically the right side of (4.3) exceeds

5 (qn—H _ 4q%+3A575) 7

with A, s as in Section 2, since ) (1 — pi) =s—1 +409.

i=1 ¢

Now consider n = 8. Criterion (4.4) then takes form
¢ > AW (ko)A s . (4.6)

Express the product of distinct primes in ¢® — 1 as K; - Ky where K is the
product of all distinct prime divisors of (¢*>+1)(¢*>+ 1) and K> is the product
of distinct prime divisors of ¢* 4+ 1 that do not divide ¢* — 1. Remember that
any prime divisor [ of K3 is an element of Lg. Denote w(K7;) by wy and w(Ks)

by wy. Note that 16|¢* — 1 and therefore w; = w(q48—_1).
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Lemma 4.4. Suppose that n = 8, a (# 0) € F,, ¢ odd and wy > 13 or
wg > 7. Then there exists a primitive polynomial of degree 8 over IF, with the
coefficient of x° specified as a.

Though the characteristic of the field is now different, the proof of this
lemma parallels those of analogous lemmas in Section 3 and is omitted. Also
the proofs of Lemmas 4.6, 4.13 and 4.14 will be omitted.

Now suppose w; < 12 or wy < 6. Employing the sieve, the existence of
primitive octics with forth coefficient prescribed as a # 0 is proved in just
two steps for ¢ > 17. First, taking ko to be the product of three least primes
in K, yields s < 14, 6 > 0.371, A;5 < 37.05 and condition (4.6) holds for
q > 35. Now take kg to be the product of two least primes in K;. Hence
s <7,0>0.393, A;s < 17.31 and (4.6) is satisfied when ¢ > 17. Applying
(4.6) to ¢ = 13 and 11 with ko = 6 also proves existence for these two values.
Only ¢ =7, 5 and 3 need direct verification with Maple.

4.1.2. The odd zero problem. When the prescribed coefficient is zero, it suf-
fices to prove that 7y(Q,,) is positive. Considering expression (4.5) with a = 0
and proceeding as before, the following proposition is derived.

Proposition 4.5. Suppose q is odd, a = 0 and n = 8. Let k|Qs and (kg, s)
be a decomposition of k. Suppose

gz > AW (ko)A 5. (4.7)
Then mo(k) is positive.

Express the product of distinct primes in (Jg as K; - K5, where K7 is the
product of all distinct prime divisors of (¢4 1)(¢* +1) (and so even) and K,
is the product of distinct odd prime divisors of ¢* + 1. By an analogue of
Lemma 3.6 any prime divisor [ of Ky is = 1 (mod8), i.e., [ € Lg. Denote
w(K1) by wy and w(Ks) by ws.

Lemma 4.6. Suppose thatn =8, a =0, q odd and wy > 16 orwy > 12. Then
there exists a primitive polynomial of degree 8 over F, with the coefficient of
x° specified as 0.

Now assume w; < 15 and wy < 11 and begin the sieve. In the first step,
take kg to be the product of three least primes in K. Then s < 23, § > 0.279,
A5 < 80.86 and criterion (4.7) holds for ¢ > 99. Now, taking ko to be the
product of two least primes in K; yields s < 8, 6 > 0.381, A,s < 20.38 and
(4.7) is satisfied for ¢ > 48. It also holds for ¢ = 47, 43, 41, 37, 31, 29, 27, 25,
23 and 19, but smaller values (17, 13, 11, 9, 7, 5, 3) need direct verification
with Maple.
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4.2. The even problem.

Lemma 4.7. Let f(z) = 2" — oyz™ ' + -+ + (—1)"0,, € Ry[z] be a (lifted)
irreducible polynomial with o; being a symmetric function of the roots of f,
01,...,0, € I'1. Let s; be the sum of the i-th powers of the roots of f. Then

40'4 = 0351 — 0282 —+ 0183 — S4. (48)

Lemma 4.8. Let f, o, and s; be as in Lemma 4.7. Suppose s1o = 0. Then
04 = 51, (mod2).

Proof. Over Ry3, s; ¢ = 1,...,4 expand to 81 = S10 + 2511 + 4512, S92 =
5%70 + 23%1 + 48%2, S3 = S30 + 2531 + 4532 and s4 = 5411,0 + 25‘1{1 + 4841172.
Accordingly, (4.8) translates to

4oy = 43‘1{0 + 451 0(83.0 + 2531 + 4832) + 45‘1{2 (mod 8),
g4 = Sio + 817()(83,0 + 283’1 + 483’2) + 8111’2 (mod 2) . (49)
Setting s19 = 0 in (4.9) yields o4 = 57, (mod2). O

As a consequence of Lemma 4.8, for o4 to be prescribed modulo 2, it suffices
to prescribe s;9 = 0 and s; 9 € I'y appropriately. The value of s;; appears
to be irrelevant. Nevertheless, in practice we cannot prescribe s; o without
assigning a value (say z € I';1) to s11. In view of Lemma 4.8, given a € F, =
[y 1, write a = AY A€ F,. We wish to prescribe s; = 51 0+2s11+4512 € R 9
as 2z + 4A.

In order to apply Lemma 4.8, we require to work with the multiplicative
characters of I'}, 3, a cyclic group of order ¢" — 1, and the additive characters
of R, 3. So now, for any divisor d of ¢" — 1, 7g is a character of order d.
It is extended to I', 3 by setting 74(0) = 0. In particular, n; is the trivial
character: for an alternative version with 7(0) = 1 we write n = 1. For
additive characters, write x(,) for the canonical additive character of R, 3:

thus T
2 nu
WS(V))7 q:2u7 /VGRR,S’

Here T, () yields the absolute trace of . In particular, set x(1y = x. The
characteristic function for the set of elements v € I';, 3 for which s;(= s10 +
281’1 + 48172> =2z + 4A is

- Z ( (2z—|—4A))> (4.10)

§€ER13

X(n)(V) = exp (

which equals

q_13 Z X(n) (0 + 201 + 4a2)(7)) x(—2(c0 + 2a1)z — dapA) .

ap,o1,a2€l 1
For the next lemma, note that, if { = ap+20;+4ae € Ry 3 with ap, o, s €
I’y 1, then 2¢ = 25, where 5 =g + 201 € Ry .
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Lemma 4.9. Write ¢ € Rig as é+ 4o, where é € Ris and ay € 'y 4. Set
Us = .cr,, X(282). Then Us = 0 unless £ =0 (and as # 0) in which case
Us=gq, or £ = +ayg (#0), in which case Ug = 1iZ - q, respectively.

A~

Proof. If € = 0 (and a5 # 0) the result is obvious. Otherwise Uy = > er,, X(€2)

and the conclusion follows from Lemma 6.3 of [10].
U

For k|¢" — 1 and a # 0 € F,, write 7, (k) for the number of k-free elements
of F,» whose characteristic polynomial has first coefficient zero and fourth
coefficient a = A* € F,.

Lemma 4.10. Assume q is even and a = A* € F, = T%,. Let kl¢" — 1 and
(ko, ) be a decomposition of k. Then

2, (k
q9<k(<))) = 1+/ Z Ma () Sn(4,14)

d|ko aeFl 1

/Z > xX(aA)i(a {(1—2')Sn(1+45;77d)+

d‘ko ,BGFl 1 OtEFl 1

(L4+0) S (—(1+48); ma) } )

+; (1 - %) ( > 7a(@)Su(4, 7ap.)

aeF*

/Z Z (4aA) 77dpz ){(1_i)sn(1+45377dpi)

d‘k BEI‘l 1 OtEFl 1
F ) S (—(1+ 48);m) } ).

where, for € € Ryg, Su(€ima) i= Srer, » X (€V)1a(7) and iy is the restric-
tion of ng to I'y ;.

Proof. For notational simplicity consider only the trivial decomposition of k
with s = 1. Write £ = agp + 201 + 4oy = £ + 4a, for a typical element of Ry 3.
From the characteristic functions (in particular (4.10)) one obtains

(k)

ok) / > x(daoA) Ug S ma) (4.11)

d|]€ §€R1,3

with Ug as in Lemma 4.9. Since S,,(0;74) = 0 unless d = 1, the contribution
to (4.11) from £ = 0 (the ‘main term’) is g(¢" — 1).

From Lemma 4.9, Us = 0 unless £=0 (i.e., £ =4ay #0), or £ = +ap. Note
that, when Ug is non-zero, its value can be expressed as cq and, ultimately, a
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factor of ¢ is cancelled from (4.11). We consider the contributions from these
excepted &.

First suppose é =0, ie, g = oy = 0 but gy # 0. Then U = ¢.
Replacing v by ;- in the expression for S, (4as;ng), we obtain the sum
qD 0, ers, na(a2)S,(4;m4), which is equivalent to the expression shown.

Now consider the contribution from f =+dap#0,ie, a0 #0, a1 =0, ay
arbitrary. Replace v € I', 3 by alo € I'sand ap € 'y by o8 € T'11 to
obtain the remainder of the displayed identity. O

The relevant bounds for |Sn(§ ; 77d>| are as follows.

Lemma 4.11. Suppose § € Rjz. Then S,(§;1) = 0. Further, if d (> 1)
divides ¢" — 1, then one has ‘Sn(g;ndﬂ < 4q>. Indeed, if B € Ty, then
1Su(4ima)| < 2.

Proof. This follows from Corollary 6.1 of [19]. The significant point is that
the polynomial (ag + 2a1 + 4ap)x € Ry 3[z] has weighted degree 4 (if ag # 0)
or 1 (if ap = a3 =0). O

Again it is now convenient to split the discussion into the non-zero or zero
problems.

4.2.1. The even non-zero problem. Suppose that ¢ is even and that the pre-
scribed coefficient a € F = I'y ; is non-zero.

Proposition 4.12. Assume that q is even and a € F is non-zero. Assume
also that k|¢™ — 1 and that (ko, s) is a decomposition of k.Suppose also that

¢ > 4V2 W(ko)Ass . (4.12)
Then m,(k) is positive.

Proof. Again for notational simplicity focus on the situation when the decom-
position of k is trivial, i.e., kg = k£ and only the first two lines of the identity
of Lemma 4.10 are relevant. Indeed, apart from the main term ¢" — 1, for any
divisor d of k the balance of the contributions relating to multiplicative char-
acters 7, arise from the first line and the second line is different, according to
the value of d.

Specifically, suppose d|@,,. Then 7, is trivial and so ZQEFT ) na(a) = q—1.

Hence, by Lemma 4.11, the characters of order d contribute (¢g—1)g= from the
first line. On the other hand, from the second line ), p- X (4vA)nja(cr) =

ZQE]F; Xo(aA), where X, is the canonical additive character on F,, and this

is < 1 in absolute value. Hence, by Lemma 4.11, the contributions from
n+1

the second line of multiplicative characters of order d do not exceed ¢ = .

Accordingly, the total contributions from characters or order d is certainly
bounded by 2¢2*".
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Finally, suppose, d t Qp. Then, in the first line, Zaer’;l fia(c) = 0. By
the same lemma (with n = 1), in the second line Zaer{ ) Y(daA) () < g2

and, of course ‘Sn(i(l + 45);77d)| < 4q7. Accordingly, the contribution of

characters of order d is bounded by 4\/§an+3. Since this easily exceeds the
contribution for a divisor d of (),,, we can use this as a global bound for any
d|k and the result follows.

O

Express the product of distinct primes in ¢® — 1 as K, - Ky, where K is
the product of all distinct odd prime divisors of ¢* — 1 and K is the product
of distinct odd prime divisors of ¢* + 1. By an analogue of Lemma 3.6 any
prime divisor [ of K5 is = 1 (mod8), i.e., [ € Lg. Denote w(K;) by w; and
w(Ks) by ws.

Lemma 4.13. Suppose thatn = 8, q odd, wy > 8 orwy > 5. Leta (#0) € F,.
Then there exists a primitive polynomial of degree 8 over IF, with the coefficient
of v prescribed as a.

After Lemma 4.13 we can assume w; < 7 and wy < 4 and start the sieving
process. It turns out, however, that one sieving step is enough. Taking
ko =3 -5 yields s <9, § > 0.285 and A5 < 18.50 whence (4.12) is satisfied
for ¢ > 12. Next, putting kg = 3, ¢ = 8 satisfies (4.12), but the appropriate
primitive polynomials over fields F, and Fy have to be found explicitly.

4.2.2. The even zero problem. To fix the fourth coefficient as zero, following
Lemma 4.8 we suppose A = 0. We may therefore assume also that k|Q,.
Suppose 1 < d|Q,, and take n = 8. A sufficient condition is then

¢* > 4V2 W (ko)Ass . (4.13)

Define K, K5 as in Section 4.1.2 and note that both K; and K5 are odd.
Denote w(K;) by w; and w(K3) by ws.

Lemma 4.14. Suppose that n = 8, q odd, wy > 10 or wy > 8. Then there
exists a primitive polynomial of degree 8 over F, with the coefficient of z*
prescribed as 0.

Consequently to Lemma 4.14, assume w; < 9 and wy < 7 and begin the
sieve. Taking kg to be the product of least three primes in K yields s < 13,
d > 0.450, A, 5 < 28.67 and condition (4.13) holds for ¢ > 37. Hence assume
wi <5, wy < 3andset by = 3. Then s < 7, 0 > 0.392, A,; < 17.31
and condition (4.13) holds for ¢ > 14. For the three remaining values of g,
primitive polynomials in Fg[x], F4[z] and Fs[z] have to be found explicitly.

5. TABLES OF POLYNOMIALS

Here we give a primitive polynomial, found with Maple, for each case (n, ¢),
where the existence of a primitive polynomial of degree n over F, cannot be
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confirmed by criteria derived in Sections 3.2 and 4. In Section 3.1, however,
there are too many polynomials to list and, as an illustration, we only give
primitive polynomials of degree 5 over the largest field Fy43.

Note that the total amount of computation is small and was not needed for
every degree n. As before, a is the prescribed third coefficient of a polynomial.

We begin with polynomials with prescribed third coefficient. First, consider
the standard problem, that is, when ¢ #Z 0 (mod 3). We list 3-tuples (a, b, ¢),
1 < a <162, representing primitive polynomials of degree 5 over Fi43 of the
form x° + ax? + bz + c:

(1,0,14), (2,0,15), (3,0,14), (4,0,4), (5,0,16), (6,0,9), (7,0,10), (8,0,9), (9,0, 15),
(10,0,15), (11,0,15), (12,0,10), (13,0,43), (14,0,15), (15,0,35), (16,0,4),
(17,0,9), (18,0,24), (19,0,10), (20,0,4), (21,0,9), (22,0,16), (23,0,24), (24,0,4),
(25,0, 10), (26,0,47), (27,0, 26), (28,0,10), (29,0,4), (30,0,9), (31,0,9), (32,0,39),
(33,0,10), (34,0,35), (35,0,14), (36,1,33), (37,0,15), (38,0,81), (39,0,9),
(40,0,15), (41,0,83), (42,0,14), (43,0,4), (44,0, 24), (45,0,9), (46,0,4), (47,0,43),
(48,0, 14), (49,0,14), (50,0,14), (51,0,9), (52,0,10), (53,0,4), (54,0,4), (55,0,9),
(56,0,16), (57,0,35), (58,0,24), (59,0,10), (60,0,10), (61,1,4), (62,0,16),
(63,0,9), (64,1,14), (65,0,35), (66,0,4), (67,0,9), (68,0,16), (69,0,14), (70,0, 46),
(71,0,39), (72,0,9), (73,0,9), (74,0,26), (75,0,9), (76,0,4), (77,0,10), (78,0, 14),
(79,0,14), (80,0,9), (81,0,9), (82,0,35), (83,0,9), (84,0, 10), (85,0,39), (86,0, 39),
(87,0,4), (88,0,14), (89,0,15), (90,0,43), (91,0,9), (92,0,4), (93,0,10), (94,0, 15),
(95,0, 10), (96,0,24), (97,0,14), (98,0,9), (99,0,10), (100,0,4), (101,0,4),
(102,0,4), (103,0,9), (104,0,4), (105,0,4), (106,0,16), (107,0,26), (108,0,15),
(109,0,4), (110,0,15), (111,0,26), (112,0,4), (113,0,10), (114,0,9), (115,1,4),
(116,0,9), (117,0,24), (118,0,4), (119,0,9), (120,0,14), (121,0,9), (122,0,4),
(123,0,4), (124,0,24), (125,0,4), (126,1,10), (127,0,24), (128,0,14), (129,0,43),
(130,0,4), (131,0,24), (132,1,10), (133,0,43), (134,0,16), (135,0,46), (136,1,26),
(137,0,15), (138,0,4), (139,0,14), (140,0,14), (141,0,26), (142,0,16), (143,0, 10),
(144,0,4), (145,0,4), (146,0,35), (147,0,4), (148,0,9), (149,0,4), (150,1,56),
(151,0,10), (152,0,24), (153,0,4), (154,0,15), (155,0,26), (156,0,14), (157,0,10),
(158,1,33), (159,0,10), (160,0,10), (161,0,14), (162,0,15).

Next, we give a table of primitive polynomials over F,, with prescribed
third coefficient, where ¢ = 0 (mod3). Here Fg is defined as F3(«) and
Fy7 is defined as F3(3), where o and (3 are roots of x? + 2z + 2 € F3 and
2%+ 22 + 1 € Fs, respectively. Note that when n = 7, also the constant term
of the polynomial is required to be prescribed, but it necessarily equals 1.
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|n| a q=3 | q=29 | q=27 |
1 2+t + 22 +1 2+’ +a —
2 2 +202+x+1 2+ 222 +a+2 —
« — 2 +ar?+a —
5| a+1 — 25+ (a+ 12?2+« —
2a0+1 — 25+ (20 + )22 + 20+ 1 —
20+ 2 — 25 + (2004 2)22 + 20 + 1 —
a+2 — 25+ (a+2)2? + 2 + 1 —
2c — z® + 2a2% + o —
1 S+ a3+ +2 D+ +22+r+a —
2 20 4+ 223 + 22 + 2 2+ 23+’ + 20+ a —
« — 28+ ax® + 22 + 200+ 2 —
a+1 — P+ (a+1)2® +22 +a —
6|2x+1 — 254+ Qa4+ )3+ 4+ (a+ 2)z+a+1 —
200+ 2 — 25+ (20 +2)z3 + 22 + —
o+ 2 — 29+ (a+ 2)2® + 22+ (2a + 1)z +a+1 —
2c — 28 4+ 2023 + 2% + 20+ 2 —

0 2+ +2 28+ 2% + oz + o 204243
7 1 '+ 28 + 23 4 227 — —

+x+1
2 x’ + 25 4 223 + 22 — —
+2z +1

Now we give a complete list of polynomials with fourth coefficient pre-
scribed, as required. The tables relating to fields of odd characteristic follow.

Here are the tables:

qg=>5 | q="1

28 +35 + a2t +40+3
x® 42 + 2t + 20+ 3

2+ +2t+3c+3
B 4+2° +axt+x+3

2B+ ad+2t+x+5
B 4+20° + a2t + 2045
2+ 325 + 2 +5
8+ 42 + 24 +5
B+ + a4+ 5045
z® +62° + 2 + 62 +5

a#0
a| ¢=3 |
1] a8+ 2% + 2% + 227 + 2
21 a8+ 225 +at + 222+ 2
3 _
4 _
5 .
6 _
a:
q:
q:
q="1
q= 8 +
qg=11
q=13
q=17

x5+ a3 +2
a8 423+ 222 42
28+ a3+ 322+ 3
(2ac + 2)2* + (a + 2)z + 20 + 2
28 4+223 + 2% +2
2842 2?2
28+ 223 + 22+ 3
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Lastly, here is the corresponding table for fields of even characteristic. The
field Fy is defined as Fo(a) and Fg is defined as Fy((3), where o and 3 are
roots of 22 + x +1 € Fy and 22 + 22 + 1 € Ty, respectively.

[ o | ¢=2 | g=1 [ ¢=8 |
1 B4+ 3+t +1 DB+l 4 —
« — 28+ ax® + (a+ 1)z + « —
a+1 — 28+ (a4 12’ + ax? + a —

2% + (3% + B)2®

0 B 4l +r+1 P+ +r+a | H(BF B+ 12

+(6% + B)a’
+6%2% + B + B

REFERENCES

[1] S.D. Cohen, Primitive elements and polynomials with arbitrary trace, Discr. Math.
83 (1990), 1-7.

2] , Gauss sums and a sieve for generators of Galois fields, Publ. Math. Debrecen

56 (2000), 293-312.

, Primitive polynomials over small fields, Finite Fields Appl. 7th International

Conference, Toulouse (2003), Lecture Notes in Computer Science 2948, 197-214,

Springer Verlag, Berlin, 2004.

[4] , Primitive polynomials with a prescribed coefficient, Finite Fields Appl. 12
(2006), 425-491.

[5] , Explicit results on generator polynomials, Finite Fields Appl. 11 (2005), 337—
357.

[6] S.D. Cohen, S. Huczynska, Primitive free quartics with specified norm and trace, Acta
Arith. 109 (2003), 359-385.

[7] S.D. Cohen, C. King, The three fixed coefficient primitive polynomial theorem, JP
J. Algebra Number Theory Appl. 4 (2004), 79-87.

[8] S.D. Cohen, D. Mills, Primitive polynomials with first and second coeflicients pre-
scribed, Finite Fields Appl. 9 (2003), 334-350.

[9] S.D. Cohen, M. Presern, Primitive finite field elements with prescribed trace, Southeast
Asian Bulletin of Mathematics 29 (2005), 283-300.

, , Primitive polynomials with prescribed second coefficient, Glasgow

Math. J. 48 (2006), 281-307.

[11] S.-Q. Fan, W.-B. Han, p-adic formal series and primitive polynomials over finite fields,

Proc. Amer. Math. Soc. 132 (2004), 15-31.

[10]

[12] , , Primitive polynomials over finite fields of characteristic two, Appl. Al-
gebra Engrg Comm. Comput. 14 (2004), 381-395.
[13] , , Character sums over Galois rings and primitive polynomials over

finite fields, Finite Fields Appl. 10 (2004), 36-52.

, , Primitive polynomials with three coefficients prescribed, Finite Fields
Appl. 10 (2004), 506-521.

[15] W.-B. Han, The coefficients of primitive polynomials over finite fields, Math. Comp.
65 (1996), 331-340.

[16] T. Hansen, G.L. Mullen, Primitive polynomials over finite fields, Math. Comp. 59
(1992), 639-643, S47-S50.

[14]




120 The Hansen-Mullen primitivity conjecture

[17] S. Huczynska, S.D. Cohen, Primitive free cubics with specified norm and trace,
Trans. Amer. Math. Soc. 355 (2003), 3099-3116.

[18] N. Koblitz, p-adic numbers, p-adic analysis, and zeta-functions, Springer, New York,
1984.

[19] W-C.W. Li, Character sums over p-adic fields, J. Number Theory 74 (1999), 181-229.

[20] R. Lidl, H. Niederreiter, Finite Fields, Addison-Wesley, Reading, Massachusetts
(1983); second edition: Cambridge University Press, Cambridge (1997).

[21] D. Mills, Existence of primitive polynomials with three coefficients prescribed, JP
J. Algebra Number Theory Appl. 4 (2004), 36-52.

[22] G.L. Mullen, Open problems in finite fields, Congr. Numer. 111 (1995), 97-103.

[23] G.L. Mullen, I. Shparlinski, Open problems and conjectures in finite fields, Finite
fields and applications (Glasgow, 1995), London Math. Soc. Lecture Note Ser. 233,
243-268, Cambridge University Press, Cambridge, 1996.

[24] M. Presern, Ezistence problems of primitive polynomials over finite fields, PhD thesis
(University of Glasgow), in preparation.



AN INEQUALITY FOR THE MULTIPLICITY OF THE
ROOTS OF A POLYNOMIAL

ARTURAS DUBICKAS

ABSTRACT. We give two inequalities in terms of the coefficients of a com-
plex polynomial which imply an upper bound on the maximal multiplicity
of its roots. In particular, for f(z) = a9 + a1z + -+ + apz™ € Clz],
where apa, # 0, our result implies that if n|ag| > Z;:lli\an,ﬂ and
nla,| > Z?;11i|ai| then f is a separable polynomial. This condition is
best possible in the sense that the conclusion on f is no longer true if the
first inequality is not strict. More generally, if there is a positive integer
k < n such that (})|ao| > 3050 (Dlan—s| and (P)|an| = 305 (0)]ail
then the multiplicity of each root of f is < k. This result sharpens a
corresponding result of A.I. Bonciocat, N.C. Bonciocat and A. Zaharescu.

1. INTRODUCTION

Let f(x) = ap+ayz+- - +a, 12" +a,z", where apa, # 0 be a polynomial
with complex coefficients. Suppose that

f(@) =an(z— 1) (x —ag)™ ... (x — )™,

where oy, ..., q,, are distinct roots of f and nq,...,n,, are positive integers
satisfying ny+- - - +mn,, = n. Set e(f) = max{ny,...,n,}. Recently, A.I. Bon-
ciocat, N.C. Bonciocat and A. Zaharescu [1] proved that if j and k are two
nonnegative integers satisfying 0 < j < k <mn,

o> 3 (Dt ana (>3 (et

i=j+1 i=k

then e(f) < k. The strongest version of their theorem is obtained when j = 0 :

if
n n—1 .
oo > Sl and (ool > 32 () 2)

i=k
then e(f) < k. Finally, putting £ = 1 into (2), they observed (see Corollary
1 in [1]) that the conditions

n n—1
lagl > > || and nla,| > ilay (3)
=1 =1

2000 Mathematics Subject Classification. 11C08, 12D10.
Key words and phrases. Complex polynomial, multiple roots.
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imply that the polynomial f is separable.

In the proof of these and other, more technical, results, the authors of
[1] use certain Hadamard’s and Ostrowski’s conditions for nonvanishing of
determinants which represent certain resultants of the derivatives of f. We
remark that one can give a very simple proof of the results quoted above as
follows.

Suppose that e(f) > k. Then there is a complex number « # 0 such that
fla)=f(a)=---= f®(a) = 0. For j < k, we have

G (o i+ 1 |+ 2 n ;
fjf >:aj+<Jj )aj+104+<jj )aj+2a2+---+(j)ano¢”_320.

So, by the first inequality of (1), we deduce that

i <;)|az'| <laj| = |- i (;>aiai‘j < max{1, |a|}" i (;)|az-|.

i=j+1 1=j+1 i=j+1

Since D, (;)|az| > |a,| > 0, we obtain that max{1, |a|} > 1, so |a| > 1.

Similarly, f®(a)/k! = Y"1, (})a;a’™" = 0 implies that

n—1 .
n t i—n
(1) == % ()

so at least one of the numbers ay,...,a,_1 is nonzero. Using the second
inequality of (1), we derive that

S (Dlaid < (Planl == X0 (1) a™]

< max{la| ™ |a* 7} 32 ()lail

As ) (;) la;| > 0, this yields max{|a|™!, |a|[*"} > 1, ie., |a| < 1, contrary
to |a] > 1. Since the assumption e(f) > k leads to a contradiction, we
conclude that e(f) < k.

Of course, e(f) = e(f*), where f*(z) = an + ap—12 + -+ + apx™ is the
polynomial reciprocal to f (whose coefficients are written in reverse order).
However, none of the conditions (1)—(3) is ‘symmetric’ with respect to the
coefficients ay, . .., a, of f and the coefficients a,, ..., ay of f*. Moreover, for
instance, the second inequality of (3), i.e., n|a,| > 3.} i|a;| implies that |a,|
is ‘large’; so, by the first inequality of (3), |ag| > |ai| + - - - + |a,|, the first
coefficient |ag| is even greater than |a,|. It seems very likely that this signals
the fact that the first inequality of (3) is not sharp, so that it can be replaced
by a weaker condition. This turns out to be the case.

The aim of this note is to settle both problems (‘symmetry’ and ‘sharpness’)
described above. The following theorem gives the same conclusion e(f) < k
under a weaker assumption. This assumption is given by two symmetric
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inequalities. It is not only less restrictive than the corresponding condition
of [1], but is also best possible, at least when &k =1 and kK =n — 1.

Theorem 1. Let f(z) = ag + a1z + - - - + a,z™ € Clz], where apa,, # 0, and
let k < n be a positive integer. If

IS oI SR NS T M

then e(f) < k. Moreover, one of the inequalities > in (4) (but, for k €
{1,n — 1}, not both!) can be replaced by > .

For k = 1 the condition (4) becomes

nlag| > (n—1)|ar| + -+ 2|lan_o| + [an 1] (5)
and nla,| > (n—1)|ap_1|+ -+ 2|as| + |ai|.

Obviously, the first inequality of (5) is a weaker restriction on |ag| then the
one given by the first inequality of (3). So Theorem 1 with k& = 1 strengthens
Corollaries 1 and 2 of [1].

Theorem 1 asserts that the inequalities in (5) cannot be replaced by equal-
ities. Indeed, put

f@y=1—z—2" ' +2"=(1—-2)(1 -2

for any integer n > 2. It is easy to see that then

n—1 n—1
nlao| = nlan| = ila;| =) ilanil =n,
=1 i=1

but e(f) = 2, because f has a double root at z = 1 and n — 2 other distinct
roots on the unit circle. Thus the inequality e(f) < 1, i.e., the conclusion
that f is separable, does not follow from the inequalities

n—1

n—1
nlagl =Y ilay—;| and nla,| > ila|
=1

i=1

Similarly, if K =n — 1, put f(x) = (1 — z)™. Then (4) becomes nl|ag| > |a1]
and n|a,| > |a,_1]. For f(x) = (1 — )", we have

nlag| = nla,| = a1 = lan—| = n

and e(f) = n > k. This proves that the inequalities n|ag| > |a1| and nla,| >
|a,_1| do not imply that e(f) < n — 1. The remaining part of the proof of
Theorem 1 will be given in the next section.

Note that
() i-1) .= k+1)
R (ST S s B gy y B
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so the first inequality of (4),

n—1

|a0| > Z Ci,k,n|an7i| 3

1=1

is a weaker restriction on |ag| than the corresponding inequality of (2), namely,
lag] > >, |ai]. In fact, the weights ¢; ., are ‘close’ to zero if i is ‘small’.

2. PROOF OF THEOREM 1

We shall summarize our argument given in the introduction as follows:

Lemma 2. Let f(z) = ap + ez + -+ + a,2™ € Clz|, where aga, # 0.
Suppose that k < n is a positive integer and « is a complex number such
that (x — a)f* | f(2). If (})]an| = St (D)lai| then |of < 1. Similarly, if
n n—1 (4

(Dlanl > 30 (3)las] then |af < 1.

Proof of the lemma: It is clear first of all that o # 0. Thus the equation
B ) K =", (Daai* =0 yields

n—1 . n—1 .
n _ 2 i—n —1 k—n l
()tent = |- 2 (o] < mactal ety 32 ()l

i=k
Moreover, at least one of the numbers ay,...,a,_1 is nonzero, as a, #* 0.
Now, (¥)|as| > St (;)|a:| > 0 implies that max{|a|™!, |a[F""} > 1, giv-
ing |oo| < 1. Similarly, strict inequality (})|a,| > St (;)]a;| implies that
max{|a|™, |a|* "} > 1, ie., |a] < 1. O

Proof of Theorem 1: Suppose that e(f) > k + 1. Then there is a nonzero
complex number « such that (z — ) f(z). Suppose that both inequalities
(Man| = S0 (Dlas] and (7)|aol > 31 (1)|an—s| hold. Then Lemma 2
implies that |a| < 1.

On the other hand (z — B3)**1 | f*(z), where 3 = a~! # 0 and

ff(x)=by+bix+- -+ b2" =a, +an_1x+ -+ apz”.

Here, b; = a,,_; for : = 0,...,n. Now, by Lemma 2 and the inequality

(i) = (3ol > Z (1) = Z (1)

we obtain that |3] < 1. Hence |o| = |87!] > 1, a contradiction with |a| < 1.

In the case when (})]an| > 3050 (1)]a;] and (7)]ao] = 20 (1) ]an—s| one
obtains that |a| < 1 and |a| > 1, respectively, a contradiction again. This
completes the proof of the theorem. [
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3. POLYNOMIALS WITH INTEGER COEFFICIENTS

In conclusion, by the same, but p-adic argument, we shall give a p-adic
version of Theorem 1 for polynomials with integer coefficients.

Let p be a rational prime. For each nonzero r € Q, let v,(r) be the
exponent of p in the prime decomposition of . Put v,(0) = co. Suppose that
f(z) = ap + a1z + - - - + a,a™ € Z[zx], where apa,, # 0. Proposition 5 of [1]
implies that if there is a prime number p such that

n 7
v,(ap) < min v,(a;) and V( a)< min y( a’>
pan) < uin (o) and vy (()ou) < min () )ar).

then e(f) < k. This condition is a p-adic analogue of (2). As above, it is not
symmetric. We give a corresponding symmetric condition which implies the
same conclusion e(f) < k.

Theorem 3. Let f(z) = ap + a1z + - - - + a,a" € Z[x], where apa, # 0, and
let k < n be a positive integer. If

Vp <(Z) ao) < Milggi<n-1Yp ((;) an—i)
(6)
and yp<(2)an) < MiNggi<n-1 Vp((,i)%’) ;
then e(f) < k.

Proof: Let us define the absolute value |- |, of a rational number r as |r|, =
p~). In contrast to the usual absolute value, | - |, is called an ultrametric

absolute value. It can be extended to a number field K. (See, for instance,
Ch. 12 in [2] or Ch. 3 in [3].) It satisfies |33'|, = |5|,|5'|, and

18+ '], < max{|B],,18,},

where 3, 3" € K. (Compare with the inequality |3 + 3’| < |8] + |5'| for the
usual absolute value | - |.)

Let K be a number field containing all the roots of f(z) € Z[z]. Suppose
that e(f) > k. Then, as above, there is an a € K such that

n—1 .
n ¢ i—n
(k>an _ _; (k)aioz |
Hence

(&), <. (o] < e o)

Using |r|, = p~*"), by the second inequality of (6), we obtain that

maX{|O‘kin|pv |O‘71|p} .
p

< max
NSNS

< max
p  k<isn—l

1< max{|04kin|p> |a71|p}-
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Hence |a|, < 1. Similarly, by considering the reciprocal polynomial f*(x) =
an + Q12 + - - + apz? with the root o~ € K of multiplicity > k + 1, from
the first inequality in (6) we obtain that 1 < |a|,, a contradiction. [J

We remark that the inequalities > and > in (6) can be replaced by > and
>, respectively, with the same conclusion e(f) < k.

Finally, suppose that ag, a, and n are all odd. Then, taking p = 2, we
obtain from Theorem 3 that if the numbers a4, as, ..., a,_o are all even then
the polynomial f(z) = ag+ a1z + - - - + a,2™ € Z|x] is separable.

This research was supported in part by the Lithuanian State Studies and
Science Foundation.
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NEWMAN’S INEQUALITY FOR INCREASING
EXPONENTIAL SUMS

TAMAS ERDELYT
DEDICATED TO THE MEMORY OF GEORGE G. LORENTZ

ABSTRACT. Let A, := {Ao < A1 < -+ < Ay} be a set of real numbers.
The collection of all linear combinations of e*ot, ert . . e*t over R will
be denoted by

E(A,,) := span{e?t Mt . erntl,

Elements of F(A,,) are called exponential sums of n+1 terms. Let || f|[{q,y
denote the uniform norm of a real valued function f defined on [a,b]. We
prove the following results.

Theorem 1. Let n > 2 be an integer. Let A, :={ Ao < A1 < --- < A} be
a set of nonnegative real numbers, b € R. There is an absolute constant
c1 > 0 such that

PNl —oo) _
A 7sup <9 A,
anﬂ Pl oon %J

where the supremum is taken for all0 # P € E(A,,) increasing on (—o0, 00).

Theorem 2. Let n > 2 be an integer. Let Ay, :={Xg < A1 < -+ < A} be
a set of real numbers. Let [a,b] be a finite interval with length b —a > 0.
There are positive constants ca = ca(a,b) and c3 = cs3(a,b) depending only
on a and b such that

/ n
co | n? + Z|)\ | <sup L 17 <cs n2+Z|)\j| ,
; =

an Pllias =

where the supremum is taken for all0 # P € E(A,,) increasing on (—oo, 00).

It is expected that the factor 1/logn in the above theorems can be
dropped.

1. INTRODUCTION AND NOTATION

Throughout the paper [a, b] denotes a finite interval of length b — a > 0.
The Markov inequality asserts that

1Pl =1 < 22 [1pll-1.

2000 Mathematics Subject Classification. Primary 41A17.
Key words and phrases. Markov inequality, Newman inequality, increasing exponential
sums .
127



128 Inequalities for exponential sums

for all polynomials of degree at most n (with real coefficients). Here, and in
what follows ||f||4, denotes the uniform norm of a real valued function f
defined on |a, b].

It has been observed by Bernstein that Markov’s inequality for monotone
polynomials is not essentially better than that for all polynomials. He proved

that

12l 113 T(n+1)2,  if nisodd,

sup ———— =

p M1 i

where the supremum is taken for all polynomials 0 # p of degree at most n
that are monotone on [—1,1]. See [16, p. 607], for instance.

In his book [2] Braess writes “The rational functions and exponential sums
belong to those concrete families of functions which are the most frequently
used in nonlinear approximation theory. The starting point of consideration
of exponential sums is an approximation problem often encountered for the
analysis of decay processes in natural sciences. A given empirical function on
a real interval is to be approximated by sums of the form

n
Z a; it ’

j=1

n(n+2), if n is even,

where the parameters a; and \; are to be determined, while n is fixed.”
Let

En = {fﬁf(t):ao—f—zaje)\jt, aj>)\j GR}
j=1

So FE, is the collection of all n + 1 term exponential sums with constant first
term. Schmidt [17] proved that there is a constant ¢(n) depending only on n
so that

1f lliars.0-01 < €m0 || flfa,e
for every f € E, and 6 € (0,3(b—a)). The main result, Theorem 3.2, of [5]
shows that Schmidt’s inequality holds with ¢(n) = 2n — 1. That is,

! 2n — 1
sp LWL ) 1)
o£fbq | flllwy — min{y —a,b—y}
In this Bernstein-type inequality even the point-wise factor is sharp up to a
multiplicative absolute constant; the inequality

/

L -l < sup LW
e—1min{y —a,b—y} = ozrer, || fl

is established by Theorem 3.3 in [5].
Bernstein-type inequalities play a central role in approximation theory via
a machinery developed by Bernstein, which turns Bernstein-type inequali-
ties into inverse theorems of approximation. See, for example, the books by
Lorentz [14] and by DeVore and Lorentz [9]. From (1) one can deduce in a

y € (a,b),

]
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standard fashion that if there is a sequence (f,,)5°; of exponential sums with
fn € E, that approximates g on an interval [a, b] uniformly with errors

lg — fn = O(n_m(logn)_Q) , n=23, ...,

where m € N is a fixed integer, then g is m times continuously differentiable
n (a,b). Let P, be the collection of all polynomials of degree at most n with
real coefficients. Inequality (1) can be extended to E,, replaced by

N
{f f(t) —ao+ZP t)eMt, ijGij,Z(mj+1)§n},

j=1

where ap, \; € R. In fact, it is well-known that E, is the uniform closure
of F, on any finite subinterval of the real number line. For a real valued
function f defined on a set A let

[ lla o= Wl zoen = [ f L) == Sup [f ()],

and let

1/p
s = 1l = (/ |f<x>|pdx> s,

whenever the Lebesgue integral exists.

In this paper we make an effort to show that Newman’s inequality (Theorem
2.1) for exponential sums on (—o0, b] and its extension to finite intervals [a, b]
(the case p = oo in Theorem 2.3) remain essentially sharp even if we consider
only increasing exponential sums on the real number line.

2. SOME RECENT RESULTS

Let A, :={Ao < A1 < --- < A} be a set of real numbers. The collection
of all linear combinations of e*f, e*? ... e*! over R will be denoted by

E(A,,) := span{e? et . M)

Elements of E(A,) are called exponential sums of n + 1 terms. Newman’s
inequality (see [3] and [15]) is an essentially sharp Markov-type inequality for
E(A,) on (—o00,0] in the case when each \; is nonnegative.

Theorem 2.1. (Newman’s Inequality) Let A, == { Ao < A1 < --- < A\, } be a
set of nonnegative real numbers. Let b € R. We have

2 - H —00,b
52)\3- < sup ||P|| 07 (ool 92)\
j=0

0£PEE(A) —00,b]

An L, version of this is established in [3], [6], [8], and [10].
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Theorem 2.2. Let A, :={ Ao < A\ < -+ < A\, } be a set of nonnegative real
numbers. Let 1 < p <oo. Letb e R. Then

1P| (—c0) < 9 (Z Aa‘) 1P|y (—c0.)
=0

for every P € E(A,,).

Note that in the above theorems the case b = 0 represents the general case.
This can be seen by the substitution u =t — b.

The following L,[a,b] (1 < p < oo) analogue of Theorem 2.2 has been
established in [1].

Theorem 2.3. Let n > 1 be an integer. Let Ay, :={ )Xo < A\ < -+ < A\, } be a
set of real numbers. Let 1 < p < co. There is a positive constant cy = c4(a,b)
depending only on a and b such that

12"l 2, o ) N
sup ————<c¢|n +Z|)\j| :
=0

0£PcE(Ay) ||P||Lp[a,b}

Theorem 2.3 was proved earlier in [4] and [10] under the additional assump-
tions that A\; > Jj for each j with a constant § > 0 and with ¢4 = c4(a,b)
replaced by ¢y = c4(a,b,d) depending only on a, b, and 6. The novelty of
Theorem 2.3 was the fact that A, := {\g < A\; <+ < A, } is an arbitrary set
of real numbers, not even the nonnegativity of the exponents A; is needed.

In [11] the following Nikolskii-Markov type inequality has been proved for
E(A,) on (—o0,0].

Theorem 2.4. Suppose 0 < ¢ <p <oo. Let A, :={Xg <A\ < --- < A\, } be
a set of nonnegative real numbers. Let ji be a nonnegative integer. Let b € R.
There are constants cs = cs(p,q, ) > 0 and cg = cg(p,q, 1) > 0 depending
only on p, q, and p such that

ptlo1

n lH%_% ||P ||L( 4 q p
o(Sn) e e (Ma)
j=1

0£PEE(An)

where the lower bound holds for all 0 < g < p < o0 and for all p > 0, while
the upper bound holds when p = 0 and 0 < ¢ < p < 00, and when pu > 1,
p>1,and 0 < g < p < oo. Also, there are constants cs5 = c5(q, ) > 0 and
ce = c6(q, 1) > 0 depending only on q and p such that

n ;H—% +%
Z A < sup |P( My <c Z Aj
Cy ] Ce

i ! 0£PeE(A H‘PHLq( 00,y]
holds for every y € R.

Motivated by a question of Michel Weber (Strasbourg) in [13] we proved
the following couple of theorems.
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Theorem 2.5. Let A, :== {\g < Ay < -+ < A\,} be a set of real numbers.
Suppose 0 < q < p < oo. There are constants c; = cz(p,q,a,b) > 0 and
cs = cs(p, q,a,b) > 0 depending only on p, q, a, and b such that

1_1 1_1

n q p P “ n q p

cr <n2+ > !M) < sup 7”]3””[ <o <n2+ > W!) .
) — L [avb] N
J=1 a j=1

0£PEE(An)

Theorem 2.6. Let A, :== {Xo < A1 < --- < A\, } be a set of real numbers.
Suppose 0 < q < p < oo. There are constants cg = co(p,q,a,b) > 0 and
c10 = ¢c10(p, q,a,b) > 0 depending only on p, q, a, and b such that

S 17| A
Co <n2+ZP\j\> <  sup WLP[M <c (”2+Z|>\j|> ,
=1 Lga,b] =1

0£PEE(My,)

Q=
hSE

where the lower bound holds for all 0 < q < p < oo, while the upper bound
holds when p>1 and 0 < ¢ < p < .

The lower bounds in these inequalities were shown by a method with the
Pinkus-Smith Improvement Theorem in the centre. We formulate the useful
lemmas applied in the proofs of these lower bounds. To emphasize the power
of the technique of interpolation, we present the short proofs of these lemmas,
versions of which will be used in the proofs of our new results. We also note
that essentially sharp Bernstein-type inequalities for linear combinations of
shifted Gaussians are proved in [12].

In fact, a closer look at the proof of Theorems 2.5 and 2.6 presented in [13]
gives the following results.

Theorem 2.5%. Suppose 0 < A\g < A\ < -+ < A\, 0 < g < 00. There are
constants ¢z = c7(q,a,b) > 0 and cg = cg(q,a,b) > 0 such that

1 1

n q n q

2 |P(b)] 2

cr n+g Aj < sup 7<08 n+§ Aj
( = j) 0£PeB(An) || PllLya, =t ’

Theorem 2.5%*. Suppose \g < \; < --- < X, <0, 0< g < oo. There are
constants c; = cz(q,a,b) > 0 and cg = cs(q,a,b) > 0 such that

1
2\ ' _|P(a)|
cr | n”+ Al | < sup <c n? + Aj
( 2 ) TPTre = Z’ 1)

Theorem 2.6*. Suppose 0 < A\g < A\ < -+ < A\, 0 < ¢ < o0. There are
constants cg = co(q,a,b) > 0 and c19 = c10(q, a,b) > 0 such that

n 1++ 1+
! P
Cg <n2 -+ Z)\J> S sup |||P||£ )‘ < C10 <TL + Z ’)\ |>
j=1

0£PEE(A

1
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Theorem 2.6**. Suppose \g < Ay < --- < A, <0,0< g < oo. There are
constants co = co(q,a,b) > 0 and c19 = c10(q, a,b) > 0 such that

1

n q P
CQ(n2+Z|Aj|) < swp ”'P||<[>‘]<cm(n+2m)
j=1 Lgla,b

0#£PcE(Ay)

3. NEw RESULTS

We make an effort to show that Newman’s inequality (Theorem 2.1) on
(—o0, b] and its extension to finite intervals [a, b] with length b —a > 0 (the
case p = oo in Theorem 2.3) remain essentially sharp even if we consider only
increasing exponential sums on the real number line.

Theorem 3.1. Let n > 2 be an integer. Let A, := { g < A1 < -+ < A\, } be
a set of positive real numbers, b € R. There is an absolute constant ¢; > 0

such that
|| oob]
A <9 A
g > 1= PPl en ||P||<_ Z &

7=0

where the supremum is taken for all 0 # P € E(An) increasing on (—00, 00).

Theorem 3.2. Let n > 2 be an integer. Let A, :={ o <A\ < -+ < A\,} be a
set of real numbers. There are positive constants co = co(a,b) and c3 = c3(a,b)
depending only on a and b such that

RN I '||[ab]
& <n2 + oen Z \Aﬂ) < sup 1Pl n? + Z\)\ ]

where the supremum is taken for all 0 # P € E(An) increasing on (—o00, 00).

It is expected that the factor 1/logn in the above theorems can be dropped.

4. LEMMAS

Let ¢ € (0,00] and let w be a not identically zero continuous function
defined on [a,b]. Our first lemma can be proved by a simple compactness
argument and may be viewed as a simple exercise.

Lemma 4.1. Let A, := {0g < §; < --- < 0,} be a set of real numbers. Let
c € [b,00). There exists a 0 £ T € E(A,) such that

@ P
- P )
[T Lyt orper@an) [Pw]lLyat
and there exists a 0 # S € E(A,) such that
S’ P’
Sl _ L, P

|Sw|L,fap  oxper@an 1PW]L ey
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Our next lemma is an essential tool in proving our key lemmas, Lemmas
4.3 and 4.4.

Lemma 4.2. Let A, := {0 < 01 < -+ < d,} be a set of real numbers. Let
c € (b,00). Let T and S be the same as in Lemma 4.1. Then T has exactly
n zeros in [a,b], counted with multiplicity. Under the additional assumption
0, >0, S also has exactly n zeros in [a,b], counted with multiplicity.

The heart of the proof of our theorems is the following pair of comparison
lemmas. The proof of the next couple of lemmas is based on basic properties
of Descartes systems, in particular on Descartes’ Rule of Signs, and on a
technique used earlier by P.W. Smith and Pinkus. Lorentz ascribes this result
to Pinkus, although it was P.W. Smith [18] who published it. I have learned
about the method of proof of these lemmas from Peter Borwein, who also
ascribes it to Pinkus. This is the proof we present here. Section 3.2 of [3],
for instance, gives an introduction to Descartes systems. Descartes’ Rule of
Signs is stated and proved on page 102 of [3].

Lemma 4.3. Let A, == {0g< 01 < - <} and T, :i={yo<n< - <}
be sets of real numbers satisfying 6; < «y; for each j = 0,1,...,n. Let c €
[b,00). We have

(POl _ [ P(c)]
sup @ ———— < —_
02PeB(A) 1P| Ly ~ 0xperm,) 1PW|| L0
Under the additional assumption 6, > 0 we also have
P’ P’
PO P
0£PCE(AR) ||Pw||Lq[a,b} 0£P€E(Ty,) ||Pw||Lq[a,b]
In addition, the above inequalities hold if the supremums are taken over all

nonnegative not identically zero P € E(A,,) and P € E(T',,), respectively.

The result below follows from Lemma 4.3 by a standard compactness ar-
gument.

Lemma 4.3*. The statements of Lemma 4.3 remain valid if 6g > 0, the in-
terval [a, b is replaced by (—o0, b, and w is a not identically zero, continuous,
and bounded function on (—o0, b|.

Lemma 4.4. Let A, == {0g< 01 < - <} and T, :i={yo<mn<- <}
be sets of real numbers satisfying 6; < «y; for each j = 0,1,...,n. Let c €
(—o0,a]. We have

[P(c)l [P ()l
sup @ ———— > el
0£PeE(an) [P0l o0 — oxpenma) ([P0 Lo
Under the additional assumption vy < 0 we also have
/ /
RN 2 R [ 75)

0£PeB(An) QW] Lyt — 0zperm,) QWL jap
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In addition, the above inequalities hold if the supremums are taken over all
nonnegative not identically zero P € E(A,,) and P € E(T',,), respectively.

The result below follows from Lemma 4.4 by a standard compactness ar-
gument.

Lemma 4.4%. The statements of Lemma 4.4 remain valid if v, < 0, the
interval [a, b] is replaced by [a, 00), and w is a not identically zero, continuous,
and bounded function on [a,0).

5. PROOFS OF THE LEMMAS

Proof of Lemma 4.1. Since A, is fixed, the proof is a standard compactness
argument. We omit the details. ]

To prove Lemma 4.2 we need the following two facts:

(a) every 0 # f € E(A,) has at most n real zeros, counted with multiplic-
ity;

(b) if t; <ty < --+ < t,, are real numbers and ki, ko, . .., k,,, are positive
integers such that 37", k; = n, then there is a 0 # f € E(A,) having a zero
at t; with multiplicity k; for each j =1,2,...,m.

Proof of Lemma 4.2. We prove the statement for T first. Suppose to the
contrary that ¢; < ¢t < --- < t,, are real numbers in [a, b] such that t; is a
zero of T' with multiplicity k; for each j =1,2,...,m, k= Z;n:l k; < n,and
T has no other zeros in [a, b] different from ty,¢s,...,t,,. Let t,,11 := ¢ and
km+1:=n—Fk > 1. Choose 0 # R € E(A,) such that R has a zero at ¢; with
multiplicity k; for each j = 1,2,...,m + 1, and normalize so that 7'(t) and
R(t) have the same sign at every ¢t € [a,b]. Let T, := T — ¢R. Note that T
and R are of the form
TW)=TW)[[t—t)% and  R(t)=RE)[[-t)",

Jj=1 Jj=1

where both T and R are continuous functions on [a,b] having no zeros on
la,b]. Hence, if ¢ > 0 is sufficiently small, then |T.(¢)| < |T'(t)| at every
t e [a,b] \ {tl,tg, ce ,tm}, SO

|Tew]| Loy < 1TW| L0 -

This, together with T.(c) = T(c), contradicts the maximality of 7.

Now we prove the statement for S. Without loss of generality we may
assume that S’(c¢) > 0. Suppose to the contrary that t; < t5 < --- < t,, are
real numbers in [a, b] such that t; is a zero of S with multiplicity k; for each
j=1,2,...,m, k:= Z;n:l k;j < n, and S has no other zeros in [a, b] different
from tq,ts,...,t,,. Choose

0 # Q € span{e’n—rt ehn-rrit il B(A,)
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such that () has a zero at t; with multiplicity k; for each j =1,2,...,m, and
normalize so that S(¢) and Q(t) have the same sign at every t € [a,b]. Note
that S and @) are of the form

m m
(t — 25 and (t — t
le j=1

where both S and @ are continuous functions on [a, ] having no zeros on
la,b]. Let t;,41 := cand k11 := 1. Choose

0 # R € span{edn—r-1t okl il B(A,)

such that R has a zero at ¢; with multiplicity k; for each j =1,2,... ,m+1,
and normalize so that S(¢) and R(t) have the same sign at every t € [a, b].
Note that S and R are of the form

Ht—t and ﬁt—t
Jj=1 j=1

where both S and R are continuous functions on la, b] having no zeros on
[a,b]. It can be easily seen that d,, > 0 implies that Q'(¢) does not vanish
on (tm,o0) (divide by e’ and then use Rolle’s Theorem). Similarly, since
dp, > 0, it is easy to see that if @’ is positive on (¢,,,00), then R’ is negative
on (¢,00). Hence Q'(c)R'(c) < 0, so the sign of @)'(c) is different from the
sign of R'(c). Let U := Q if Q'(¢) < 0 and let U := R if R'(c) < 0. Let
S.:= S5 —¢€U. Hence, if € > 0 is sufficiently small, we have |S.(t)| < |T(t)] at
every t € [a,b] \ {t1,t2,...,tn}, so

[SewllLyfat) < 15wl Lyfasy
This, together with S.(c) > S’(¢) > 0, contradicts the maximality of S. [

Proof of Lemma 4.3. We begin with the first inequality. We may assume that
a < b < c. The general case when a < b < ¢ follows by a standard continuity
argument. Let k € {0,1,...,n} be fixed and let

Yo <Y1 << Yn, v =05, JFk, and Ok < Vi < Op+1

(let 0,41 = o00). To prove the lemma it is sufficient to study the above
cases since the general case follows from this by a finite number of pairwise
comparisons. By Lemmas 4.1 and 4.2, there exists 0 # T' € E(A,,) such that

Tl _ o, PO
||Tw||Lq[a,b] 0£PcE(Ay) ||Pw||Lq[a,b] 7

where T' has exactly n zeros in [a, b], counted with multiplicity. Denote the
distinct zeros of T in [a,b] by t; <ty < --- < t,,, where t; is a zero of T" with
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multiplicity k; for each j = 1,2,...,m, and Z;nﬂ k; = n. Then T has no

other zeros in R different from ¢y, ts,...,t,,. Let
n
T(t) =: Zaje5jt, a; € R.
5=0

Without loss of generality we may assume that 7'(¢) > 0. Now T'(t) > 0 for
every t > ¢, otherwise, in addition to its n zeros in [a, b] (counted with multi-
plicity), 7" would have at least one more zero in (¢, 00), which is impossible.
Hence

a, := lim T(t)e_‘;”t >0.

t—o00
Since E(A,,) is the span of a Descartes system on (—o0,c0), it follows from
Descartes’ Rule of Signs that

(=1)"7a; >0, j=0,1,...,n.
So, in particular, a, > 0. Choose R € E(I',,) of the form

R(t) =) bjen', b eR,
j=0

so that R has a zero at each ¢; with multiplicity k; for each j = 1,2,...,m, and
normalize so that R(c) = T'(¢)(> 0) (this R € E(I,) is uniquely determined).
Similarly to a, > 0 we have b, > 0. Since E(I',) is the span of a Descartes
system on (—o00, 00), Descartes” Rule of Signs yields,

(=1)"7b; >0, j=0,1,...,n.
So, in particular, b, > 0. We have

(T — R)(t) = ape’™" — bpe™ + )~ (a; — b;)e" .

ik
Since T'— R has altogether at least n+1 zeros at t1,ts, ..., t,y, and ¢ (counted
with multiplicity), it does not have any zero on R different from ¢, o, ..., ¢,

and c. Since

661t eékt7 evkt, 66k+1t7 .

5 g e ey . ey

(eéot eént>

is a Descartes system on (—oo, 00), Descartes’ Rule of Signs implies that the
sequence

(a0 —bo, a1 —br, ..oy ap—1 — b1, ax, —br, agp1 —bryr, ooy an—by)
strictly alternates in sign. Since (—1)"*q;, > 0, this implies that a,, — b, < 0
if k <n,and —b, <0if Kk =n, so

(T'-R)(t) <0, t>c.
This can be seen by dividing the left hand side by e™! and taking the limit

as t — oo. Since each of T', R, and T'— R has a zero at ¢; with multiplicity
kjforeach j =1,2,...,m; 2;”:1 k; =n, and T — R has a sign change (a zero
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with multiplicity 1) at ¢, we can deduce that each of T', R, and T"— R has

the same sign on each of the intervals (¢;,¢,41) for every j =0, 1,...,m with
to := —oo and t,,4+1 := ¢. Hence |R(t)| < |T'(t)| holds for all ¢ € [a,b] C |a, ]
with strict inequality at every t different from tq,%s,...,t,. Combining this
with R(c) = T'(c), we obtain
(ROl o T _ [P(c)]
I1RW| L) — 1TWlLat)  oxperan 1PW|Lyay

Since R € E(T',,), the first conclusion of the lemma follows from this.

Now we start the proof of the second inequality of the lemma. Although
it is quite similar to that of the first inequality, we present the details. We
may assume that a < b < ¢ and 9, > 0. The general case when a < b < ¢
and 9,, > 0 follows by a standard continuity argument. Let k € {0,1,...,n}
be fixed and let

Yo <Y1 <<V, ’Yj:(sj, J#Fk, and Ok < Vi < Op41

(let 8,41 := o0). To prove the lemma it is sufficient to study the above
cases since the general case follows from this by a finite number of pairwise
comparisons. By Lemmas 4.1 and 4.2, there exists 0 # S € F(A,) such that

1S _ [P (c)]

1Sw|| L0t oxreran [PwlLab

where S has exactly n zeros in [a, b, counted with multiplicity. Denote the
distinct zeros of S'in [a,b] by t; <ty < --- < t,,,, where ; is a zero of S with
multiplicity k; for each j = 1,2,...,m, and Z;n:l k;j = n. Then S has no
other zeros in R different from ¢,%,,...,¢,,. Let

n

S(t) =: Zaje‘sjt, a; €R.

3=0

Without loss of generality we may assume that S(¢) > 0. Since §,, > 0, we
have lim;_,, S(t) = 0o, otherwise, in addition to its n zeros in (a,b), S would
have at least one more zero in (¢, c0), which is impossible.

Because of the extremal property of S, S’(¢) # 0. We show that S’(c) > 0.
To see this observe that Rolle’s Theorem implies that S” € E(A,,) has at least
n—1 zeros in [ty, t,,] (counted with multiplicity). If S’(¢) < 0, then S(t,,) =0
and lim;_,., S(t) = oo imply that S’ has at least 2 more zeros in (¢,,, 00). Thus
S’(¢) < 0 would imply that S” has at least n + 1 zeros in [a, 00), which is
impossible. Hence S’(c) > 0, indeed. Also a, = lim;_,, S(t)e " > 0.
Since E(A,) is the span of a Descartes system on (—o00.00), it follows from
Descartes’ Rule of Signs that

(=1)"7a; >0, j=0,1,...,n.
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So, in particular, a, > 0. Choose R € F(I,) of the form
R(t) :ije'”t, bj ER,
=0

so that R has a zero at each t; with multiplicity k; for each j = 1,2,...,m, and
normalize so that R(c) = S(c)(> 0) (this R € E(T',,) is uniquely determined).
Similarly to a, > 0 we have b, > 0. Since E(I',) is the span of a Descartes
system on [a, b], Descartes’ Rule of Signs implies that

(=1)"7b; >0, j=0,1,...,n.

So, in particular, b, > 0. We have

(S — R)(t) = ape® ' — e + Z (aj — b;)e’t.
=0

ik
Since S — R has altogether at least n+ 1 zeros at ty, to, .. ., ¢y, and ¢ (counted
with multiplicity), it does not have any zero on R different from t1, s, ..., t,,
and c. Since

(e‘sot, et .. Okt ekt ket eént)

is a Descartes system on (—oo, c0), Descartes’ Rule of Signs implies that the
sequence

(ao —bo, a1 —b1, ..., ag-1—br_1, ar, —bk, a1 —bry1, .., an— bn)
strictly alternates in sign. Since (—1)"*a; > 0, this implies that a, — b, < 0
if k<nand —b, <0if £k =n, so

(S—R)(t) <0, t>c.
Since each of S, R, and S — R has a zero at t; with multiplicity %; for each
j=12....m; Z;n:l kj = n, and S — R has a sign change (a zero with
multiplicity 1) at ¢, we can deduce that each of S, R, and S — R has the same

sign on each of the intervals (t;,t;41) for every j =0,1,..., m with ¢, := —o0
and t,,41 = c¢. Hence |R(t)| < |S(t)] holds for all t € [a,b] C |a,c| with
strict inequality at every t different from t¢4,%,,...,%,,. Combining this with
0 < S'(c) < R'(c) (recall that R(c) = S(c¢) > 0), we obtain
(Rl o 1Sl _ [P'(c)]
R ||Lya) — ISWLyMap)  0zPeran) IPW] Lyfa

Since R € E(I',), the second conclusion of the lemma follows from this.
The proof of the last statement of the lemma is very similar. We omit the
details. UJ

Proof of Lemma 4.4. The lemma follows from Lemma 4.3 by the substitution
u = —t. L
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6. PROOFS OF THE THEOREMS

Proof of Theorem 3.1. In the light of Theorem 2.1 we need to prove only the
lower bound. Moreover, it is sufficient to prove only that for every a < b
there exists 0 # @ € E(A,,) increasing on (—oo, 00) such that

Q0 o s~

Q@) — logn <=

with an absolute constant ¢; > 0, and the lower bound of the theorem follows
by a standard compactness argument. Let

n

1
A= 310gnz>\j'

§=0
Then there exists k € {0,1,...,n} such that
A
N > ——— .
P k1
Let € >0, m:= | E],
5 —)\ + je ) =0,1
J 2(n—k:—|—1) JE, J ) L )

Let A,, = {’(SVQV< S << Sm} By Theorem 2.4 there exists
0+# R,, € E(A,,) such that

Ro® L Ra® (z’”:g>/

[ Ronllzafat) — 1Rl Lo(—co) =
/2
(m+DX " _ ¢
> - > =\ /2 .
= (2(n—k+1) =

Moreover, by Lemma 4.2 we may assume that R,, has m zeros in [a, b]. Now
let

_ A
n—k+1

A2m12{50<51<"'<5gm} and Fgmiz{’)/0<’)/1<"'<’)/2m}.
Then

Vi = Ajtk and 0 1= + je, 7=0,1,...,2m,

Pgm — RTQH € E(Agm)

is nonnegative on (—oo, 00) having 2m zeros in (—oo, b], counted with multi-
plicity. Now, by Lemma 4.3* (if ¢ > 0 is sufficiently small, then the assump-
tions are satisfied), there exists 0 # Qom € E(I'y,) C E(A,,) such that
2 2
|Qam (D)] > | Pom (D) _ |Rm2(b)| > C_5)\.
||Q2m||L1(—00,b] ||P2m||L1(—00,b] ||Rm||L2(_oo,b] 4
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Now let Sy, € E(I'y,) C E(A,,) be defined by

S / Qo)

Then Sy, is increasing on (—oo, c0) and

Sia® L 1S B] L jQu®] &
||SQmH[a,b} HS2mH(—oob ||Q2m||L1( 00,b] 4
Note that the constant c¢Z/4 above is absolute and as such it is independent

of a as well. Hence the standard compactness argument in the beginning of
the proof can be implemented. [

Proof of Theorem 3.2. The upper bound of the theorem follows from Theo-
rem 2.5. Now we turn to the proof of the lower bound. Assume that

A <A< <A <0< a1 < Apaa < --- < Ay
We distinguish four cases.

Case 1: 320 1|1\ > 5220 |A| = n®logn. In this case the lower bound
of Theorem 3.1 gives the lower bound of the theorem.
Case 2: 3770 IN| > 5377 oI\j] > n*logn. In this case the lower bound
of Theorem 3.1 gives the lower bound of the theorem after the substitution
u = —t.
Case 3: %Z?:o |\;| < n?logn and m < n/2. Let k = |n/4] — 1. Without
loss of generality we may assume that n > 8, hence k > 1. Let
Ak22{60<51<"'<5k}, 5jI:j€, ]:0,1,,l€
By Theorem 2.5* there exists 0 # Ry, € E(Ag) such that
Ry (b

ILC B

| Bkl 120

Moreover, by Lemma 4.2 we may assume that Ry, has k zeros in [a, b]. Now
let

Azk::{50<51<"'<52k}, (SjZ:jg, 7=0,1,...,2k,
and

Pop := {70 <m <+ <y} = { ok < Apapr < - < Ayt
Then
Py, = R} € E(Ag)
is nonnegative on (—oo, 00) and has 2k zeros in [a, b], counted with multiplic-

ity. Now, by Lemma 4.3* (if £ > 0 is sufficiently small, then the assumptions
are satisfied), there exists 0 # Qq € F(I'a) C E(A,,) such that

QD) [P (D) RO 2 o

= > cn

|1QokllLifarr — [Porllcaer  [1BRNZ, 0y
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Now let Sy, € E(I'y) C E(A,,) be defined by

Sor( / Qax(t)

Then Sy is increasing on (—oo, 00) and

S50 1@u(0)]

> > c2n?.
192 llfa) = 1Qokllsfay ~
Case 4: %Z?:o |\;| < n*logn and m > n/2. The proof follows from that in
Case 3 by the substitution u = —t. O
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ON PRIMITIVE DIVISORS OF n?+b
GRAHAM EVEREST AND GLYN HARMAN

ABSTRACT. We study primitive divisors of terms of the sequence n? + b,
for a fixed integer b that is not a negative square. It seems likely that
the number of terms with a primitive divisor has a natural density. This
seems to be a difficult problem. We survey some results about divisors of
this sequence as well as provide upper and lower growth estimates for the
number of terms which have a primitive divisor.

1. PRIMITIVE PRIME DIVISORS

Given b, an integer that is not a negative square, consider the integer
sequence with nth term P, = n? + b. It seems likely that infinitely many of
the terms are prime but a proof seems elusive. Perhaps this mirrors the status
of the Mersenne Prime Conjecture, which predicts that the sequence with nth
term M, = 2™ — 1 contains infinitely many prime terms. At least with the
Mersenne sequence, an old result shows that new primes are produced in a
less restrictive sense.

Definition 1.1. Let (A,) denote a sequence with integer terms. We say an
integer d > 1 is a primitive divisor of A, if

(1) d| A, and

(2) ged(d, Ay) = 1 for all non-zero terms A,, with m < n.

In 1886 Bang [2] showed that if @ is any fixed integer with @ > 1 then the
sequence with nth term @™ — 1 has a primitive divisor for any index n > 6.
This is remarkable because the number 6 is uniform across all a and it is
small. Before we say any more about polynomials, a short survey follows
indicating the incredible influence of Bang’s Theorem.

1.1. Primitive divisor theorems. In 1892 Zsigmondy obtained the gen-
eralization that for any choice of coprime a and b with a > b > 0, the
term a™ — b™ has a primitive divisor for any index n > 6. This lovely result
was rediscovered several times in the early 20th century and it has turned
out to be widely applicable. For example, the order of the group GL,(F,)
has a primitive divisor for all large n, so Sylow’s Theorem can be invoked

2000 Mathematics Subject Classification. 11A41, 11B32, 11N36.

Key words and phrases. Prime, primitive divisor, quadratic polynomial.
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to deduce information about the structure of the group. See [22] and the
references therein where applications to Group Theory are discussed.

The next major theoretical advance was made by Carmichael. Let v and v
denote conjugate quadratic integers; in other words, zeros of a monic irre-

ducible polynomial with integer coefficients. Consider the Lucas sequence
defined by

Up=(u"—v")/(u—wv).

The Fibonacci sequence (F,) arises by taking the roots of the polynomial
2? —r — 1. Carmichael [5] showed that if u and v are real then U, has a
primitive divisor for n > 12. This is a sharp result because F}5 does not
have a primitive divisor. Less is currently known about the corresponding
Lehmer-Pierce sequence

Vo=("—1)(v"=1).

Kélman Gyéry pointed out to the first author that if uv = 1 then V), has
a primitive divisor for all n beyond some bound; if uv = —1 on the other
hand, then V5, does not have a primitive divisor if £ is odd, because of the
identity Vo, = —V;2. In fact, when uv = 1, the bound mentioned is uniform.
Gyory’s second observation is germane to this paper: when uv = —1, the set
of terms with a primitive divisor has natural density equal to 2 (see Theorem
1.2 and Conjecture 1.5). At the conference, Richard Pinch remarked that
certain Lehmer-Pierce sequences count orders of groups: this time the groups
are E(IF,»), where E denotes an elliptic curve.

Bilu, Hanrot and Voutier [4] used powerful methods from Diophantine
analysis to prove, in the general case, that U, has a primitive divisor for
any n > 30. Again this is a sharp result as the sequence generated by the
polynomial z? — x + 2 illustrates. Finally, Silverman [25] obtained a primi-
tive divisor theorem for Elliptic Divisibility Sequences and a uniform version
appears in [11] for a certain class of sequences.

1.2. Primitive divisors of n? + b.

Theorem 1.2. Infinitely many terms of the sequence n? + b do not have a
primitive divisor.

The proof of Theorem 1.2 follows very easily from [23] and will be discussed
shortly. Schinzel’s proof can be used to construct only a very thin set of terms
with no primitive divisor. Dartyge [7] has improved Schinzel’s result for n*+1
(and in principle the method works for n? + b also). The aim of this paper is
to obtain a better grasp on the set of terms with no primitive divisor. We will
also consider whether the set of indices n for which P, has a primitive divisor
has a natural density. Apparently this lies quite deep. For other interesting
approaches to the study of divisors of quadratic integral polynomials; consult
[7], 19], [10], [16], [20], [21] and [27]. For higher order polynomials see [8].
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1.3. The greatest prime factor. Let P*(m) denote the greatest prime
factor of the integer m > 1. There is a wealth of literature about P+ (n? + b)
concerned with the fact that P*(n? +b) — oo as n — oo, see [24, Chapter
7]. In a slightly different direction, Luca [19] has recently revived an old
method of Lehmer’s [18] to show that, given B, the set of indices for which
PT(n? +1) < B is efficiently computable. Carmichael’s result mentioned
earlier for Lucas sequences plays a key role. Luca illustrates the method by
showing that when B = 101, n < 24208144.

The following is an easy proposition, see [6] or [12], which relates PT(n?+b)
to the existence of a primitive divisor.

Proposition 1.3. For all n > |b|, the term P, = n® + b has a primitive
divisor if and only if PT(n? + ) > 2n. For all n > |b|, if P, has a primitive
divisor then that primitive divisor is a prime and it is unique.

Proof of Theorem 1.2. Results of Schinzel [23, Theorem 13| show that for
any a > 0, P*(n? +b) is bounded above by n® for infinitely many n. Taking
o= %, Proposition 1.3 shows that P, = n?+b fails to have a primitive divisor
infinitely often. 0J

Given x > 1, Schinzel’s method constructs fewer than log x terms P, with

n < z having no primitive divisor. For v > 33, Dartyge [7] showed that

[{{n<z:PT(n*+1) <2} > .

It should be noted that the implied constant is very small, involving a term
2797 where § “est extrément petit” [7, p.3 line 10]. In this paper we prove
the following, which provides good upper and lower estimates for the number
of terms with a primitive divisor.

Theorem 1.4. Supposing —b is not an integer square, define
py(x) = ’{n <z :n*+b has a primitive divisor }| :
For all sufficiently large x we have

pu()

0.5324 < < 0.905.

1.4. Natural density. Integers m with the property P*(m) > 2,/m were
studied by Chowla and Todd [6]. They proved that the set of these numbers
has natural density log2. Perhaps this suggests the following:

Conjecture 1.5. If —b is not an integer square then p,(z) ~ zlog 2.

With the availability and power of modern computers, one would usually
resort to some computational evidence in support of such a conjecture. The
authors of [12] looked for such evidence. Whilst they found nothing to clearly
contradict the conjecture, neither did they find overwhelming evidence to
support it. The problem is that the convergence to the natural density is
very slow.
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The reason for this might best be explained as follows. Chowla and Todd’s
proof uses Mertens’ Theorem about the asymptotic formula for the sum of
inverse primes:

1
Z—zloglogx+0+0< >
D log x

The main term of this formula grows very slowly and the error term shrinks
very slowly as well. Perhaps, somehow, this lies behind the extremely slow
convergence to the natural density of terms with primitive divisor, as in Con-
jecture 1.5. In addition, the arithmetical nature of the sequence n?+b plays a
significant role when discussing its very large prime divisors (see (11) below)
and this will affect what happens for ‘small’ . Our paper concludes with
an explanation as to why we are not holding our breath about a proof of
Conjecture 1.5.

2. SIMPLE BOUNDS

The article [12] gives some simple estimates for py(z) which are sketched
below. These are recalled here as a way in to the harder methods. The
first bound in (1) counts indices which produce no primitive divisor. It is
much better than the bound obtained from [23] but the set of indices still
has density zero and perhaps indicates the limit of elementary methods. The
second bound in (1) is very easy but already gives a good estimate for the
density of terms with a primitive divisor if it exists.

Theorem 2.1. For all sufficiently large x,

Lz — py(x) and 3z — py(z) <

(1)

log = logx

The proofs use little apart from well-known estimates for sums over primes,
which can be found in the book of Apostol [1]. Both begin with an old idea of
Chebyshev which is used frequently as the starting point of investigating the
greatest prime factor of certain sequences (see [17, Chapter 2] for example).

Apart from a finite number of primes, any prime p that divides n? + b has
the property that —b is a quadratic residue modulo p. Let R denote the set
of odd primes for which —b is a quadratic residue; notice that R comprises
the intersection of a finite union of arithmetic progressions with the set of
primes. Write

n=1

and denote by w(Q,) the number of prime divisors of Q.. By Proposition 1.3
it is sufficient to bound w(Q,) because, with finitely many exceptions, a
primitive divisor is unique.
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2.1. Sketch proof of Theorem 2.1. Define
S={peR:plQ.,,p<2z}and &' ={peR:plQ.,p> 2z}

Let s = |S| and s’ = |S’|. We seek bounds for s+ s'. By Dirichlet’s Theorem
on primes in arithmetic progression it is sufficient to estimate s’. Following
Chebyshev’s method, use Stirling’s Formula to obtain

Zeplogpzlong =2zxlogx + O(x), (2)
P|Qa

where the left-hand side corresponds to the prime decomposition of @), for
positive integers e,. The sum on the left-hand side of (2) decomposes accord-
ing to the definitions of S and &’ to give

D eylogp+ Y logp =1log Q. , (3)
pES peS’

noting that e, = 1 whenever p > 2x. It is easy to show that

Zeplogp:xlogx—{—()(:v). (4)
PES
Combining (2), (3) and (4) gives
zlogx 4+ O(x) = Zlogp. (5)
peS’

The right hand side is bounded above by s’log(z?+ 1) yielding a lower bound
for &'
The second bound in (1) arises similarly using a finer partition of the set S’.
For K > 2, define:
T = {peR:plQs2x <p< Kz},
U = {peR|plQs Kz <p}.

Write ¢t = |7| and u = |U|; we seek an upper bound for the expression ¢ + w.
Using the definitions of 7 and U as well as equation (4) shows that

Zlogp+ Zlogp =zlogx + O(x).
pET peU
The extra leverage comes because the left-hand side is greater than
tlogx + ulog(Kx).

Now K can be chosen judiciously to beat the other O-constants. An upper
bound for ¢ 4 u follows easily and hence the second bound in (1).
Note Actually K can be taken as large as log x which yields
xloglogx
- — - < J—
log x — py(z)
for all large x. But this still fails to produce a positive density set.
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3. BETTER BOUNDING

It is the aim of this section to prove Theorem 1.4. Take b = 1 for simplicity,
so we can drop the subscript b on p; as with [9] the arguments in [17] can be
used to generalise to b # 1. We then prove the following.

Theorem 3.1. For all sufficiently large x we have

0.5324 < @ < 0.905.

Nop)= ) 1.

r<n<2x
pln?+1

The previous section shows it is sufficient to estimate

> Nau(p).

p>2w

Let

Recasting (5) using this definition:
> Nu(p)logp = zlogz + O(x). (6)

p>2x

The extreme cases arise if most of the contribution to this sum comes from
p around 2z in size, or around 4z? in size. In the former case the bound
log p > log x gives the trivial bound

> Nalp) <z, (7)

p>2x

which is weaker than the first bound of the last section. On the other hand,
logp < 2logx + O(1) gives

S Nalp) > b+ ofe) 0

p>2x
which is essentially the second bound of the last section.

We could obtain improved results if we had better information about the
following expression:
Vi(v) = Z N.(p) -
v<p<ev

It is a good exercise to show that

V. (v)

T

(9)

implies the conjecture. Unfortunately, the asymptotic formula (9) is not
expected to be true for very large v, in view of the arithmetic nature of n?+1
(see below). However, it is expected that (9) will be true for v < 2?7 for any
e > 0 and this suffices to prove the conjecture.

~ log v
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3.1. A better upper bound for p(x). We begin by modifying the defini-
tions to allow us to use the Deshouillers-Iwaniec method in [9]. To be precise
we must use smooth functions in order to apply the mean-value estimates in
9] for Kloostermann sums. Let €, 7 be two small positive quantities. Let b(u)
be a function satisfying b(u) € [0,1] for all v € R, with

b(u) = I if(l+ezr<u<(2—¢x,
1o if u<xoru>2x,
d"b(u)
du”
We redefine N,(p) to be

e " forallr € N,

Ne(p)= > b(n).

r<n<2x
pln2+1

An upper bound for this summed over p will give us an upper bound for the
original problem, since the two quantities will differ by at most

Ser.
Now write )
X = / b(u)du, |Ad= > bn).
x n2+1=0 (mod d)
By the working on [9, p.2] we can modify the Chebyshev argument to give
Z |A,|logp = 2X logz + O(x) .
p
Also, as shown in [9], we have

> Al = Xlogz + O(z).

p<z

Let

P, = maxp = 27, say.

| Ap|#0
We therefore have
Z | A, logp = X logz + O(x) .
Tz<p<Py

Deshouillers and Iwaniec then estimate this sum as

> S(X, V) +0(x),

1<5<J
where V; = 272 and

S(x,V;) = Z Cj(p)logp.

Vi <p<4V
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Here the infinitely differentiable functions Cj(u) € [0, 1] are supported in

[V;,4V}), with
S o {1 if 20 < u < P,
52, fu<zoru>P~P,.
After several transformations and an application of the Rosser-Iwaniec sieve

in tandem with their own sophisticated mean-value estimate for averages of
Kloostermann sums, they prove that

Sz, V) < logD log“ <1 +0 <@>) . (10)

Here D; - V]
solutlon to

N|=

From this they deduce that o is not less than the

2—0—2log(2—0) =

That is, o = 1.202468 . . . .
Now, the worst case scenario for the upper bound (7) is if (10) holds with
equality for each V. This gives

Y Np) < Y S(X,V))(logVy) ™t + Ola(logz) ™)

p>2z 1<5<J

5
1

=z (1+O(logz)™") /10 : _215/2 dt

= (20 — 2)z (1+ O((logz)™")) < 0.905z .

3.2. A better lower bound for p(z). Now we need to show that not all
the contribution comes from primes near z2. This is a relatively simple ap-
plication of an upper bound sieve to the set

{m:ml=n*+bx<n<2x} for{in some range.

In this case we can apply the sieve with distribution level
x

{(log z)A’

for some A, by an elementary argument: this corresponds to V;/x in the last
section. Of course, this is why the elementary argument is no good for V;

Dy =

near z in size. The crossover point between the two methods is at V; = a:%,
but we can get nowhere near this value for the problem discussed in [9]. For
¢ = 1 the problem is the well-known one of representing almost-primes by
values of n? + 1 and giving an upper bound for the number of prime values
of this polynomial. By [14, Theorem 5.3] (or see [13, p.66])we have

X e I(R) (e (M) o

r<n<2z
n24+1=p
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Here x(n) is the non-trivial character (mod4). Note the important product
over primes above which encodes arithmetical information relevant to the
polynomial n? 4+ 1. This did not arise in the previous section since summing
over a sufficiently long range for ¢ smooths out this factor (compare [9, §8]).
It is expected that (11) holds with equality if the factor 2 is replaced by % on
the right-hand side, see [15, 3].

We obtain our desired bound by first considering

W(Laz)= > > 1.

L<t<el z<n<2zx
n24+1=0lp
Write w(d) for the number of solutions to n?+1 = 0 (mod d) and let {\s}a<p
be the Rosser upper bound sieve of level D = x(L(logx)?)~! as described
in [9, §4] and explicitly constructed in [13, Chapter 4]. We then have

W(Laz)< > > A >, 1

L<t<eL d<Dyp, r<n<2zx
n24+1=0 (mod d¢)

= 3 Y Awldd) <%+0(1))

L<t<eL d<Dr,

=z Z Z )\dwilcéﬁ) + O (LD (log z)?) .

L<(<eL d<Dr,

In the above we have noted that w(dl) < 7(d)7(¢) and used the well-known
average value of the divisor function 7(n) to give a bound for the error term.
We then use a similar analysis to that in [9, §8] to produce the ‘main term’.
We give all the details that differ from [9] here for completeness.

Firstly write

w(dl) w(d)
>y A== = > A== (d, L)

L<t<eL d<Dy, d<Dj,

Now put

Ls,d) =Y ;"((CZ”;;S .

m=1

Note by [9, Lemma 4] that

_ G(s)L(s, x) 1\
L(s,d) = Wg (HE) .

Using Perron’s formula ([26, Theorem 3.12]) with 7' = z,¢ = (logz)™"' we
have

ctiz s _Ts L
J(d,L):L,/ L(s+1,d)<€L)7Lds+O(x§>.

270 J ol S
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The final term is negligible. (Actually, this has been estimated very crudely, in
reality it is O(z“"')). Now take the contour of integration back to Res = —3.

2
The pole at s = 0 gives a term

()

pld

The pair of integrals on Im s = +x give a negligible contribution (O(aje_g)),
using
max(|¢(s)], |L(s, x)|) < Ts for 1< |Ims| <7, Res>1.
The integral on the new contour can be estimated using:
ez +at))?
=22~ dt < (logT)?,
[ < o)

with the same bound applying when ((s) is replaced by L(s, x), together with
([26. p.135)

1
—— <L logT for |t|<T
GEED < log or [t| < T,
and
1\ 1\ !
H(1+p8+1) gH(1——%> <7(d).
pld pld p
This gives a bound for the integral which is
< T(d)(logz)”
L2
Thus
w(dl) W' (d) w(d)7(d)(log x)?
> S Sy e )
L<t<el d<Dy, A<Dy, A<Dy,
Here
1\ !
W(d) =w(d) ][] <1 + —) .
pld b

The rest of the working follows mutatis mutandis from [9, p.10]. Hence

DIIDIPYT AR s (1 o (bngL)) o (M) |

L<(<eL d<Dr,

The reader can thus see that the extra error term O(z(logz)7L"2) (the log
power could be reduced here by more careful working) corresponds to the
averaging over ¢ smoothing out the influence of the product in (11), and
this must dominate the main term for small L since the ‘main term’ will
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be incorrect in this case. Assuming that Dy = xL !(logx)™* and also that
21 > L > (logz)'® we obtain

2z T
W(N,L) < e, O (W) . (12)

For L < (logz)' we can establish a slightly cruder upper bound as follows.
For each value of ¢ we do not sieve by primes dividing ¢. This makes the
Aq depend on ¢, but we have \; = 0 if (d,¢) > 1. Hence we can write
w(dl) = w(d)w(?). Following the analysis above, the remainder term remains
O(LDr(logx)?). The ‘main term’ for the upper bound is now

2 K
x Z W(E)H<1_X(p)>§ X :
log Dy, Lt=el o(¢) it p—1 log Dy,
for some absolute constant K. The contribution from the terms for which
L < (logz)™ is thus < (loglogz)(logz)™! times the total contribution for

larger L. These terms may therefore be neglected asymptotically.
Now the worst case scenario for (7) has equality in (12) for

2
2t

220> > (log:c)ls, where / o dt =1.
y t—

In other words, # is the solution to
22—0) —2log(d —1)=1.
This is the limit of the sequence

1/3
a; = 2, an+1:§<§—|—an—log(an—1)) (n>1),

quickly giving the value 1.766249 ... . We then calculate

2
2
/ 2 _dt=20-3>05324... .
y t—1

4. SOME IMPLICATIONS OF CONJECTURE 1.5

The following argument shows that we do not expect Conjecture 1.5 to be
settled in the near future. In the previous section we have used the tools
that have been developed for the investigation of the greatest prime factor
of n? + 1 to obtain (rather weak) approximations to the conjecture. Now we
assume the conjecture and demonstrate that it would lead to a phenomenal
improvement for the greatest prime factor problem.

The conjecture leads to

Z N.(p) ~ xlog?2.

p>2x
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By the Chebyshev argument (6), on average in these sums,

1 1

12:5 ~ g =7 () = 14416
Hence the greatest prime factor of n? + 1 infinitely often exceeds n°. This
more than doubles the improvement of Deshouillers-Iwaniec over the trivial
estimate! However, we can do still better using the elementary bound from
the last section. The worst case scenario now has all the contribution to
the left hand side of (6) coming from p close to z?. Since the bounds of
the last section must hold (and they are better than the Deshouillers-Iwaniec
estimates in this region), this corresponds to finding o < o < 8 with

B9 5ot
—— _dt=1log?2 = dt=1.
/at—l 08 % /at—l

A little bit of manipulation gives the solution to be
1 —log?2
2-V2

This gives the following result.

B=1+ = 1.52383... . (13)

Theorem 4.1. If Conjecture 1.5 is true, then infinitely often the greatest
prime factor of n® + 1 exceeds n® where 3 is given by (13).
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IRREDUCIBILITY AND GREATEST COMMON DIVISOR
ALGORITHMS FOR SPARSE POLYNOMIALS

MICHAEL FILASETA, ANDREW GRANVILLE, AND ANDRZEJ SCHINZEL

ABSTRACT. We obtain algorithms for determining whether a nonrecipro-
cal polynomial with integer coefficients is irreducible, for calculating the
greatest common divisor of two polynomials with integer coefficients pro-
vided one is free of cyclotomic factors, and for determining whether a given
polynomial with integer coefficients has a cyclotomic factor. Each algo-
rithm has a running time that is linear or almost linear in the logarithm
of the maximal degree of the input polynomial(s). The dependence in the
running time on the number of terms and the height of the input varies
depending on the algorithm.

1. INTRODUCTION

Let f(x) = Y i_ga;a% € Z[z] with each a; nonzero and with d, > d,_, >

- > dy > dy = 0. For simplicity, we refer to the degree d, of f(x) as
n. Observe that r + 1 is the number of terms of f(x). For convenience, we
suppose both n > 1 and r > 0. The height H, as usual, denotes the maximum
of the absolute values of the a;.

The lattice base reduction algorithm of A.K. Lenstra, H.W. Lenstra, Jr.,
and L. Lovasz [7] gives a factoring algorithm for f(z) that runs in time that
depends polynomially on log H and n. This clearly serves also as an irre-
ducibility test for f(z). One problem we address in this paper is the somewhat
different issue of describing an irreducibility algorithm for sparse polynomials,
that is where r is small compared to n. We view the input as being the list
of r 41 coefficients a; together with the list of r + 1 exponents d;. With this
in mind, the input is of size O(r(log H + logn)). We give an algorithm for
this problem that runs in time that is polynomial in logn (but note that the
dependence on 7 and log H in our arguments is not polynomial).

For f(x) € Q[z], we define f = 2" f(1/x). We say that f(x) is reciprocal if
f(x) = £f(z). Otherwise, we say that f(x) is nonreciprocal. We note that
f(x) is reciprocal if and only if the condition f(a) = 0 for « € C implies that

2000 Mathematics Subject Classification. 11Y16, 12Y05, 68W30, 11C08, 11R09.

Key words and phrases. Algorithm, cyclotomic, greatest common divisor, irreducibility,
sparse.
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a # 0 and f(1/a) = 0. Our methods require the additional assumption that
f(x) is nonreciprocal. We establish the following.

Theorem A. There is a constant ¢y = c1(r, H) such that an algorithm ezists
for determining whether a given nonreciprocal polynomial f(x) € Z[x] as
above 1s irreducible and that runs in time 0(61 logn (loglogn)? log log log n)

The result relies heavily on some recent work by E. Bombieri and U. Zannier
described by the latter in an appendix of [11]. Alternatively, we can make
use of [1], work by these same authors and D. Masser, which describes a new
simplified approach to the previous work. The other main ingredients are
the third author’s application of the work of Bombieri and Zannier, given
originally in [10], and an improvement on the the first and third authors’
joint work in [4].

The constant ¢; can be made explicit. We note though that ¢; depends
on some effectively computable constants that are not explicitly given in the
appendix of [11] or in [1]. We therefore do not address this issue further here.

The algorithm will give, with the same running time, some information on
the factorization of f(z) in the case that f(z) is reducible. Specifically, we
have the following:

(i) If f(x) has a cyclotomic factor, then the algorithm will detect this
and output an m € Z* such that the cyclotomic polynomial ®,,(z)
divides f(z).

(ii) If f(x) does not have a cyclotomic factor but has a non-constant
reciprocal factor, then the algorithm will produce such a factor. In
fact, the algorithm will produce a reciprocal factor of f(z) of maximal
degree.

(iii) Otherwise, if f(x) is reducible, then the algorithm outputs a complete
factorization of f(x) as a product of irreducible polynomials over Q.

The algorithm for Theorem A will follow along the lines given above. First,
we will check if f(x) has a cyclotomic factor. If it does, then the algorithm
will produce m as in (i) and stop. If it does not, then the algorithm will check
if f(z) has a non-cyclotomic non-constant reciprocal factor. If it does, then
the algorithm will produce such a factor as in (ii) and stop. If it does not,
then the algorithm will output a complete factorization of f(x) as indicated
in (iii).

Our approach to (i) will allow us to obtain additional information about
the complete set of cyclotomic factors of f(z). In particular, we are able to
describe, in the same running time given for the algorithm in Theorem A, the
factor of f(x) which has largest degree and only cyclotomic divisors. Details
are given in the next section.

Our approach can be modified to show that if f(x) € Z[x] is nonreciprocal
and reducible, then f(x) has a non-trivial factor in Z[z] containing O(c3)
terms where co = co(r, H). We note that the results of [9] imply that if
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f(x) also does not have a reciprocal factor, then every factor of f(x) in Z[x]
contains O(cy) terms.

In the case that f(z) € Z[z] is reciprocal, one can modify our approach to
obtain some information on the factorization of f(z). Define the nonreciprocal
part of f(z) to be the polynomial f(z) removed of its irreducible reciprocal
factors in Z[x| with positive leading coefficients. Then in the case that f(x)
is reciprocal, one can still determine whether the nonreciprocal part of f(x)
is irreducible in time 0(01 log n (loglogn)? log log log n) Furthermore, in this
same time, one can determine whether f(z) has a cyclotomic factor and, if
so, an integer m for which ®,,(z) divides f(z).

In addition, we address the problem of computing the greatest common
divisor of two sparse polynomials. For nonzero f(z) and g(x) in Z[x], we
use the notation gedy (f(z), g(x)) to denote the polynomial in Z[z] of largest
degree and largest positive leading coefficient that divides f(z) and g(z) in
Z[z]. Later in the paper, we will also make use of an analogous definition
for ged,(f, g) where f and g are in Z[xq,...,z,]. In this case, we interpret
the leading coefficient as the coefficient of the expression z7'z5* ... x5 with
e; maximal, then e, maximal given e;, and so on. Our main result for the
greatest common divisor of two sparse polynomials is the following.

Theorem B. There is an algorithm which takes as input two polynomials
f(z) and g(x) in Zlx|, each of degree < n and height < H and having < r+1
nonzero terms, with at least one of f(x) and g(x) free of cyclotomic factors,
and outputs the value of ngZ(f(x),g(:L’)) and runs in time 0(03 log n) for
some constant c3 = c3(r, H).

Our approach will imply that if f(z), g(x) € Z[z]| are as above with f(x)
or g(z) not divisible by a cyclotomic polynomial, then gedy (f(z), g(x)) has
O(cy) terms where ¢4 = c4(r, H). The same conclusion does not hold if one
omits the assumption that either f(z) or g(z) is not divisible by a cyclotomic
polynomial. The following example, demonstrating this, was originally noted
in the related work of the third author [12]. Let a and b be relatively prime
positive integers. Then

a b
ged (2 — 1, (2 = 1)(2* — 1)) = (v xl)(xl D .

In connection with Theorem B, we note that D.A. Plaisted [8] has shown
that computing gedy (f(z), g(x)) for general sparse polynomials f(z) and g(z)
in Z[z| is at least as hard as any problem in NP. On the other hand, his proof
relies heavily on considering polynomials f(z) and g(z) that have cyclotomic
factors. By contrast, our proof of Theorem B will rest heavily on the fact
that one of f(z) or g(x) does not have any cyclotomic factors.

Our proof of Theorem A will rely on Theorem B. In fact, Theorem B is
where we make use of the work of Bombieri and Zannier already cited. It
is possible to prove Theorem A in a slightly more direct way, for example
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by making use of Theorem 80 in [11] instead of Theorem B and Theorem 1
below. This does not avoid the use of the work of Bombieri and Zannier since
Theorem 80 of [11] is based on this work. We have chosen the presentation
here, however, because it clarifies that parts of the algorithm in Theorem A
can rest on ideas that have been around for over forty years. In addition,
we want the added information given by (i), (ii) and (iii) above as well as
Theorem B itself.

To aid in our discussions, we have used letters for labelling theorems that
establish the existence of an algorithm and will refer to the algorithms us-
ing the corresponding format. As examples, Algorithm A will refer to the
algorithm given by Theorem A, and Algorithm B will refer to the algorithm
given by Theorem B. Also, we make use of the notation O, gy (w(n)) to de-
note a function with absolute value bounded by w(n) times a function of
r and H, for n sufficiently large. We note, however, that n being suffi-
ciently large is for convenience to accommodate expressions appearing in the
big-oh notation; the algorithms described are for all integers n > 1. Thus,
the running time for Algorithm A and Algorithm B can be expressed as
OnH(logn (loglogn)? log loglog n) and O, g(logn), respectively.

2. THE PROOF OF THEOREM A

We begin with the following result, which improves on the main result in
[4].

Theorem C. There is an algorithm that has the following property: given
flx) = 30_gaa® € Zlx] of degree n > 1 and with r +1 > 1 terms, the
algorithm determines whether f(z) has a cyclotomic factor in running time
0,1 (logn (loglogn)?logloglogn), where H denotes the height of f(z). Fur-
thermore, with the same running time, if f(x) is divisible by a cyclotomic
polynomial, then the algorithm outputs a positive integer m for which ®,,(z)

divides f(x).

Proof. We begin as in the proof of Theorem 2 of [4] and initially give an
argument for the existence of an algorithm as in the theorem with running
time OnH((log n)2) We then explain how the algorithm can be sped up to
produce the running time given in the statement of the theorem.

We describe and make use of Theorem 5 from [2]. For k a positive integer,
define y(k) = 2+ > ,(p — 2). Following [2], we call a vanishing sum S
minimal if no proper subsum of S vanishes. We will be interested in sums
S = 22:1 a;w; where ¢ is a positive integer, each a; is a nonzero rational
number and each w; is a root of unity. We refer to the reduced exponent
of such an S as the least positive integer k for which (w;/w;)* = 1 for all
i€ {1,2,...,t}. Theorem 5 of [2] asserts then that if S = Z;Zl ajw; is a
minimal vanishing sum, then ¢ > ~(k) where k is the reduced exponent of S.
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Also, note that Theorem 5 of [2] implies that the reduced exponent k of a
minimal vanishing sum is necessarily squarefree.

To explain our algorithm, suppose first that f(z) has a cyclotomic factor
®,,,(2), and that we can write f(z) = Y7, fi(x), where each f;(z) is a nonzero
polynomial divisible by ®,,(x), no two f;(x) have terms involving = to the
same power, and s is maximal. Observe that each f;(x) necessarily has at
least two terms. Setting (,, = e*™/™ we see that each f;((,,) is a minimal
vanishing sum. For each i € {1,2,..., s}, we write fi(x) = 2%g;(2%) where
gi(x) € Z[z], b; and e; are nonnegative integers chosen so that g;(0) # 0 and
the greatest common divisor of the exponents appearing in g;(z) is 1. Then
9:(¢%) is a minimal vanishing sum with reduced exponent m; = m/ ged(m, e;).
Necessarily, we have g;((,) = 0 and m; is squarefree. Also, if ¢; denotes the
number of nonzero terms of g;(x), we have

ti > (mi) :2+Z(p—2)>
plm;
which implies each prime divisor of m; is < t;. Define
M;={0eZ" : ®y(x) | gi(x), £ is squarefree, and v(¢) < t;} .

In particular, m; € M;. In other words,

m
WeMi foralliE{l,Q,...,s}. <1>
We have not explained how we can write f(z) = > ._, fi(z) as above. In
particular, even if we know m exists with ®,,(z) dividing f(x), we do not
know what m is. We circumvent this issue by considering every possible
partition of the set {0,1,...,7} as a disjoint union of sets Jy, Jo, ..., Js with
each set J; containing at least two elements. For each partition, we consider
the polynomials

filz) = Zajxdj = 2bigi(z®), 1<i<s,
JeJ;
where as before b; and e; are nonnegative integers chosen so that ¢;(0) # 0
and the greatest common divisor of the exponents appearing in g;(z) is 1.
Defining ¢; and M; as above, depending on the partition of {0,1,...,r}, we
see then that if f(z) is divisible by some ®,,(x), then there is a partition for
which (1) holds. On the other hand, if (1) holds for some positive integer m

and some partition of {0, 1,...,r} as above, then we have f;((,,) = 0 for each
i€{1,2,...,s}, which implies f((,) =0 and hence ®,,(z) | f(z). Thus, (1)
holding for some m and some partition of {0, 1,...,7} as above is a necessary

and sufficient condition for f(x) to be divisible by a cyclotomic polynomial.

With the above in mind, we describe the algorithm for determining whether
f(z) has a cyclotomic factor, give further justification that the algorithm
works and give a proof that its running time is as claimed. The algorithm is
as follows. We go through every partition of the set {0,1,...,r} into disjoint



160 Algorithms for sparse polynomials

non-empty sets Jy, Ja, ..., Js with each set J; containing at least two elements.
Observe that there are O, (1) such partitions. For each such partition and
each i € {1,2,...,s}, we set u = u(i) to be the element of J; for which d,
is minimal. In terms of our definition of f;(z) and g¢;(x), this means b; = d,,
and e; is the greatest common divisor of the degrees of the terms of the
polynomial f;(z)/z%. We compute e; by taking the greatest common divisor
of the numbers d, — d, where v € J;. In terms of the complexity of the
algorithm, given J;, determining d, can be done in O,(logn) bit operations
and computing e; takes at most O, ((logn)?) bit operations (cf. the discussion
of Euclid’s algorithm in [3, p. 79]). We can in fact obtain a running time
of Or(logn(log log n)?loglog log n) using a recursive ged computation for
large integers [3, p. 428] leading to the running time stated in Theorem C,
but for the moment we use the Or((log n)Q) estimate. The number of these
computations that are needed as we vary over the partitions of {0,1,...,7}
and vary over the sets J; making up the partitions is O,.(1). The computations
have therefore thus far taken at most OT((log n)2) bit operations.

Next, for each partition Jy, Js, ..., Js of {0,1,...,7} as above, we compute
the sets M, as follows. Observe that ¢; is the number of elements of J; and is
necessarily < r 4 1. Thus, we can construct a list of the ¢ that are squarefree
positive integers and such that v(¢) <'¢; in time O,(1). For each such ¢, we
want to check if ®y(x) divides g;(x). An algorithm that works well here and
in more generality as well is given as Algorithm A in [4]. For our purposes,
we can simply take each term a,z(®~9)/¢ in g;(x), where v € .J;, and replace
it with a,z% where d, € {0,1,...,£ — 1} and

d, — d,
€;

d = (mod /).

If we call the resulting polynomial h;(z), then g;(z) is divisible by ®,(x) if
and only if h;(z) is divisible by ®,(z). Observe that the degree of h;(x) is
< ¢ < (r+1)". Also, the height of h;(x) is < (r+ 1)H. Hence, one can check
directly if h;(x) is divisible by ®4(z) in time O, g(1). The construction of
each h;(x) takes time no more than O, y(logn (loglogn)?), where the main
contribution of the time required comes from the division of d, — d, by e;
above. Hence, the total time spent on constructing the various M; as we
vary over the partitions Jy, Jo,...,Js of {0,1,...,r} and i € {1,2,...,s} is
O, (logn (loglogn)?).

For the algorithm, we consider each partition Ji, Ja, ..., Js of {0,1,...,7}
as above one at a time. We construct the numbers e; and the sets M, as
indicated. Next, we want to determine for a fixed partition whether (1) holds
for some positive integer m. In other words, we want to know whether there
is an m and m; € M; for which

m = m;ged(m,e;)  forie{1,2,...,s}. (2)
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For a positive integer k, we use the notation v,(k) to denote the positive
integer u such that p*||k. Then (2) holds if and only if each of the following
is true:

o If p| my...my, then v,(m) < v,(mye;) for all ¢ with equality whenever
p divides m;.

o If pfmy...ms, then v,(m) < vy(ep), where eg = ged(ey, .. ., €5).
Defining
D = H pt:eo/ H p' and mg = ged(maey,...,mes) /D,
p*lleo p'lleo
myi--Mms p‘ml"'ms

we see that a solution to (2) exists if and only if there exist m; in M; such
that for every prime p dividing some m;, the exact power of p dividing my
is the same as the exact power of p dividing m;e;. Furthermore, the set of
m satisfying (2) in this case is precisely the set of m = mgd, where d | D.
Observe that my is the unique m satisfying (2) (if such m exist) with the
property that every prime divisor of m is a divisor of mims - - - my. Further-
more, every prime divisor of myms - - - my is a divisor of my. We are interested
in knowing whether there exist m and m; satisfying (2), so we simply restrict
our attention to determining whether there exist m; in M; such that

mo = m; ged(mg, e;)  fori e {1,2,... s}. (3)

Recall that the numbers e; and all elements of M; have been computed (for
each i = 1,2,...,s). Also, as the partitions vary, the number of different e;
and m; in M; that arise is O,(1). We go through all these possibilities and
compute P, the set of primes dividing mims - --mgs. There are O,(1) such
primes and it takes O,(1) time to compute them. We compute eq, D and mq
as defined above and check whether (3) holds. Note that the second formula
for D involves removing the prime divisors from ey that are in P, which is a
fixed set of primes of size O,(1). Thus, both ey and D can be computed in
time O, ((logn)?). We also compute mg and check (3) with the same bound
on the running time. If an my is obtained for which (3) holds, then we output
that f(z) has a cyclotomic factor, indicate that the choice of m = my is such
that ®,,(z) divides f(x) and end the algorithm. If no my is obtained for
which (3) holds, then we output that f(z) does not have a cyclotomic factor.
As there are O,(1) different mg each of size O,(n), the running time estimate
is not affected by going through the various my and outputting the result.
Hence, the proof of the theorem, but with running time only OT7H((log n)z),
has been explained.

We improve the running time as follows. For the algorithm above, we made
use of a few different greatest common divisor computations. These were
done to construct e; for i € {1,2,...,s}, to calculate ey = ged(ey, ..., es)
and mg = ged(myeq, ..., mges)/D, and to determine the value of the right-
hand side of (3). As noted earlier, we can apply known algorithms for ged
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computations [3, p. 428] that would allow us to reduce the running time to
that required by the theorem. However, it is also worth noting that these ged
computations can be circumvented and the required running time obtained
in a different manner. We explain this approach now.

Let Ji, Ja, ..., Js be a partition of {0,1,...,7} as in the argument above.
Write e; = ele! where every prime divisor of €] is < r 4+ 1 and every prime

divisor of e is > r + 1. Recall that v = u(i) € J; is chosen so that d, is
minimal. One can compute ¢; without computing e; from the formula

e; = H pminUEJi{Vp(d’deu)} .

p<t;

In other words, for each p < t;, we can calculate the minimum of v,(d, — d,,)
as v runs through the elements of J; and then form the product above to get

/

e;. As we shall see momentarily, the numbers e} can be calculated in time

O, (logn (loglog n)*logloglogn).

We note now that
(o) = St
vel;
so we can compute g;(z% ) without computing g;(), e; or €. Define
M ={0eZ": Oy(x) | gi(x*7), £ is squarefree, and y(£) < t;}.

The set M/ can be computed in the same manner that we computed M; but
with g;(z) replaced by g; (xeé/). Thus, computing M/, given the polynomials
i (xey), takes time O,y (logn (loglogn)?). Recall that the prime divisors of
e/ are all > r+1 > t;. We deduce that the numbers ¢ in the definition of M;
and M/ are relatively prime to e. It follows that M; = M/. Thus, the above
analysis allows us to compute M; without explicitly computing the numbers
e; and with running time OT,H(logn (loglogn)?log log log n)

Next, we address how to determine whether (3) holds. Recall that P is the
set of prime divisors of myms - - - mg, and note that these primes are < r + 1.
The prime divisors of mg are precisely the primes in P. We deduce that (3)
holds if and only if

vp(mno) = vp(mi) +min{wy(mo), vp(e:) } (4)
for each i € {1,2,...,s} and for each p € P. For each prime p € P, we
compute the values of v,(e;), for i € {1,2,...,s}, by using that v,(e;) =
vp(€}). Next, we compute

Vp(mO) = lggls{’/p(mi> + Vp(ei)} .

Then we check if (4) holds. Observe that each v,(m;) is either 0 or 1, so
vp(m;) can be computed by a simple division. We want also a method to
compute v,(e;) = vy(e;), for i € {1,2,...,s}. We further need to explain
the computation of v,(d, — d,) to obtain e above. For U a positive integer
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and p a prime < r + 1, the value of v,(U) can be computed as follows. We
compute the values of p? successively for j > 0 by squaring until we arrive
at a positive integer ¢ for which p* > U. Observe that t = O(loglogU). We
set ko = 0. For j € {1,2,...,t}, we successively check if p? | U and, if so,
set k; = kj_1 + 2" and replace U with U/p* . If p* 7 + U, then we set
kj = k;j_;. Then k; = v,(U). Using this procedure, we can compute v,(U) in
time O, (log U (loglog U)?logloglog U). The theorem follows. O

Although it does not affect our main results, it is of some value to note
that the running time of the algorithm can be shown to be

O, (logn (loglogn)?logloglogn + log H) .

Indeed, the coefficients of f(x) only take part in the algorithm when we form
the polynomials h;(z) and when we check their divisibility by ®,(x). Forming
the polynomials involves O,.(1) additions of these coefficients and checking the
divisibility of an h;(z) by ®,(z) takes time O, (log(H + 1)). Note that these
divisions do not depend on n since the degrees and the coefficients of the
polynomials are O,(1) and O, (H), respectively.

As it may be of interest in other contexts, we explain briefly how we can
get a bit more out of the algorithm. More precisely, we explain how to obtain
the largest monic factor g(x) of f(x) with each irreducible factor of g(z)
cyclotomic and in time OT7H(10gn (loglog n)?logloglogn). We begin with
determining the product of the distinct cyclotomic divisors of f(z). We note,
however, that the representations of g(x) and the product of the distinct
cyclotomic divisors of f(z) as polynomials cannot be the obvious ones as it is
not difficult to show that for a > 2, the cyclotomic factors of p@1?pga_p g
are distinct and their product contains exactly 2a — 2 terms. In other words,
explicitly writing out g(z), for example, can take time considerably more than
any power of logn.

For given positive integers u, v, define the set C'(u,v) = {ud : d | v}. In the
algorithm above, we determined values mg and D such that ®,,(x) divides
f(z) whenever m € C(my, D). Let S be the set of all such pairs {myg, D} that
can arise as a solution to (2) in Algorithm C. We proved that ®,,(z) divides
f(z) if and only if m is in the set

Cs= |J C(moD).

{mo,D}GS

We want to determine

Og(x) = [[ Pmlx).

meCyg

The obvious way to do this is by determining each C(mg, D) explicitly,
but that would involve factoring D which, for complexity issues, should be
avoided. However, we can get around determining C(mg, D) explicitly by
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taking advantage of the fact that
H D (2) = Py (2")
meC (u,v)

as follows.
We make a few observations about the sets C(u,v):

e One has C(U,V) C C(u,v) if and only if UV divides uv, u divides U
and, as a consequence, V divides v.

e Given positive integers w,v,u’,v" with ged(u,v) = ged(vw',v") = 1,
define U = lem(u,v’), and let V' = ged(v,v’). Note that ged(U, V) =
1. Then

C(U,V) if UV divides ged(uv, u'v'),
0 otherwise.

Clu,v)NC(u', ") = {

e There is a natural ordering on the pairs {u, v} where u,v € N, taking
{U,V} <A{u,v} if UV < wv, or if UV = uv and V < v. We see that
if C(U,V) C C(u,v) then {U,V} < {u,v}.
Now |S| = O,(1). Given S we create a new set 1. We start with 7o = S,
and then recursively construct 7)., as the union of T} and

{{U.V}: C(U,V)=C(u,v) NC(u,0") for some {u, v}, {u/,v'} € T},}.

One can show that Ty, = T} for some k = O,(1). When Ty, = Ty, we set
T = T. Note that |T'| = O,(1) and ged(u,v) = 1 for all {u,v} € T. For each
{u,v} € T, beginning with wv minimal and v minimal given uv, we define
the polynomials

By () = D (1Y) / [T @wwne ezq.
{U,V}eT
{U,V}<{u,v}
C(U,V)CC(u,v)
We do not compute these polynomials explicitly but can give their values as
the quotient above where {u,v} and each {U,V'} in the product are given

explicitly. Then we have

CI)S(IL”): H (I){u,v}(x>-

{uv}eT

Obtaining this description of ®g(z) takes O, (logn (loglogn)?logloglogn)
bit operations.

The polynomial ®g(x) is the product of all the distinct cyclotomic factors
of f(x). To deal with cyclotomic factors to higher multiplicities, we make use
of the following lemma due to G. Hajés [5] (also, see [11, p. 187]).

Lemma 1. If (x — ) divides f(z), then k <r.



Michael Filaseta, Andrew Granville and Andrzej Schinzel 165

Recall that S was defined as the set of {mg, D} that gave rise to so-
lutions of (2) corresponding to cyclotomic factors of f(xz). We construct
similar sets S; corresponding to cyclotomic factors of £ (z) for every j €
{0,1,...,r — 1}. Observe that the coefficients of fU)(z) are bounded by
n'H, the degree of fU)(z) is n — j (assuming as we can that n > r) and
the number of terms in fY(x) is < r + 1. Recalling that the running
time of Algorithm C is Or(logn(log logn)?logloglogn + log H), it is not
difficult to see that the running time for computing the various sets S; is
O, H(logn(log log n)?log log log n) The exact multiplicity of a cyclotomic
factor of f(z) is k provided it divides fU)(x) for 0 < j < k — 1 and not
f®)(x). Lemma 1 further implies that if a cyclotomic polynomial divides
fU)(z) for every j € {0,1,...,r — 1}, then the multiplicity of the factor is
r (i.e., there is no need to check if the cyclotomic factor divides f)(x)).
However, we need to be able to determine the common cyclotomic factors de-
termined by various sets S;. To do this, we set Sg = Sy, and then construct
recursively S;; as the set

{{U,V}: C(U,V) = C(u,v)NC(W, V") for some {u, v} € S§, {v/,v'} € Spi1}

for each k € {1,2,...,7 — 1}. One can then proceed by determining T}
from S; as we constructed 7' from S above, and then compute ®g: (), the
product of the distinct cyclotomic polynomials dividing f(z) with multiplicity
at least k+1. The product of the polynomials ®g: () for & € {0,1,...,7—1}
is therefore the largest degree factor of f(x) that is a product of cyclotomic
polynomials. The total running time is OT,H(Iogn (loglogn)?loglog log n)
for describing this factor of f(z).

We are now ready to return to our description of Algorithm A. Algorithm A
begins by taking the input polynomial f(z) and applying Algorithm C. If f(x)
has a cyclotomic factor, we obtain m as in (i). As f(z) is not reciprocal, f(z)
cannot be a constant multiple of a cyclotomic polynomial. Hence, f(z) is
reducible and (i) holds.

This part of the algorithm does not actually depend on f(x) being nonre-
ciprocal. The proof of Algorithm C shows in fact that if f(x) has a cyclotomic
factor, then one can determine m as in (i) with every prime divisor of m being
< r+1. Thus, it would not be difficult to factor m and compute ¢(m) in the
running time required for Theorem A. Once ¢(m) is computed, then one can
determine if f(x) is a constant multiple of the cyclotomic polynomial ®,,(z)
by comparing ¢(m) with n.

We suppose now that f(x) does not have a cyclotomic factor. The next
step in Algorithm A is to determine whether f(x) has a reciprocal factor. We
shall do this by making use of Theorem B, which we establish in the next
section.
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We compute
T

fle) = a"f(1fa) = 3 aganb
=0

Since f(x) does not have a cyclotomic factor, we can apply Algorithm B to
compute h(z) = gedy(f(x), f(x)) Observe that h(z) is reciprocal and each
reciprocal factor of f(x) divides h(x). As f(z) is not reciprocal, we must
have degh < deg f. If h(z) is not constant, then f(x) is reducible, h(x) is
a non-constant reciprocal factor of f(z) and (ii) holds as h(x) is a reciprocal
polynomial of largest possible degree dividing f(z). Otherwise, f(x) does not
have a non-constant reciprocal factor. Theorem B implies that this part of
Algorithm A has running time O, H(log n)

We are now left with considering the case that f(x) does not have any
non-constant reciprocal factor. The basic idea here is to make use of the
third author’s work in [9] (see also Theorem 74 in [11]). For a polynomial
F(xl, N S ,xr_l), in the variables x1,...,xz, and their reciprocals

—1 —1
xy,...,x,, we define

o _ul U -1 —1
JF =z ---:B[F(:J;l,...,xr,xl PR ),

where each w; is an integer chosen as small as possible so that JF' is a
polynomial in zy,...,x,. In the way of examples, if

2

F=a>+42y+¢® and G =2zyw — 223w — 12w,

then
JE =23 +4y+2y® and JG =2ayz® —a® — 1223,
In particular, note that although w is a variable in G, the polynomial J G
does not involve w. We call a multi-variable polynomial F(xy,...,z,) €
Q[x1, ..., x| reciprocal if
JE(zi', .zt = 2F (2, .., 2,).

For example, x1x9 — 1 — 29 + 1 and x125 — 2324 are reciprocal. Note that
this is consistent with our definition of a reciprocal polynomial f(x) € Z[z].
To motivate the next result and begin our approach, we set
F(xy,...,z.) =ax, + -+ a1x1 +ag € Zlxy, ..., 2, .

The plan is to associate the factorization of f(z) = F(z®,z%,... 2%) with
the factorization of a multi-variable polynomial of the form

JF(yf“l .. .y;nlt7 o ’yinrl . .y;n"t>7

where the number of variables ¢t is < r and m;; € Z for 1 < ¢ < r and
1 < j <'t. The above multi-variable polynomial can be expressed as

gty F (gt ey ),
where
Uu; = —min{mlj,mgj, Ce ,mrj} for 1 S j S t. (5)
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To make the connection with the factorization of f(z), we want the matrix
M = (m;;) to be such that

dy U1
=M (6)
dr (2
for some integers vy, vs,...,v;. In this way, the substitution y; = z* for

1 < 5 <t takes any factorization

y?l'“y?tF(yTln"'y;muw"?y;n”'”y;nrt) :Fl(yh'"7yt>"'Fs<y17'~'7yt)
(7)

in Zlyi, ...,y into the form
gttt (gt g ®ah) = By (e et e Fy(at L) L (8)

We restrict our attention to factorizations in (7) where the F;(yi,...,y;) are
non-constant. We will be interested in the case that s is maximal; in other
words, we will want the right-hand side of (7) to be a complete factorization
of the left-hand side of (7) into irreducibles over Q. For achieving the results
in this paper, we want some algorithm for obtaining such a complete fac-
torization of multi-variable polynomials; among the various sources for this,
we note that A.K. Lenstra’s work in [6] provides such an algorithm. For the
moment, though, we need not take s maximal.

Since f(x) = F(:chl,de, e ,xd’"), the above describes a factorization of
f(z), except that we need to take some caution as some v; may be negative
so the expressions Fj(x", ..., z") may not be polynomials in z. For 1 <i < s,
define w; as the integer satisfying

JE (a2, .. a"%) = 2 Fy(a™, .. a™) . 9)
We obtain from (8) that

s

$U1U1+"'+utvt+w1+"'+wsf(x) — xwi}?‘i (xvl x”t)
| | sy .
=1

The definition of w; implies that this product is over polynomials in Z[z] that
are not divisible by z. The conditions ay # 0 and dy = 0 imposed on f(z) in
the introduction imply that f(z) is not divisible by x. Hence, the exponent
of x appearing on the left must be 0, and we obtain the factorization

fa)=T[a"Fi(a™,...,a") = [[ T F(z",...,2"). (10)
=1 i=1

The factorization given in (10) is crucial to our algorithm. As we are in-
terested in the case that f(z) has no non-constant reciprocal factor, we
restrict our attention to this case. From (10), we see that the polynomi-
als Vi F;(x*, ... z") cannot have a non-constant reciprocal factor. There
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are, however, still two possibilities that we need to consider for each ¢ €
{1,2,...,s}:

(") Fi(y1,-..,y:) is reciprocal.

(it') J Fi(a™, ..., 2") € Z.
Although we will not need to know a connection between (i') and (ii’), we

show here that if (i) holds for some 4, then (ii’) does as well. We consider
then the possibility that

TE (Yt oy ) = £E(y ) (11)
In other words, suppose that
yit oyl Fi(u s u ) = £E ) (12)

where e; = e;(4) is the degree of Fj(y1,...,y:) as a polynomial in y;. Substi-
tuting y; = 2% into (12), we obtain

gritevitote o (val, cen x*”t) = ixwiFi(x“l, - ,a:”t) . (13)

By the definition of w;, the polynomial on the right does not vanish at 0.
Assume (ii’) does not hold. Let a be a zero of this polynomial. Then substi-
tuting = 1/« into (13) shows that 1/« is also a zero. On the other hand, we
have already demonstrated in (10) that the right-hand side of (13) is a factor
of f(x). This contradicts that f(z) has no non-constant reciprocal factor.
Hence, (ii’) holds.

We make use of a special case of a result due to the third author in [9].
In particular, the more general result implies that the above idea can in
fact always be used to factor f(x) if f(z) has two nonreciprocal irreducible
factors. In other words, there exist a matrix M and v; satisfying (6) and a
factorization of the form (7) that leads to a non-trivial factorization of f(z),
if it exists, through the substitution y; = z%. We are interested in the case
that f(z) has no non-constant reciprocal factor. In this case, we can obtain
a complete factorization of f(z) into irreducibles.

Theorem 1. Fix
F=F(x,...,2,) = a,x, + -+ a1 + ag,

where the a; are nonzero integers. There exists a finite computable set of ma-
trices S with mteger_)entries, depending only on F', with the following property:
Suppose the vector d = (dy,ds,...,d,.) isin Z" withd, > d,_; > -+ >d; > 0
and such that f(z) = F(x®, 2% ... 2%) has no non-constant reciprocal fac-
tor. Then there is an r x t matriz M = (m;;) € S of rank t <r and a vector
U = (v1,va,...,v,) in Z such that (6) holds and the factorization given by
(7) in Zlyi, ...,y of a polynomial in t variables y1,ya, ...,y as a product
of s irreducible polynomials over Q implies the factorization of f(z) given by
(10) as a product of polynomials in Z|x] each of which is either irreducible
over Q or a constant.
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We are ready now to apply the above to assist us in Algorithm A. As
suggested by the statement of Theorem 1, we take the coeflicients a; of f(x)
and consider the multi-variable polynomial F' = F(z1,...,z,). We compute
the set S. Since F' is a linear polynomial with r + 1 terms and height H,
the time required to compute S is O, (1). Since f(x) = F(z%,..., %) has
no non-constant reciprocal factors, there is a matrix M = (m;;) € S of rank
t < r and a vector ¥ in Z' as in Theorem 1. We go through each of the
O, (1) ma_t)rices M in S and solve for the vectors v = (vi,vs,...,v;) in Z

s_agtisfying d = M7, where t is the number of columns in M and we interpret
d and ¥ as column vectors. From the definition of S, we have that the rank
of M ist and t < r. Hence, there can be at most one such vector v for each
M € S. However, for each E), there may be many M € S and @ for which

E) = M7, and we will consider all of them.
We make use of the following simple result in this section and the next.

Theorem D. There is an algorithm with the following property. Given an
r X t integral matric M = (m;;) of rank t < r and max{|m;;|} = O, u(1)
and given an integral vector d = (di,...,d.) with max{|d;|} = O, u(n), the
algorithm determines whether there is an integral vector v = (v, ..., v,) for
which (6) holds, and if such a v exists, the algorithm outputs the solution
vector v . Furthermore, max{|v;|} = O, z(n) and the algorithm runs in time
OT,H(log TL) :

Proof. There are a variety of ways we can determine if d = M7 has a
solution and to determine the solution if there is one within the required
time O, y(logn). We use Gaussian elimination. Performing elementary row
operations on M and multiplying by entries from the matrix as one proceeds
to use only integer arithmetic allows us to rewrite M in the form of an r x ¢
matrix M’ = (mj;) with each m;; € Z and the first ¢ rows of M’ forming
a t x t diagonal matrix with nonzero integers along the diagonal. These
computations only depend on the entries of M and, hence, take time O, y(1).
We perf_o)rm the analogous row operaﬁons and integer multiplications on the
vector d = (dy,ds,...,d.) to solve d = M¥ for ¥'. As the entries of M
are integers that are O, (1) and each d; is an integer that is O, g(n), these
operations take time O, g(logn). We are thus left with an equation of the

H
form d = M’'" where the entries of M’ are integers that are O, (1) and
H

the components of d' = (d,d},...,d]) are integers that are O, g(n).

For each j € {1,2,...,t}, we check if d; = 0 (mod mj;). If for some
j €{1,2,...,t} we have dj # 0 (mod m];), then a solution to the original

ﬁ

equation d = M7, if it exists, must be such that v; € Z. In this case,
an integral vector v does not exist. Now, suppose instead that d;. =0
(mod m/;) for every j € {1,2,...,t}. Then we divide d}; by m’; to determine
the vector v’. This vector may or may not be a solution to the equation
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—

d = M. We check whether it is by a direct computation. If it is not
—

a solution to the equation d = M7, then there are no solutions to the

_)
equation. Otherwise, ¥ is an integral vector satisfying d = M. Checking
whether d; = 0 (mod mj;) for 1 < j < ¢, solving for o if it holds, and
ﬁ

checking whether d = M7 all takes time O, y(logn). We also have O, y(n)
as a bound for the absolute value of the components v, of 7. We output v’
if it exists which takes time O, y(logn). Combining the running times above,
the theorem follows. O

Algorithm D is performed for each of the O, y(1) matrices M in S. The
running time for each application of Theorem D is O, g(logn), so the total
running time spent applying Algorithm D for the various O, (1) matrices
in S is O, g(logn). This leads to O, y(1) factorizations of the form given
in (7) into irreducibles, each having a potentially different value for s. For
each of these, we compute the values of F; (:C”l, e ,:c”f) and determine w;
as in (9). We produce then O, y(1) factorizations of f(x) as in (10). As
we obtain these factorizations, we keep track of the number of non-constant
polynomials mwiFi(x”l, . ,x”t) appearing in (10). We choose a factorization

for which this number is maximal. Recalling that (10) follows from d=Mv
and (7), we deduce from Theorem 1 that the factorization of f(x) we have
chosen provides a factorization of f(x) with each a:wiFi(x”l, e ,x”t) either
irreducible or constant. Recalling that the polynomials F;(y,...,y:) in (7)
are independent of n and that the components of @ are bounded in absolute
value by O, y(n), we see that producing the factorization of f(z) into irre-
ducibles and constants as in (10) takes time O, y(logn). For a factorization
of f(x) into irreducibles over QQ, we multiply together the constants appearing
on the right of (10) and one of the irreducible polynomials J F; (:c“l, - ,a:”f).
This does not affect the bound given for the running time of Algorithm A.

Thus, we have demonstrated an algorithm for Theorem A as stated in
the introduction and justified that the algorithm satisfies the statement of
Theorem A as well as (i), (ii) and (iii). Combining the above running time
estimates, we deduce that the algorithm also has the stated running time
bound given in Theorem A.

3. THE PROOF OF THEOREM B

As mentioned in the introduction, our proof of Theorem B relies heavily on
the recent work of Bombieri and Zannier outlined by Zannier in an appendix
in [11]. In particular, as a direct consequence of their more general work, we
have

Theorem 2. Let
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be coprime polynomials. There exists an effectively computable number B(F, G)
with the following property. If W = (uy, ..., uy) € ZF, € # 0 is algebraic and

F(Em,. %) =G(en,...,€%) =0,

then either € is a root of unity or there exists a nonzero vector v € Z* having
components bounded in absolute value by B(F,G) and orthogonal to W .

It is important for our algorithm that the quantities B(F, G) are effectively
computable. We note that the fact B(F,G) is effectively computable is not
explicitly stated in the appendix of [11], but U. Zannier (private communi-
cation) has pointed out that the approach given there does imply that this
is the case. The more recent paper [1] notes explicitly that B(F,G) can be
calculated.

Our description of Algorithm B has similarities to the third author’s ap-
plication of Theorem 2 in [10] and [11]. In particular, we make use of the
following lemma which is Corollary 6 in Appendix E of [11]. A proof is given
there.

Lemma 2. Let { be a positive integer and © € Z° with ¥ nonzero. The
lattice of vectors © € Z° orthogonal to ¥ has a basis v1’,0s', ..., 01 such
that the maximum absolute value of a component of any vector v_j)’ 15 bounded
by (/2 times the mazimum absolute value of a component of V.

For our algorithm, we can suppose that f(z) does not have a cyclotomic
factor and do so. We consider only the case that f(0)g(0) # 0 as computing
gedy (f(z), g(z)) can easily be reduced to this case by initially removing an
appropriate power of x from each of f(z) and g(z) (that is, by subtracting the
least degree of a term from each exponent). This would need to be followed
up by possibly multiplying by a power of x after our gecd computation.

We furthermore only consider the case that the content of f(z), that is
the greatest common divisor of its coefficients, and the content of g(z) are
1. Otherwise, we simply divide by the contents before proceeding and then
multiply the final result by the greatest common divisor of the two contents.

We express our two polynomials in the form

k

k
flz) = Zaj;gdj and g(x) = ija:dj,
=0

Jj=0

where above we have possibly extended the lists of exponents and coefficients
describing f(x) and g(x) so that the exponent lists are identical and the
coefficient lists are allowed to include coefficients which are 0. Also, we take
dk > dk—l > e > dl > 0. Thus, do = 0, Clobo 7A 0 and k£ < 2r. The time
required to modify f(z) and g(z) so that they are not divisible by = and
have content 1 and to adjust the exponent and coefficient lists as above is

O,.u(logn).
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Before continuing with the algorithm, we motivate it with some discussion.
Let w(z) denote gedy (f(x), g(x)). We will apply Theorem 2 to construct two
finite sequences of polynomials in several variables F, and G, with integer

coefficients and a corresponding finite sequence of vectors E)(“) that will en-
able us to determine a polynomial in Z[z] that has the common zeros, to the
correct multiplicity, of f(z) and g(x). This then will allow us to compute

Let £ be a zero of w(x), if it exists. Observe that & # 0, and since £ is a
zero of f(x) which has no cyclotomic factors, we have & is not a root of unity.
Since ¢ is a common zero of f(x) and g(z), we have

k k
D agh = bigt =0,
j=0 j=0

ﬁ
We recursively construct F,, G, and d ™, for 0 < u < s, where s is to be
determined, beginning with

k k
F():F()(l’l,...,l’k):ZCle’j and GOZGo(iL'l,...,xk):ijIEj,
j=0 j=0

(14)
and 7(0) = (di,ds,...,dy). As u increases, the number of variables defining
F,, and G, will decrease. The value of s then will be < k. Observe that

Fy(z™,...,2%) = f(z) and Go(a™,...,2") = g(z).

We deduce that Fy and Gy, being linear, are coprime in Q[zy,...,zx] and
that

Fo(€%,...,6%) = Go(eh, ..., &%) = 0. (15)

Now, suppose for some u_)Z 0 that nonzero polynomials F, and G, in
Zlxy, ..., xp,] and a vector d ™ = <d§u), . .,d;j)> € Z* have been deter-
mined, where k, < k,_1 < --- < kg = k. Furthermore, suppose that F, and

G, are coprime in Q[z1, ..., xy,| and that we have at least one zero & of w(z)
such that

F (e ey = (e, ety =0, (16)

In particular, £ # 0 and £ is not a root of unity. Note that the dgu) may be
negative. We will require

u)

) lg).  (17)
e w

Observe that J F, (z ", ... ,xd’(w ) and f(z) are in Z[x]. We take (17) to mean
that there is a polynomial h(z) € Z[x] such that

JFu(:cdgw, e ,md&)) | f(z) and JGu(mdgw, - ,:vd'(c

fla) = hla)- T B )
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u (u)
with an analogous equation holding for g(x) and J G, (azdg U ). Inpar-
u (u) u (u)
ticular, we want J F, (JL’“l5 ), .. x% ) and J G, (a:dg ), ..., %) to be nonzero.

Note that these conditions which are being imposed on F, and G, are satis-
fied for u = 0 provided w(x) is not constant. For 0 < u < s, we describe next
how to recursively construct F,,; and G4, having analogous properties. The
specifics of the algorithm and its running time will be discussed later.

There is a computable bound B(F,,G,) as described in Theorem 2. We
deduce that there is a nonzero vector v = (vy, vy, ..., 0,) € Z* such that

each |v;| < B(F,,G,) and ¥ is orthogonal to 'd®. From Lemma 2, there
is a k, x (k, — 1) matrix M with each entry of M having absolute value
< k.B(F,,G,)/2 and such that d® = MT® for some T € ZhT,
where we view the vectors as column vectors. We define integers m;; (written
also m; ;) and UJ(-u), depending on u, by the conditions

myy 0 Myg,—1
M = S : and 7(“):<U§U),...,v,§z)_1>.
Mg, - My ky,—1
The relations
=yt -yzi’_kf_l for 1 <i<k,
transform the polynomials F,(xy, ..., x,) and Gy (z1, . . ., ok, ) into polynomi-

als in some, possibly all, of the variables y, ..., yx,—1. These new polynomials
we call F, and G,, respectively. More precisely, we define

fu(yla cee ,yku—1> = JFu(yinll o 'y]"{zl;kluilu cee >y;nkul o 'yz@ikuil) (18)

and

Gu(y1, - Yp,—1) = J Gy (yInH .. .yZZl;klu—17 o 7y;nku1 .. .yl:;ikitiku—l> ' (19)

The polynomials F, and G, will depend on the matrix M so that there may
be many choices for F, and G, for each F, and G,. We need only consider
one such F, and G, and do so. Note thi‘)c this still may require considering
various M until we find one for which d @ = M7 ™ is satisfied for some
TW ¢ ZF1 The equation d @ = M7 ™ implies that for some integers
ef(u) and ey(u) we have

u (w) u (u)
Fu (:13”g ), o ,m”krl) =W E, (:Jsdg ), o, ) (20)
and () (u) (w) ()
Gu(z ... ,karl) = 2@, (xdl e, ). (21)
In particular, F, and G, are nonzero. Also,
(u) (u) u (w)
JFu(z a1 | f(z)  and Jgu(:[:”5 ), ) | gz) . (22)

Furthermore, with £ as in (16), we have
()

Fu(ﬁvgmw' '751}](;1)_1) = gu<£”1 ) -wgvl(:‘)_l) =0.
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The idea is to suppress the variables, if they exist, which do not occur in F,
and G, and the corresponding components of v to obtain the polynomials
F.+1 and G41 and the vector "d @+ for our recursive construction. However,
there is one other matter to consider. The polynomials F, and G, may not
be coprime, and we require F,; and G411 to be coprime. Hence, we adjust
this idea slightly.

Let

Dy = Dy(y1, -, Yku—1) = gedy(Fu, Gu) € Zlyr, - - s Y1) - (23)

Recall that f(0)g(0) # 0. Hence, (20), (21) and (22) imply that the polyno-
mial J D, (:L‘”gu), . ,.I‘v’(;i)*l) divides gedy(f, g) in Z[z]. We define

Fu(yla"wyku—l) gu(ylv"'ayku—l)
Du<y1,---,yku—1) Du<y17"'>yku*1)
and set k,11 < k, — 1 to be the total number of variables vy, ..., yx,—1 ap-
pearing in F,.; and G,;,. Note that F,,; and G,,; are coprime and that

(17) holds with u replaced by u + 1 and the appropriate change of variables.
We describe next how the recursive construction will end. Suppose we

Fo1= and Gy = , (24)

_)
have just constructed F,, G, and_>d ) and proceed as above to the next step
of constructing Fi, 41, Gui1 and d Y. At this point, D,_; will have been

defined but not D,,. We want to find M and a v ® such that E)(“) =Mv™W
where M is a k, X (k, — 1) matrix with entries bounded in absolute value
by k,B(F,,G.)/2. So we compute B(F,,G,) and the bound k,B(F,,G,)/2
on the absolute values of the entries of M. We consider such M and apply
Algorithm D to see if there is an integral vector v for which dW =
M7T ™. Once such an M and '™ are found, we can proceed with the
construction of F, 1 and G, given above. On the other hand, it is possible
that no such M and 7™ will be found. Given Theorem 2, this will be the
case only if the supposition that (16) holds for some zero & of w(x) is incorrect.
In particular, (16) does not hold for some zero & of w(x) if F, and G, are
coprime polynomials in < 2 variables (i.e., k, < 1), but it is also possible that
(16) does not hold for some u with F, and G, polynomials in > 2 variables
(i.e., k, > 2). Given that M is a k, x (k, — 1) matrix, we consider it to be
vacuously true that no M and v exist satisfying d® = MT™ in the
case that k, < 1. If no such M and v ® exist, we consider the recursive
construction of the polynomials F,, and G, complete and set s = u. We will
want the values of D, for every 1 < u < s—1, so we save these as we proceed.

The motivation discussed above can be summarized into a procedure to be
used for Algorithm B as follows. Beginning with Fy and Gy as in (14) and

q0 — (dy,...,dg), we construct the multi-variable polynomials F, and G,
— —

and vectors d ) = <d§u), e 7dl(~;i)> € ZF« recursively. Given F,, G, and d W,

we compute B(F,, G,) and search for a k, x (k, — 1) matrix M with integer
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entries having absolute value < k,B(F,,G,)/2 for which 4 = MT®

solvable with v = <v§u), . (u) > € ZF=1. We check for solvability and
determine the solution o ® if 1t ex1sts by using Algorithm D. If no such M
and v exist, then we set s = u and stop our construction. Otherwise, once

such an M = (m,;) and 7™ are determined, we define F,.1 and G, using
(18), (19), (23) and (24). After using (24) to construct F,,; and G,41, we

determine the variables y1, . .., yx,—1 which occur in F,,;; and G, and define
H
d 1) as the vector with corresponding components from u§“), e w,Sill; in

other words, if y; is the ¢th variable occurring in F,1; and G4, then v§“)

the ith component of D),

For the running time for this recursive construction, we use that B(F,, G.,)
is O, (1) as u varies and, furthermore, the numbers B(F,, G,) can be com-
puted in time O, g(1). In particular, this implies that for a fixed u, there are
O,.1(1) choices for M and, hence, a total of O, y(1) possible values for F,,;;

18

and G,y independent of the value of E)(“). In other words, without even
knowing the values of dy, ..., d;, we can use Theorem 2 to deduce that there
are at most O, (1) possibilities for F} and G;. For each of these possibili-
ties, another application of Theorem 2 implies that there are at most O, y(1)
possibilities for F5 and G3. And so on. As s < k < 2r, we deduce that the
total number of matrices M that we need to consider during the recursive
construction is bounded by O, g(1). The recursive construction depends on

n only when applying Theorem D to see if ?(“) = M7 ™ holds for some
7™ and to determine v’ if it exists. For a fixed M, Theorem D implies
that these computations can be done in time O, g(logn). As the total num-
ber of M to consider is bounded by O, y(1), we deduce that the recursive

construction of the F,, G, and 4™ takes time O, m(logn).

As we proceed in our recursive construction of the F,, and G, an important
aspect of the construction is that the m,;; are bounded in absolute value by
O,.i(1) and, hence, the coefficients and exponents appearing in F;, and G,
are bounded by O, y(1). In other words, F,, and G, can be written in time
O, u(1). Another important aspect of the construction is to note that as we
are dividing by D to construct F,,; and G, .1, we obtain not simply that

J D, (2", 2% 1) divides ged,(f, g) in Z[z] but also
5 o)
H JD;( 7o Lz %7Y) divides gedy(f,g) in Z[z] . (25)
This can be seen inductively by observing that
) W f(x)

Jj:( e 1) o) ()
HJD T

(26)
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and
TG i) = D SNCY
() o)
HJDj(xvl ey T ’“J“l)
§=0

Algorithm B ends by making use of the identity

(u) (u)

gedy (f(x), g(z)) = 1:[ JD,(z" . %) (28)

We justify (28). Recall that we have denoted the left side by w(x). Observe
that (25) implies that the expression on the right of (28) divides w(x). By
the definition of s, when we arrive at u = s in our recursive construction, (16)
fails to hold for every zero £ of w(x). Therefore, taking u = s—1in (24), (26)
and (27) implies that the right-hand side of (28) vanishes at all the zeros of
w(z) and to the same multiplicity. As noted earlier, we are considering the
case that the contents of f(x) and g(x) are 1. We deduce that (28) holds.
Observe that the computation of ged, ( f(z), g(x)) by expanding the right
side of (28) involves O, (1) additions of exponents of size O, g(n). This
computation can be done in time O, g(logn). Theorem B follows.

REFERENCES

[1] E. Bombieri, D. Masser, U. Zannier, Anomalous subvarieties - structure theorems and
applications, preprint.

[2] J.H. Conway, A.J. Jones, Trigonometric Diophantine equations (On vanishing sums
of roots of unity), Acta Arith. 30 (1976), 229-240.

[3] R. Crandall, C. Pomerance, Prime numbers, a computational perspective, Springer
Verlag, New York, 2001.

[4] M. Filaseta, A. Schinzel, On testing the divisibility of lacunary polynomials by cyclo-
tomic polynomials, Math. Comp. 73 (2004), 957-965.

[5] G. Hajés, Solution of Problem 41 (Hungarian), Mat. Lapok 4 (1953), 40-41.

[6] A.K. Lenstra, Factoring multivariate polynomials over algebraic number fields, STAM
J. Comput. 16 (1987), 591-598.

[7] AK. Lenstra, HW. Lenstra, Jr., L. Lovész, Factoring polynomials with rational co-
efficients, Math. Ann. 261 (1982), 515-534.

[8] D.A. Plaisted, Sparse complex polynomials and polynomial reducibility, J. Com-
put. System Sci. 14 (1977), 210-221.

[9] A. Schinzel, Reducibility of lacunary polynomials, I, Acta Arith. 16 (1969/1970), 123~
159.

[10] , Reducibility of lacunary polynomials, XII, Acta Arith. 90 (1999), 273-289.

[11] , Polynomials with special regard to reducibility, Encyclopedia of Mathematics
and its Applications 77, Cambridge University Press, 2000.

[12] , On the greatest common divisor of two univariate polynomials, I, A panorama

of number theory or the view from Baker’s garden (Zirich, 1999), 337-352, Cambridge
University Press, 2002.



CONSEQUENCES OF THE CONTINUITY OF THE MONIC
INTEGER TRANSFINITE DIAMETER

JAN HILMAR

ABSTRACT. We consider the problem of determining the monic integer
transfinite diameter ¢ys(I) for real intervals I of length less than 4. We
show that tp/([0,2]), as a function in z > 0, is continuous, therefore
disproving two conjectures due to Hare and Smyth. Consequently, for
n > 2 € N, we define the quantity

bmax(n) = 538 {b]tar([0,0]) = =}

and give lower and upper bounds of byax(n). Finally, we improve the lower
bound for byax(n) for 3 <n < 8.

1. INTRODUCTION

Let I C R be a closed interval of length less than 4 and M,,[z] be the set of
monic polynomials of degree n with integer coefficients. We define the monic
integer transfinite diameter tpr(I) of I to be the quantity

o . . 1/n
tu(I) = lim inf Alp, /" (1)
Here ||py, || 1= sup,¢; |pn()] is the supremum norm of the polynomial p,,(z).
The problem of determining the monic integer transfinite diameter was first
tackled by Borwein, Pinner and Pritsker in [3]. Their techniques were further
developed by Hare and Smyth in [4]. The problem is intimately connected to
the problem of determining t7(1), the integer transfinite diameter, where the
condition that the polynomials be monic is removed. Interestingly, removing
this condition makes the problem much harder, as no exact values of tz([) are
known, but ¢,,(7) can be computed explicitly in some cases. The following
lemma is an essential tool in doing so.

Lemma 1 ([3]). Let q(z) = ag+- - -+aqz® € Z,[z] be an irreducible polynomial
with aq > 1 and all roots in the closed interval I C R of finite length. Further,
assume that p,(z) € My[x]. Then

1 1
ag* < pallr -

2000 Mathematics Subject Classification. 11CO08.
Key words and phrases. Monic integer transfinite diameter, monic integer Chebyshev
constant.
177
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The proof of this essentially classical result can be found in [3] or [4] and
will be omitted here.

As a consequence, agl/ ¢ < tar(I), so that polynomials g(z) as in the lemma
are used to determine lower bounds on t,/(/). As a consequence, they are

called obstruction polynomials for tp (1) with obstruction agl/d. Since all
obstructions give a lower bound, it is of interest to find the supremum

m(I) = Sup{a;”d‘q(:v) — agz® + -+ ag, ag > 1}.

Here the supremum is taken over all polynomials with integer coefficients and
all roots in the interval I. If the supremum is attained, m([/) is called the
mazimal obstruction for I.

Suppose now we have an interval I with maximal obstruction m(I) and
find p,(x) € M,, with ||p,|r=m(I)". In this case, m(I) > tp(I) > m(I), so
that we have determined an exact value for t5,(I). Such p,(z), if it exists, is
said to attain the mazimal obstruction. Some examples of this situation are

as follows:
(1) If I = [0,1], then % is the maximal obstruction by ¢(z) = 2z — 1. At
the same time, ||z(1 — z)||;= 1, so that ty,(I) = 1.

(2) For an integer n > 1, consider I, = [0,2]. Then * is the maximal
obstruction by ¢(z) = nz — 1. At the same time, ||z|/;,= =, so that
tar(ln) =+

These are just some examples to illustrate the technique. A more complete
list of known values of ¢,,(/) can be found in [3] and [4].

It was shown in [4] that the maximal obstruction is not always attained
by some p,(z) and explicit conditions for when it cannot be attained were
given. The authors conjecture, however, that ty,(I) = m([) for all 1. That
this is not the case is a consequence of the continuity of a particular function,
proved in Section 2.

2. CONTINUITY OF tp(z), £ >0

In [4], the authors consider intervals of the form I = [0,b], where, for

1 <neN, wehave £ < b < -1 From ¢(z) = nz — 1, we know that

t1([0,0]) > & and equality holds in a neighbourhood to the right of < (see
Theorem 2). Much more interesting is the behaviour of the function

ta(x) = ta([0, z]) (2)

for x > 0 to the left of %, n > 1. Hare and Smyth suspected that the function
had a discontinuity at x = %, which would agree with their conjecture that

To study the behaviour of ty/(x), it is useful to look back at the classical
paper [2] of Borwein and Erdélyi in the theory of the (non-monic) transfinite
diameter. In this paper, the authors define the function ¢z(x) in the equivalent
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way and state that this function is continuous, though without the details of
the proof. We will now provide the details for ¢,,(x).
Let T,,(z) be the n'™ Chebyshev polynomial on [—1, 1], defined by

T.(z) = cos(narccosz). (3)
This can be rewritten as
T.(z) = 1 [(sc+ m>n + (x —Va?— 1)1 :
From this it immediately follows that
T.(z) < (x—k\/ﬁ)n forx > 1. (4)
We will also need Chebyshev’s inequality from [1]:
Lemma 2. Let ¢ € R[x]. Then, for x € R\[-1,1],
a(@)] < |Ta@)] lglli-1a - ()
We can then prove:

Lemma 3. Let b > by > 0, p, € R,[y]. Then, for every 6 > 0, there exists
kb5, not depending on n, such that

[P0 lopre) < (14 kos)" [[pnl
with lims_o ky s = 0 for fized b.

[0,6] » (6)

Proof. Given p, € R, [y], let y € [0,b] and z = 2y — 1. Then z € [-1,1]. Put
qn(x) = pp(y). Then, by Lemma 2, for x ¢ [—1,1],y € [0, 0], we have

Pa()] = lan(2)] < [Tu(@)| [lgn ll-11
= TGy =) Ipallon -

Note also that

max |71, (3y — 1 = max |1T,(x
ye[b,b+5}‘ (by )‘ z€[1,1+2¢ | ( )’
= ||Tn||[1,1+2g] :

This clearly implies that
[Pnllporay < I Tnllpag22) e o -

Using inequality (4) above, we see that

1Tl 1408 < <1+2g (1+ 1+§)) :
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The result now follows by letting k; 5 = 2% (1 +4/1+ g) > ( and observing
that

IPnllosen = max {llpn s, IPallpsra}
max {||pn lljo., (1 + k6.5)" [Pl }
= (1+kps)" [IPnlljog -

IN

Using this inequality, we also get that, for b,0 > 0 fixed,

1 n
n - > n 1+ kpss . 7
1P ll06-s1 = [IPnllo <1+kb_5,5) "

Note also that lims . kp—s55 = 0.
We can now use this to prove

Theorem 1. The function ty(x) is continuous on (0,00).

Proof. First, note that t5;(z) is (non-strictly) increasing in z. Let b € (0, 00),

¢ > 0 and choose § = min{dy, d2}, where 0, is chosen such that ks < m
. kp—5,,5 €

and 09 is such that ; +kb7262,262 OR

Let 0 < |b — x| < 6. The argument splits into two cases:
(1) Suppose that 0 < b —x < § < d;. Since ty/(z) is increasing, we have

0 <ty(x)—ty) < ty(b+01)—ta(b)

. 1/n 1/n
~ i (pn;?i ol — ot O/b])

. . 1/n
= tM(b>kb751 < €.
(2) Now assume that 0 <z —b < 6§ < §,. Here, we get

. . 1/n . 1/n
= lim ( inf Han[({M — inf ||pn”o/b 62)

n—00 \ pnEMpy|] PnEMu[z]
. . kb—é 6 > 1/n)
< lim inf ——=22 | |Ipn
© n—ooo (PnGMn[x] (1 + kb*52,52 H H[OJ)]
ky—s,.5
= ta(b)—=—22 < ¢,
ml )1 + kp—s,.5

Thus, for 0 < |b — x| < &, we have |ty (b) — ty(z)] < € for any b € (0, 00),
proving continuity for z > 0. O
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As mentioned before, Borwein and Erdélyi stated this result for the (non-
monic) integer transfinite diameter. In fact, if A,[z] C R,[z] and

1
ta(l) = lim inf N 8
all) L LA (8)
one can define t4(x) in the equivalent way and the prove continuity of this
function for z > 0 as in Theorem 1.

The continuity of ¢,,(x) sheds some light on conjectures made by Hare and
Smyth in [4]:

Conjecture 1 (Zero-endpoint interval conjecture). If I = [0,b] with b < 1,
then ty(I) = L, where n = max (2,[1]) is the smallest integer n > 2 for
which % <b.

Conjecture 2 (Maximal obstruction implies ¢;(I) conjecture). If an interval
I of length less than 4 has a maximal obstruction m(I), then ty(I) = m(I).

Theorem 1 clearly shows Conjecture 1 to be false: since () is continuous

to the left of 1,n € N and #)([0, 1]) = £, we cannot have #y([0,0]) = —5
for all b < %, as claimed in the conjecture. A further implication is that for

these intervals, ¢y (1) # m(I), contrary to Conjecture 2.

3. THE FUNCTION byax (1)

It turns out that ¢y,(z) is indeed constant on a large interval to the right
of 4= n € N. We define for n > 1 € N,

n+1’
bmax(n) = iulj {bltar(b) =2} 9)

n

For n = 1, this quantity is not finite, as t5/(I) = 1 for |I| > 4 (see [3] for
details). For n = 2, we can use the results in [4] to obtain 1.26 < byax(2) <
1.328. For n > 2, we have the following:

Theorem 2. Letn > 2 € N. Then

1 L 1 < bua(n) < 4dn
— max\7?) > .
n  n’tn-—1) (2n —1)2

Proof. The first inequality follows from the polynomial
P(z) = 2" 2® —nz+1).

This polynomial, first used in [4], was shown to have the following proper-

ties:
77,2
(1) Pa(i) = ()"
(2) P.(%) = 0 and the polynomial has no other extrema in [0, —=].
(3) Pu(x) has a root 3, = n+\/2712—_4 > 1 and |P,(z)| is strictly increasing
i (
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n2
These properties were used in [4] to show that || P, [|jg 1,q= ()" for some
e> 0.

Evaluating P,(z) at = £ + m gives
P 1+ 1 _(nP—n+1 "3 =32 4+ 20— 1
"\n n%n-1) B n?—n (n2—n+1)2

To show that this is indeed less than (%)”2, first note that the sequence

n2—n \")"
(nQ—n+1) »

is increasing and tends to e”!. As it is increasing, we clearly have

n?—n \" 2\*
<m) > (§> forn > 2. (10)
Further, note that for all n,
4 3 2
(%) > = (nfi n++2711)2 1 ' (11)
Thus taking (10) and (11) together, we have, for n > 2,

2

n:—n " - n>—3n+2n—1
nZ—n+1 (n2—n-+1)2

Rearranging now gives the desired result.
For the upper bound, one has to look directly at (6). Suppose we have

1
some py(x) € Mylz] such that [|pg||f = % on an interval I, = [0, =5 — d,].

Clearly, ||pa4 > L since - < t,(]0, —2=]). Thus, using (6), we get
n—1

é
H[O,ﬁ]_ n—1 ’n—1
1
n—1

1
S ﬁ(l +kﬁ_5n:5n) .

Using the explicit expression for £ 1, ; obtained in the proof of Lemma 3,

_1
n—1

we see that then d,, > dpin(n) = m, thus obtaining
1 4n
bmax < - 5Inin = 75 \9
() = 75 ()= G2

O

Using the computational methods outlined in Section 5, we get improved
lower bounds for by.x(n) for n = 3,...,8. This is done by finding a b €
(+, ) as large as possible and a polynomial P, (z) with || P, |[jo5)= %, so that

then bpax(n) > 0. The polynomials P, are given in Table 1. The polynomial
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P; is a corrected version (see Corrigendum to [4]) of one appearing in [4],
which did not have the property claimed, while P, appears in [4].

0.465 < buax(3), 0.303 < bynax(4) |
0.230 < buax(5), 0.184 < bynax(6)
0.148 < buax(7), 0.130 < bynax(8) .

As n gets larger, computations become increasingly difficult, as the differ-

ence n—il — % becomes small compared to %
Using (6), one can obtain a new lower bound for ¢,,([0,b]),b < 1:

Lemma 4. Let I, = [0,b], b < 1 and let n = min{m € N | = > b}. Then

1 b
(D) > , .
wlly) 2 max{nﬂ 2(1—1—\/1—nb)—nb}

Proof. Let § = = —b. As can easily be seen from (6),

(000 2t (04 g
B 1—nd ’
(1 + nd +2vnd)
B b
o 2—nb+2VI—nb’
Seeing that n+r1 is a larger lower bound for b < by.c(n + 1), we get the
result. O

4. THE FAREY INTERVAL CONJECTURE

Another open conjecture, this one taken from [3], is the following:

Conjecture 3 (Farey Interval Conjecture). Let g,g € Q with ¢,s > 0 be
such that rq — ps = 1. Then

o() - i)

Computationally, the authors verified the conjecture for denominators up
to 21 and it was proved for an infinite family of such intervals in [4]. It
is perhaps worth noting that continuity of ¢,,(z) cannot be used to find a
counterexample to this conjecture, as the following argument shows.

Let n > 1 € N. We will show that we cannot find a Farey Interval of the

form [%, Pl with 1 <k <n,n=min{g,n} and £ > b}, (n), where

() = sup ([t ([ 0]) =50}
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As can easily be derived from the proof of Lemma 3,

k(4n? +1)

n(2n —1)2°

If we wanted to use this to derive a counterexample to the Farey Interval
Conjecture, we would need g > b (n). Using the Farey property

Drnax (1)

max

pn—qgk=1, (12)
we can write this as
L+gk 4n® + 1
qk (2n —1)2°
From this it follows that 1+ gk < 2n+1, so that, using (12) again, 1+ gk =

2n. Now, as ¢ > n, it is clear that £ = 1 for this to hold.
In the case k£ = 1, one can show that the Farey interval is then of the form

. i . 2
L, (Hlt%}, t € N. But no such interval with (Hl;)jA > b (n) = (;ibnff)én
exists.

The result for the remaining Farey intervals is obtained by using the trans-
formations x — m + x,m € Z.

5. COMPUTATIONAL METHODS

In order to improve the lower bounds for by..(n) given in Theorem 2, we
need to turn to computational methods to attempt to find a monic polynomial
P(z) € Z|z| attaining the maximal obstruction on an interval [0,b) with
% <b< ﬁ These come in two stages:

(1) Using a modification of the LLL algorithm to find factors f;(x) of
P(z).

(2) Using Linear Programming methods first used in [2] in connection with
the integer transfinite diameter with additional equality constraints
obtained in [4] to determine the exponents «;.

We will briefly discuss the implementations of both parts of the algorithm.

(1) LLL is an algorithm that, given a basis b for a lattice A, produces
a ‘small’ basis for A with respect to a given inner product (-,-). In
their modification of the LLL algorithm for monic polynomials in-
troduced in [3], the authors used the Lattice Z,[x] with the basis
b= (1,z,2%---z") and the inner product

(Pn> @) = /pn(x)qn(x)dx—i—anbn

for p,(z) = apa™ + -+ + ap, go(x) = b2 + -+ + by € Zy[z]. The
additional factor a,b, is used to discourage non-monic factors from
appearing, and the algorithm usually produces only one monic basis
element of degree n.
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In practice, we used the following recursive algorithm to identify

factors f;(z) of P(z) for an interval I = [a,b] where the maximal
obstruction polynomial ¢(z) = agz? + - - - + ag is known:
(a) Start with b = (1,2,22,--- ,2%) for k = 20 (in some cases, a

larger basis was required initially).

(b) Run LLL, generating a list of factors | = {f;(x)}.

(c) Sieve the list by using the condition that if f;(x) | P(z), then the
resultant has to satisfy |Res(fi,q)| =1 (see [4]).

(d) For every f; still in [, define

and re-run the LLL Algorithm with this basis, adding new factors
to (.
(e) Repeat steps (a)—(d) until no more new factors are found, at
which point we return .
(2) To determine the exponents «; of f;(x),1 <1i < N, we use a technique
first used by Borwein and Erdélyi in [2]. Given a list of factors [ =
{fi(z)}, one attempts to minimise m subject to

(1) Yol qg log | fi(w)| <m — g(2), forz e X,
(i) Yty o =1,

(iii) Zfil TorF ’;((gj)) =0, forl <s<deggq,whereq(f;) =0,

(13)

(iv)ey, >0 forl <i< N,
over a finite set X C I. Here, g(x) is a function such that

_[o, q(z) =0,
9(x) = {e(ac)>0, q(z) #0.

The use of this function is theoretically not necessary, but is useful
when doing computations, as it avoids having to deal with exact values
at points where the polynomial does not need to attain the maximal
obstruction.

The first two constraints in (13) are taken from [2] with a slight
modification to the first, while the third is unique to the monic case
and taken from [4]. This is also where we get the final set of con-
straints:

Let B, be a root of ¢(z) and define fi(s) = deé 7 log | fi(Bs)]. 1f by =

—é log |ag|, ba, . .., b is an independent generating set for the Z-lattice
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generated by —%log |ag| and the f-(s) let cfi) be such that

ch)b = fO.

Then we get the addltlonal conditions, derived in [4]:

Z;c() = { de@i%: ;;1: for 1 < s <deggq (14)
Again, we use a recursive algorithm for determining the exponents.
Given a set of points Xy, we use (13) and (14) to determine the opti-
k) (k) (k) . ..
mal exponents {a; ', ay ..., ay’ } attaining the minimum value my.
Then, we construct the normalised ‘polynomial’

(k>

- L,

and add its extrema to X to obtam Xki1. Starting with a small set
of values X; C I, we repeat this procedure until we get K € N such
that |myg — mg_1| < € for required precision € > 0.

Finally, we compute the supremum norm of Pk (z) =~ €™ on the
interval and verify that || Py ||;= |ag|"@. One can attempt to find
rational approximations of smaller denominator to the exponents, al-
ways checking that the obstruction is still attained. The attaining
polynomial P(z) is then found by clearing denominators in the expo-
nents of Pg(z).
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TABLE 1. Polynomials used for lower bounds on by« (1)

Ps(x) = 25944640 (114 _ 11406261212 + 47054086212 — 88456310z

+1002472442'° — 763412562° + 4120885328 — 1620260627 + 469204725 — 99926125
+154318x* — 167662 + 121122 — 52z + 1)2450525

(28 + 1418427 — 3494425 + 3644225 — 208322* + 704123 — 140522 + 153z — 7)877415
(28 + 484227 — 1093525 + 103552° — 5317x* 4 159423 — 27822 + 262 — 1)2571030
(28 4+ 781227 — 180722° + 175612° — 92712 + 286423 — 51622 + 50x — 2)595980

(27 — 123325 + 24062° — 19132* + 79123 — 17922 + 21z — 1)1210840

(25 — 3z + 72® — 1122 + 62 — 1)1052898

Py(z) = 294025 + 4322* — 45623 + 17922 — 31x + 2)47
(27 + 876025 — 133422° + 8488z* — 278423 + 51422 — 50z + 2)3°

Ps(z) = 21950990 (310 4 55440952° — 911571428 + 662371927 — 279098826
+7513492° — 1339742* + 1581823 — 119222 + 521 — 1)787%
(25 + 495025 — 46052 + 169823 — 31022 4 28z — 1)?1825

Ps(x) = 25232473 (25 + 12602% — 85223 + 21522 — 241 + 1)118824
(7 — 1401902° + 1325172 — 51966z + 1081923 — 12612% + 78z — 2)200917

Pr(z) = 2 (25 + 34722* — 18262 + 35822 — 31z + 1)

Py(z) = 212288 (22 — 8 + 1)246(2* — 57623 + 20822 — 252 + 1)74
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NONLINEAR RECURRENCE SEQUENCES AND LAURENT
POLYNOMIALS

ANDREW HONE

ABSTRACT. Rational recurrence relations whose iterates are Laurent poly-
nomials in the initial data with integer coefficients are said to have the
Laurent property. Examples of such recurrences have appeared in a wide
variety of contexts, including integer sequences in number theory (ellip-
tic divisibility and Somos sequences), integrable systems (discrete soliton
equations), and algebraic combinatorics (in particular, Fomin and Zelevin-
sky’s theory of cluster algebras). For suitable initial data, recurrences
that have this Laurent property generate integer sequences, and if they
also have a rational invariant then their iteration produces infinitely many
solutions of an associated Diophantine equation. After presenting a clas-
sification of certain second-order nonlinear recurrences with the Laurent
property, we discuss which of them are explicitly solvable (or integrable,
in a suitable sense). Subsequently the solution of the initial value problem
is obtained for a family of third-order nonlinear recurrences that share the
Laurent property. For suitable choices of initial data, the iteration of these
recurrences furnishes infinitely many integer points on a pencil of cubic
surfaces.

1. INTRODUCTION

Integer sequences that are generated by linear recurrence relations have
a long history. As well as being the subject of intensive study in number
theory, they find modern applications in computer science and cryptography
[16]. However, the theory of nonlinear recurrence sequences has only begun
to be developed relatively recently. The iteration of a kth-order nonlinear
recurrence relation of the form

Tnir = F(Tn, Tpyry ooy Tonrp1) = F(x,), (1.1)
where x,, = (T, Tpi1, ..., Tnsg—1), 1S equivalent to iterating the map
T Ty
¢ S N B B (1.2)
xk'—l F(;(o)

2000 Mathematics Subject Classification. 11B37, 11B83, 11D25, 33E05, 37J35.
Key words and phrases. Laurent polynomials, nonlinear recurrence sequences, integrable
maps.
188
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which is just a particular sort of discrete dynamical system (in R or C¥,
say). If we want (1.1) to generate sequences of integers, then we can certainly
choose F' € Z[x], and take initial data in Z*, but in general the corresponding
map (1.2) will not have a unique inverse. Furthermore, in that case such
sequences will generically exhibit doubly exponential growth, i.e., log |z,
will grow exponentially with n.

A simple example in the above class is the quadratic map defined by the
recurrence

Ty =22 +c (1.3)

with a parameter ¢, which is a prototypical model of chaos [12]. In order
to get an integer sequence, it suffices to take xy,c € Z. However, note that
only the special cases ¢ = 0, —2 are exactly solvable [11], and these are also
the only values of ¢ for which (1.3) admits another map that commutes with
it (see [58] and references). The theory of linear recurrence sequences relies
heavily on the fact that they are explicitly solvable. Thus it is natural to look
for nonlinear recurrences that are also solvable or ‘integrable’ in some sense.

In this article we shall be concerned with the case that the map (1.2) is
birational and equivalent to a recurrence of the particular form

Tptk Ty = f(xn—i-la . ul’n+k—1) ) (1‘4>

where f is a polynomial in its arguments. It turns out that among rational
recurrences of this kind there is a large class that generate integer sequences
from suitable initial data. One of the first known examples of this type was
found by Michael Somos from an investigation of the combinatorics of ellip-
tic theta functions, and the sequences that he found are known as Somos
sequences. Subsequently, it was realized that the recurrence relations for
Somos sequences have a very special property: the iterates are polynomi-
als in the initial data and their inverses (Laurent polynomials) with integer
coefficients. Recurrence relations with this property are said to exhibit the
Laurent phenomenon, and examples of this phenomenon have surfaced in a
wide variety of different contexts, ranging from cluster algebras in algebraic
combinatorics [17] to integrable partial difference equations in soliton theory
[62].

The aim of this article is to describe a fascinating area of overlap between
number theory, algebraic combinatorics and integrable systems, with the com-
mon theme being recurrences and the sequences of integers or polynomials
that they generate. The discussion is led by examples, and technical details
are kept to a minimum. The next section provides a brief review of Somos
sequences and the Laurent property, in order to put them into a wider con-
text and hopefully whet the reader’s appetite. In Section 3 we outline some
notions of what it means for a map to be integrable, including an arithmeti-
cal criterion for integrability due to Halburd [21], which gives a simple way
to detect whether a recurrence should be explicitly solvable or not. We also
explain an interesting property of recurrences with the Laurent property: if
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they have rational invariants (conserved quantities), then they can generate
infinitely many solutions of associated Diophantine equations. Section 4 il-
lustrates these ideas by considering second-order recurrences of the form (1.4)
for k = 2; a classification of those with the Laurent property is presented.

If a conic has an integer point, then there are well known sufficient con-
ditions for it to have infinitely many integer points [38]. In the fifth section
we present an analogous result for a family of cubic surfaces, which arises
from considering a two-parameter family of third-order nonlinear recurrences.
These third-order recurrences both have the Laurent property, and have two
rational conserved quantities that define a pencil of cubic surfaces. The ex-
plicit solution of the initial value problem for these recurrences is derived,
and it is shown that, for suitable parameter values and initial data, the it-
erates of the nonlinear recurrence produce infinitely many integer points on
the associated cubic surfaces. The final section contains some conclusions.

2. SOMOS SEQUENCES AND THE LAURENT PHENOMENON

Somos made the numerical observation that, with the four initial data
To = x] = Ty = x3 = 1, the fourth-order recurrence

Tpid Ty = Tpy3 Tpil + xim (2.1)
produces a sequence of integers [52], that is
1,1,1,1,2,3,7,23,59, 314, 1529, 8209, 83313, . . . . (2.2)
He noticed the same sort of thing for the Somos-k recurrences
[k/2]
Ttk Tn = Z Lntk—j Tn+tj (2'3)
j=1

with £ = 5,6,7: if all initial values are 1 then the iterates are all integers;
but when k£ = 8 denominators appear.

To begin with, various elementary ways were found to prove that the se-
quence (2.2) consists of integers, but eventually it was realized that there are
deeper reasons behind this fact. If one takes the initial values xq, x1, 22, x3 as
variables, then the next two iterates are

T3 37% 39 .’L‘g .’L’%

T= T2 = 2
i) i) i) 1o 1

which are polynomials in these variables and in the inverse powers z; ', z7 .
One can regard such expressions as Laurent series that have been truncated,
and hence they are referred to as Laurent polynomials. It is clear that the
iterates x4 and x; are also Laurent polynomials, and they have integer coeffi-
cients, so they lie in the ring Z [xff], ot 1’3:1, xgtl] However, what is surpris-
ing is that obtaining xg from (2.1) requires division by x4, but a remarkable
cancellation occurs, so that zg is also a Laurent polynomial in the variables

To, X1, T9, T3, and so are all the subsequent iterates. A recurrence whose
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iterates are Laurent polynomials in the initial data with integer coefficients is
said to have the Laurent property. By inserting coefficients on the right hand
side of (2.1), one obtains the general Somos-4 recurrence, that is

Tptd Tp = O Tpy3 Tptl + ﬂ $i+2 ) (24)

and this also has the Laurent property; more precisely,

T, € Z[moﬂ,xfl,méﬂ,x%l,a,ﬁ]
holds for all n. It is an obvious consequence of a recurrence having the Laurent
property that if all the initial data have the value 1, and if the coefficients
take integer values, then all the iterates must be integers. Subsequently, a
variety of other recurrences of the form (1.4) with the Laurent property were
discovered [20, 47].

Somewhat earlier, when Mills, Robbins and Rumsey made their study of
Charles Dodgson’s condensation method for computing determinants [36],
which led to the alternating sign matrix conjecture [5], they considered the
case a = 1 of the recurrence

Dé,m,n+lDf,m,n—1 =« D€+1,m,nDZ—l,m,n + 6D£,m+l,nD€,m—1,n ) (25)

where the indices ¢,m,n range over a suitable subset of Z*, and observed
that it generates Laurent polynomials in the initial data. Thus the equation
(2.5) became known within the algebraic combinatorics community, where it
is usually referred to as the octahedron recurrence [43]; while in the theory
of integrable systems it is known as a particular form of the discrete Hirota
equation [62], a partial difference equation with soliton solutions. In soli-
ton theory, equations that are quadratic in the dependent variables, such as
(2.3) and (2.5), are referred to as being in Hirota bilinear form, and they
can by rewritten very elegantly using certain bilinear operators that Hirota
introduced [24].

The Laurent property has reappeared most recently in Fomin and Zelevin-
sky’s theory of cluster algebras (see [19] and references). A cluster alge-
bra is a commutative algebra with a distinguished set of generators that
live in clusters of k elements attached to the vertices of a k-regular tree.
At any two adjacent vertices the clusters C = {,,Tpi1,...,Tnrk—1} and
C' = {xpsi1,Tnyo,- .., Tpyr} have all but one element in common, and the
exchange relation between such an adjacent pair of clusters has the form

TpikTn = C1 Ml (x’rH—lv s 7xn+k—1) + co M2 (xn-i-b s wrfrH—k—l) (26)

for suitable monomials M; and coefficients ¢;; this is just a special case of
(1.4). In [17], the general machinery of cluster algebras was shown to be
extremely effective in proving the Laurent property for a wide variety of re-
currences, mostly (but not all) of the form (2.6). In particular, Fomin and
Zelevinsky there gave the first proof of the Laurent property for the octahe-
dron (discrete Hirota) recurrence (2.5). Subsequently, Speyer has developed



192 Nonlinear recurrence sequences and Laurent polynomials

a combinatorial model to prove more detailed properties of the Laurent poly-
nomials generated by this recurrence. In particular, he has shown that all
the coefficients of these Laurent polynomials are 1, and the analogous prop-
erty for the Laurent polynomials generated by Somos-4 (that all coefficients
are positive) is a corollary of this [53]. Propp directed a group of extremely
talented students in the REACH project (Research Experiences in Algebraic
Combinatorics at Harvard), who developed a different combinatorial model
to show that the integers (2.2) count the number of perfect matchings of a
sequence of graphs.

Actually, there is another way to demonstrate that the sequence (2.2) con-
sists of integers, which is to take the sequence of rational numbers

0, —1, 1/4, —5/9, —20/49, 116/529,
—3741/3481, 8385/98596, —239785/2337841, . ..

that are the X coordinates of the odd multiples of the point (0,1) on the
elliptic curve

(2.7)

V2 =4X° —4X +1.

The denominators in (2.7) are always perfect squares, and they are precisely
the squares of the integers (2.2). It was understood in unpublished work of
several number theorists that the iterates of Somos-4 or Somos-5 recurrences
are associated with a sequence of points Py + nP on an elliptic curve! E—
for example, compare the discussion of Zagier [63] with the results of Elkies
quoted in [7]. The algebraic part of the construction was detailed in the thesis
of Swart [55] (who also mentions unpublished results of Nelson Stephens),
while the author has given the explicit analytic solution of the initial value
problem for the general Somos-4 [26] and Somos-5 [29] recurrences in terms of
the Weierstrass sigma function, and van der Poorten has recently presented
another construction based on the continued fraction expansion of the square
root of a quartic [40]. For various results on Somos sequences of higher order,
see [4, 8, 35, 41, 42].

A particular class of Somos sequences was already studied in detail in the
1940s, namely the elliptic divisibility sequences (EDS) considered by Mor-
gan Ward [60, 61]. These sequences are generated by a special case of the
recurrence (2.4), namely

2 2
Tppd Ty = T3 Tpy3 Tpypl — L1 T3 Ly 49, (2.8)
with initial data
1 =1,29,23,04 €7 with To | Xy .

The iterates x,, of an EDS are integers with the divisibility property that
Tm | x, whenever m | n, and they correspond to the multiples n P of a
point P on an elliptic curve E, so they are given by values of the division
polynomials of E (for a description of these see, e.g., Exercise 3.7 in [50]).

Historical notes can be found at http://www.math.wisc.edu/ propp/somos.html
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The arithmetical properties of EDS and Somos sequences—in particular the
distribution of primes therein—are a subject of current interest [10, 15, 49, 51].
Some of these properties are reviewed in the book [16] (see section 1.1.20, for
instance), where it is suggested that such bilinear recurrence sequences are
natural generalizations of linear ones, with many analogous features. For
example, the Fibonacci sequence is a divisibility sequence generated by the
linear recurrence F),,, = F,, + F,,_; with initial values Fy = 0, F} = 1, and
the even index terms z, = Fj, satisfy the bilinear recurrence

F2n+4 FQn—4 - 9F2n+2 F2n—2 - 8F2

2n

so this is a degenerate EDS corresponding to the case where the curve E
becomes singular.

3. CONSERVED QUANTITIES AND INTEGRABLE MAPS

In order to completely integrate a differential equation of order k (or an
equivalent system of k coupled first-order equations), one usually requires suf-
ficiently many conserved quantities. Certainly if there are k£ — 1 independent
such quantities, then this will be enough to reduce the problem to a single
quadrature, but sometimes one does not need as many as this. In particular,
in the traditional setting of classical Hamiltonian mechanics one has an even
number k = 2N of first-order equations (Hamilton’s equations), and it turns
out that only k/2 = N suitable conserved quantities are required.

More precisely, in the setting of classical mechanics one has a real sym-
plectic manifold M equipped with a closed, nondegenerate two-form w (the
symplectic form). For a real-valued function A on M, its associated Hamil-
tonian vector field X, is defined by setting the contraction of w by X} to be
ix,w = —dh. In mechanics, one is usually interested in a particular choice of
function h, called the Hamiltonian, which physically corresponds to the total
energy, and Hamilton’s equations for this h are the k equations

% = X, (x), (3.1)

where x = x(t) denotes a point in M and the overdot means the time de-
rivative d/d¢. The system is said to be completely integrable (in the sense of
Liouville-Arnold) if there are k/2 = N functionally independent quantities
hy = h, hs, ..., hy that are in involution, meaning that

W(th,th> =0

for all j, k. The latter condition implies that all the corresponding pairs of
Hamiltonian vector fields X}, , X3, commute with one another, and also that

each h; is a conserved quantity (first integral) for the system, i.e., h7 =0 for
j=1,...,N. In that case, a theorem of Liouville says that the system (3.1)
can be integrated by quadratures.

For a completely integrable system, it is clear that each trajectory x(t) € M
generated by the flow (3.1) lies on an N-dimensional level set defined by
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hy = constant, ..., hy = constant, where the value of these constants is fixed
by the initial data x(0). Arnold’s reformulation of Liouville’s theorem includes
the statement that each compact, connected level set of the first integrals is
diffeomorpic to an N-dimensional torus, and describes the local coordinates
(action-angle variables) in the neighbourhood of such a torus [1]. It is also
possible to formulate Hamiltonian mechanics and complete integrability in
the more general setting of Poisson manifolds, equipped with a (possibly
degenerate) Poisson bracket [9]; in particular this allows k, the dimension
of M, to be odd. However, the symplectic setting will be sufficient for our
purposes here.

After this brief excursion into Hamiltonian systems, we must return to the
main topic of interest, namely recurrences. While the complete integrability
of differential equations has a long history, the corresponding notions for
discrete systems (difference equations, maps and recurrences) have only been
introduced quite recently. Indeed, discrete integrable systems are the subject
of much ongoing research (see [3, 54] for a range of recent results) and it is
fair to say that there is no single definition of a ‘discrete integrable system’
that applies universally. However, here we shall discuss various definitions
which are appropriate in the context of recurrences, as well as some of the
relationships between them.

As already mentioned in the introduction, iterating a kth-order recurrence
relation is equivalent to iterating a map in k£ dimensions, ¢ say. If £k = 2N
is even and ¢ preserves a symplectic form w (so that the pullback p*w = w),
then we say that this is a symplectic map. In this setting, there is a direct
analogue of the Liouville theorem [58], and thus it makes sense to define
symplectic maps [6] or correspondences [59] to be completely integrable (in the
Liouville-Arnold sense) when they have N independent conserved quantities
(invariants) that are in involution.

Somos-4 recurrences furnish a very simple example of an integrable sym-
plectic map, via the introduction of some new variables. Upon setting

. Tpn—1Tp+1
Uy = x—%’ (3.2)
in terms of the z,, satisfying (2.4), we get the second-order recurrence
Un-i—luiun—l = Qu, + ﬂv (33)

which is equivalent to a birational map of the plane (k = 2N = 2), that is

& ( » ) - ( (v -+ B)(ur?) ) (34)

which (away from the singularities) is defined on R? (or C?) and preserves
the symplectic form

w=(uw) 'duAdv. (3.5)
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The second-order recurrence (3.3) has the conserved quantity

J:unun1+a<i+ ! >+ s (3.6)
U, Up—1 Up Up—1
(invariant with n), which is equivalent to a conserved quantity for the map
(3.4), and so (because we only require one invariant for Liouville’s theorem
to apply when N = 1) it is a completely integrable map.

(From the expression (3.6) we see that each level set J = constant is a
quartic curve of genus one given by

u?v® — Juv +a(u+v) +B=0,

and uniformizing this curve leads to the formula u, = p(z) — p(20 + nz) for
the iterates of (3.4) in terms of the Weierstrass g function of a birationally
equivalent cubic curve Y? = 4X3 — g X — g3, for suitable ¢», g3, 20, 2 (see
26, 29] for details). Figure 1 shows a plot of several different orbits for
the map (3.4), obtained by taking various different starting points (ug, u)
and plotting successive pairs of iterates (u,_1,u,) in the (u,v) plane. Each
starting point gives a different value of J and hence a different level set defined

by (3.6).

FIGURE 1. A family of orbits for (3.4), the map of the plane
associated with Somos-4.

Recently, Halburd has proposed an alternative, arithmetical, definition of
integrability in the context of rational recurrences (or rational maps). For
non-zero r € Q written in lowest terms as © = p/q for p,q € Z, its height
is H(x) = max{|p|, |q|}, while its logarithmic height is h(x) = log H(z). Ac-
cording to [21] a rational recurrence defined over Q is said to be Diophantine
integrable if the logarithmic height h(x,) of the iterates grows no faster than
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a polynomial in n. According to this definition, the only integrable first-order
recurrences with constant coefficients are the Mobius transformations

ax, +b
pa ad —bc #0. (3.7)

Tn4+1 =

These are the birational automorphisms of the projective plane (z, € P').
The recurrence (3.7) can be exactly solved upon linearization via x,, = p, /¢,

to give the system
Pn+1 _ a b Pn
An+1 c d dn

(which is equivalent to a second-order scalar linear equation by elimination
of either p, or g,), and for a,b,c,d € Q the logarithmic heights h(x,) of all
aperiodic rational orbits grow linearly in n. This should be contrasted with
the case ¢ = 0 of the quadratic recurrence (1.3): w,1; = 22 is explicitly
solvable, with the solution being x,, = 22", and it is also linearized by setting
w, = logx,, but it is not Diophantine integrable because h(x,) = 2"h(zy) for
xy € Q. Here we consider only autonomous recurrences (where the coefficients
are constant), but the definition of Diophantine integrability applies equally
well to non-autonomous recurrences whose coefficients depend on n, such as
the discrete Painlevé equations [45].

A huge advantage of taking Halburd’s criterion, in terms of the growth of
heights, as a definition of integrability is that, given any rational recurrence
defined over Q, it is very easy to perform a numerical test to check the as-
ymptotic growth of heights for a particular orbit. However, it is not clear a
priori what relation (if any) it has with complete integrability in the Liouville-
Arnold sense. In fact, for autonomous recurrences it seems that there is a
direct relation between Diophantine integrability and so called algebraically
completely integrable systems. In the setting of continuous Hamiltonian sys-
tems there is a precise notion of an algebraically completely integrable system
[57], for which each flow linearizes on the (generalized) Jacobian of an alge-
braic curve, or more generally on an Abelian variety [31] that corresponds
to the (complexified) level set of the first integrals. Quite recently, some
discrete analogues of algebraically completely integrable systems have been
found; for instance, the discrete counterparts of linear flows on the Jacobians
of hyperelliptic curves are described in [32].

Let us consider the simplest example of second-order recurrences, that are
equivalent to birational maps of the plane. If such a map is completely inte-
grable a la Liouville-Arnold, then it must preserve a symplectic form w and
have a conserved quantity. If the further requirement of algebraic complete
integrability is imposed, then the conserved quantity must be a rational func-
tion, so that the level sets are algebraic varieties (in this case, plane curves).
Now the map induces an automorphism on the plane curve corresponding to
each level set, and if it is non-trivial, i.e., infinite order, then by the Hurwitz
theorem the genus of the curve must be at most one. In the case where the
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map is defined over Q, the logarithmic heights of rational points grow linearly
in n on a rational curve and quadratically in n on an elliptic one [50], and
hence the map is Diophantine integrable. Thus for birational maps of the
plane we see that Diophantine integrability is necessary for algebraic integra-
bility, but whether the converse should hold is not so immediately clear. For
non-trivial third-order recurrences, similar arguments show that if there are
two independent rational conserved quantities then the corresponding map
is Diophantine integrable. However, in three dimensions there is the further
subtlety that the generic level set need not be irreducible: we shall see an
example of this in Section 5. In higher dimensions there are many more
possibilities.

We should also mention that there are several other integrability criteria
for nonlinear recurrences. For example, Hietarinta and Viallet have consid-
ered the degrees d,, of the iterates as rational functions of initial data, and
proposed that the algebraic entropy lim,, .. (logd, )/n should vanish for inte-
grable maps [23]. Also, Roberts and Vivaldi have studied the distribution of
orbit lengths in rational maps of the plane reduced to finite fields I, for differ-
ent primes p, and thence used the Hasse-Weil bound to identify algebraically
integrable cases of such maps [46].

3.1. Conserved quantities and Diophantine equations. There is one
additional feature that was not mentioned in our earlier discussion of the
Somos-4 recurrence, namely the fact that it generates solutions of a quartic
Diophantine equation in four variables. If we rewrite the formula (3.6) for
the conserved quantity J in terms of the original variables x,,, we obtain the
equation

a (Tp1Tp 4y + TpTnr) + BToTh ) + 20 1Ty = J T 1T Tas1 Tase -
(3.8)
For fixed J, this defines a quartic threefold which can be viewed as a fibre
bundle over the elliptic curve defined by (3.6), with the transformations

x, — Ax,, x, — B"x,

(for arbitrary non-zero A, B) generating gauge symmetries along the fibres.
Alternatively, (3.8) can be considered as a quartic Diophantine equation.
Given coefficients a, 5 € Z (or in Q), if the Somos-4 recurrence (2.4) with
a set of integer initial data (xg, 1, z2, x3) generates a non-periodic sequence
of iterates satisfying x,, € Z for all n, then there are infinitely many integer
quadruples (x,_1, T, Tyi1, Tnyo) that satisfy (3.8), with J € Q being uniquely
determined as long as all the initial data are non-zero. This is a particular
instance of a general feature shared by all recurrences that both have the
Laurent property and possess a rational invariant: generically, the orbit of
suitable initial data will generate infinitely many solutions of an associated
Diophantine equation.
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Lemma 3.1. Suppose that a kth-order rational recurrence of the form (1.1)
has coefficients in Q|c| (for some set of parameters c) and has the Laurent

property, i.e., x, € Z[x(jfl,xlﬂ,...,xkiil,c} for all n. Suppose further that
this recurrence also has a rational invariant given by
K = fl(l'nu Tpt1s--+r Tptk—1, C)
f2($na Tn+1y- s LTntk—1, C)

for fi, fo € Zlxp, xpi1, . Tnvk—1,¢|. If fo £ 0 for some fized integer values
of ¢ and initial data x; = 1 or —1 for j = 0,...,k — 1, then the value of
K € Q is fized, and the recurrence generates infinitely many integer solutions
of the Diophantine equation

fl(xn?xnth ceey Tntk—1, C) - Kf2($7l7$n+1, ey Tntk—1, C)

as long as the corresponding orbit is aperiodic.

The integer sequence (2.2) provides a particular example of the above re-
sult: setting @« = = 1, the initial data 1,1,1,1 produce the value J = 4
in (3.8), and for n > 0 any four adjacent terms of this increasing sequence
provide a distinct solution of the equation. In [56] it is proved that the it-
erates of the general Somos-4 recurrence satisfy the stronger property that
Ty € Z[xaﬂ,xl,xz,xg,a,ﬁ, (a? + ﬂj)} for n > 0, which yields a broader set
of sufficient criteria for integer sequences. In the following sections we will
see analogous results for some other recurrences.

4. SECOND-ORDER RECURRENCES

In this section we consider second-order recurrences of the form (1.4), and
present a classification result for these. Note that, in what follows, we exclude
those recurrences of the form

_ d
Tyl Tp—1 = CT,,,

which generate Laurent monomials. This trivial case is not Diophantine in-
tegrable for d > 3, but it is explicitly solvable for all d, and can be linearized
via the substitution w, = logz, to give w,, — dw, + w,_; = logc.

Theorem 4.1. Let f(x) € Z[x], with f being of degree d in x and having the
form
flz) = 2" F(x)

for a non-constant polynomial F such that F(0) # 0. The recurrence

Tpi1 Ty = f(x,) (4.1)

possesses the Laurent property (that is, ©, € R = Z[:coil,xfl,c} for all
n € Z, where ¢ denotes the coefficients of f) if and only if one of the following
three cases holds:

(1) M =0 and f satisfies
fx) =X 20 f(N/x), with A= f(0); (4.2)
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(i) M =1 and the polynomial F (of degree D = d — 1) satisfies
F(z) = A P2l F (X? /x) . with X = F(0); (4.3)
(ii) M > 2 and F is an arbitrary non-constant polynomial.

Remark. The above result was first given (in a slightly different form) in
28]. Case (i) (f(0) # 0) was also found in 2001 by Speyer, and his proof of
the Laurent property is reproduced by Musiker [39]. This case is also covered
by the Caterpillar Lemma in [17].

Proof. The proofs for cases (i) and (iii) were described in [28], but most of
the details for case (ii) were omitted, so here we mostly concentrate on this
case. Doing modular arithmetic in the ring R, which is a unique factorization
domain, it is straightforward to show that the stated conditions (4.2) and (4.3)
are necessary for the Laurent property in cases (i) and (ii) respectively, while
there are no conditions in case (iii). To see why (4.2) is also sufficient in
case (i), it suffices to do induction, including as part of the hypothesis that
any adjacent pair of iterates z;_;,z; for 1 < j < n are coprime elements
of R. In case (iii) it is even easier: not only x, € R but also x,/x,_; and
Tpi1Tn_1/22 € R for all n.
For case (ii), first of all note that the recurrence

Tpi1Tp_1 = Tn Iy, FE, := F(x,) (4.4)
immediately implies the third-order relation
Tn4+2 Tpn—1 = EH—l EL (45)

for all n. Now take as the inductive hypothesis that
zj = G Gjpo
for 0 < j < n, where G; € R are given recursively by
G2 G = Fj (4.6)

for the same range of j, starting from G, = 1, Gy = xy, G3 = xy2, " (which
are all units in R). Assume also that any three adjacent terms G;, Gj11, Gji2
are pairwise coprime in this range. By using (4.5), the next iterate of (4.4) is

—1
Tp+1 = Fran—lxn_Q = Fn—an/Gn—lGn - Gn+3G7z+2

with G412 € R (by hypothesis) and G,.3 = F,/G,, in accordance with
(4.6) for j = n+ 1. So to have z,,; € R, it suffices to show that F,, = 0
(mod G,,) sothat G153 € R. Now z,,_; = G,,G,+1 = 0 and similarly z,,_o = 0
(mod G,,), and by (4.5) we have F,, = F(F,, _1F,_5/x,_3), so that mod G,, we
get R

A\PE, s

F,=F (XQ/JU”_3> =t—F5—,
T3

using (4.3). The denominator of the last expression has z” ., but z, 3 =
Gr—1G,,—2 which is coprime to G,, (since G,_; and G, _, are, by assumption),
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while the numerator has F,,_3 = G,,_3G, =0, so F,, = 0 as required. Finally
note that

GrisGy = Fy = F(Gyy1Gryo) = A

both modG,, 1 and modG,, ». Thus G, 1, G,i2, G, 3 are pairwise co-
prime, which completes the inductive step. 0

It is worth remarking at this point that the conditions stated in the above
theorem essentially require that f and F' should be reciprocal polynomials
in cases (i) and (ii) respectively. In general, if we work over C, then we can
always rescale x,, so that A = 1 and X =1 in the respective cases, but since
we require f € Z[z] we do not have this freedom. In fact, if u denotes the
leading coefficient of f, then in case (i) we have from (4.2) that pu = £\'=%/2,
so for odd d > 3 we must have A\ = 1, while for even d > 4 there are the two
possibilities A = 1 or —1; the d(igrees d=1,2 are specia/l\. Similarly in case
(ii), from (4.3) we obtain u = A" so we require that A = 1 for D > 2 (or
equivalently, d > 3); and d = 2 is special once more. For case (iii) we always
have d > 3.

Each recurrence of the form (4.1) is equivalent to the iteration of a map of

the plane given by
o ()= Crae ) 0

which preserves the symplectic form
w=(zy) dr Ady. (4.8)

As we shall see, the special cases d = 1,2 are the only ones that are alge-
braically integrable, in the sense that they admit a rational invariant that
defines an algebraic curve.

In the case d = 1, if we require the Laurent property then we must have
=A% so \is a perfect square and we have the map defined by

Tyl Tyt = [Ty + 12 (4.9)
whose iterates begin

O 11 10 N U e UV ) L GO )
0> 1, 7o ) ToT1 ) T )

and thereafter it repeats wih period five. This is a special case of the recur-
rence
Tpi1l Tl = UT, + A,

called the Lyness recurrence [2], which is integrable because it has a conserved
quantity defining an elliptic curve, i.e.,
xh g+ an) + (A4 ) (@0 + 2,) + pd
K = 2,1 + T, + /’L( n—1 n) ( IUJ )( 1 ) ILL 7 (410>

Tpn-1Tn
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and the iterates correspond to a sequence of points Fy + nP on the curve.
Thus the special case (4.9), whose orbits are all periodic, is known as the
Lyness 5-cycle, and corresponds to the case when P is a torsion point of
order 5: by varying the initial data xq,x; one gets a family of elliptic curves
with such a point. Actually, this example was apparently known to Gauss,
as one aspect of his pentagramma mirificum, and it has reappeared in several
other contexts: it is equivalent to the functional relation (Y-system) that
appears in the thermodynamic Bethe ansatz for an A, scattering theory [64],
and (for g = 1) it is the recurrence for the rank 2 cluster algebra associated
with this root system [18].
For d = 2 then p = +1, and for case (i) with the positive sign we have

Tyl Tpo1 = (Ei +va, + A\, (4.11)
or alternatively for the negative sign we get x,,1 2,1 = —22 + X\. The
second choice can be transformed into the first by taking z, = k, z,, where
k2 =1 and K,y 1k, 1 = —1 for all n, so it is enough to consider (4.11). This

recurrence is integrable, having a conserved quantity that defines a conic,
namely

n— n 1 1 A
L=ty o +y( +—)+ . (4.12)

Tn—1 T Tp—1Tn

Furthermore, the iterates also satisfy a linear recurrence, viz.
Tpi1 + 2y =Lx, — v, (4.13)

so in terms of the initial data we have L = L(zo,z;) € R and also z,, €
Zlv,xy,z1, L] C R for all n, which is even stronger than the Laurent prop-
erty. There are two important observations to make here. Firstly, the iterates
of (4.13), and hence of (4.11), can be written in terms of Chebyshev polynomi-
als with argument L/2. (We shall use this fact explicitly in the next section.)
Secondly, if |L| > 2 then the conic defined by (4.12) has non-negative dis-
criminant, and then iterating the recurrence with integer initial data (zg, z1)
generates infinitely many integer points (z,_1,x,) on this conic.

The latter example of conics with infinitely many integer points is a par-
ticular case of a result due to Gauss (see chapter 8 in [38], for instance);
the iteration of the recurrence (4.11) is equivalent to the usual procedure for
generating solutions of Pell’s equation. When v = 0, A\ = 1 the recurrence
(4.11) generates the coefficient-free cluster algebra of rank 2 associated with
the affine root system A\" [48]. During Graham Everest’s talk in Bristol, he
discussed the primitive prime divisors in the integer sequence z,, = n? + 1,
which is generated by (4.11) with v = =2, A = 5 and xy = 1, x; = 2. See
Everest and Harman [13], in this Proceedings.

If d =2 and f(0) = 0, so that we are in case (ii), then either ;1 = 1, and

we have f(x) = z(x + X), which is just a special case of (4.11), or p = —1
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and the recurrence is given by

Tpi1 Tpo1 = —xp (T, + X) , (4.14)
which is also integrable, having the conserved quantity

j _ xi—l + xi + /):(xn—l - xn)Q(Zmﬂ—l + 22, + /):> .
N xh a2 7

J = constant defines a quartic curve of genus zero. Moreover, for (4.14) the
iterates also satisfy the sixth-order linear recurrence

Tpte + (J - 1)($n+4 - xn+2) —Tp = 0;

which provides an alternative proof that z,, € R based on the the fact that
J=J(xg,z1) € Rand z; € R for j =0,1,...,5.

We can now assert that, for d > 3, all of the other recurrences that satisfy
the conditions of Theorem 4.1 are not algebraically integrable: they do not
have an algebraic invariant. Using standard inequalities for heights, one can
show (as in [21]) that for a recurrence of the form (4.1) with f a rational
function of degree d > 3, the logarithmic heights h(z,) grow exponentially;
for generic (aperiodic) orbits the leading order asymptotics are

~ ~ Vd2 — 4
log h(x,) ~ Cn, C =log (%) :

So in particular we see that for integer coefficients ¢ the recurrences (4.1)

with the Laurent property generate integer sequences (e.g. starting from

g = 1 = x1), but for d > 3 these recurrences are not Diophantine integrable,

and hence (by the arguments of section 3) cannot be algebraically integrable.
For example, consider the recurrence

3
Tpt1 Tpo1 =2, +1.

The above theorem implies that this produces an integer sequence from the
initial data xqg = 1 = 1, that is

1,1,2,9, 365, 5403014, 432130991537958813, ... ,

whose asymptotic growth is given by

3+6
2 )

for some C' > 0. During the meeting in Bristol, Bryan Birch’s immediate
reaction was that such doubly exponentially growing sequences are ‘horrid’,
which would seem to suggest that aesthetic sensibilities in number theory
are very similar to those in integrable systems. Nevertheless, there are many
natural questions that one might consider, e.g., regarding the appearance of
primitive prime divisors, or about the p-adic properties of such sequences.

h(z,) =logx, ~ C E", E =
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5. THIRD-ORDER RECURRENCES AND CUBIC SURFACES

In this section we shall consider a family of third-order recurrences with the
Laurent property. However, in contrast to the preceding results on second-
order recurrences, we shall not attempt to classify all nonlinear recurrences
of the form

Tpi3 Ty = f(‘CETH—]? xn+2)
that have the Laurent property, but rather we present some detailed results
for the two-parameter family of recurrences given by

Tpi3 Ty = Tpao Tpy1 + 0(Tpyo + Tpyr) + C. (5.1)

The particular cases b = 1,¢ = 0 and b = 0,c = 1 were considered recently
by Heideman and Hogan [22] and by Musiker [39] respectively. In turn, (5.1)
is a special case of a more general rational recurrence, of the form

ag + ay(Tyy2 + Tny1) + A3Tn40Tng
az + b1 (T2 + Tpy1) + 03T 2700

T3y = , (5.2)
that was found by Hirota et al. [25] to have two independent rational con-
served quantities. More recently, Matsukaidara and Takahashi have also con-
sidered (5.2) and other third-order recurrences in terms of coupled pairs of
second-order recurrences [34].

The recurrence (5.1) is equivalent to the map

x Y
Q- y | — 2 (5.3)
z (yz+bly+2z)+c)/z

in three dimensions. It turns out that for suitable values of K; and K5, each
orbit of the map lies on the intersection of the cubic surfaces defined by

Fi = (22 + 2%y — Ky azyz + b(2? + 22 + 2zy + 2yz + 2zx)

+V(x+y+z)+e(zr+2)+bc=0 (5:4)

and
=+ r+ (% +yh)e— Kyayz +b(zy+yz+ze+y*) +cy =0. (5.5)

The key to this is the construction of the conserved quantities, which relies on
the fact that the iterates of (5.1) also satisfy a homogeneous linear recurrence
of sixth order. The following result is proved by direct calculation.

Theorem 5.1. The third-order nonlinear recurrence (5.1) has two indepen-
dent conserved quantities K1 and K, defined by

N; ny4ntlyLn .
g, = Ml T tusa) g (5.6)

Ty Tp+1 Tp+2

where

N = (2p 42} o) (Tns1 +b) 4+ 26(2, Tyt + Tpst Tz + Tgo Ty)
+ bZ (xn + Tn+1 + xn-ﬁ-?) + C(er + Tn+2 + b) 3
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and
_ 2 2 2 2
N2 - ('rTL-‘rQ + xn-i—l) Tn + (xn + xn-i—l) Tp4o )
+ b (Tn Tpg1 + Tot1 Tgo2 + Togo Ty + 25 ) + CTpyq -

If the values of these two quantities are fixed in terms of three initial data,
To, X1, To say, then for all n the iterates x, satisfy the fifth-order inhomoge-
neous linear recurrence

Tn+5 + Tn4+4 — Kl ($7L+3 + xn-i—?) + Tn+1 + Tn + b (KQ + 4) = 07 (57)
which has the sizth-order recurrence
(5.8)

= O7
as a consequence . All adjacent triples of iterates (x,y,2) = (Tp, Tpi1, Tni2)
lie on the pencil of cubic surfaces defined by

Tni6 — (Kl + 1><-Tn+4 - :rn+2) — Tn

F(I,y,z)EFl(x,y,z)—i—CFg(x,y,z):O, (59)
with Fy as in (5.4) and Fy as in (5.5).

It is possible to interpret the previous theorem in terms of integrability:
there is a natural Poisson bracket associated with each surface in the pencil
(5.9), which induces a symplectic structure on the surface, but the technical
details of this construction will be presented elsewhere. We proceed to present
the explicit solution of the initial value problem for the third-order recurrence
(5.1). This is based on the linearization (5.8), which leads to expressions in
terms of Chebyshev polynomials.

Proposition 5.2. The even index terms of a sequence generated by the third-
order nonlinear recurrence (5.1), with initial data xo,x1, 2 regarded as vari-
ables, are given by the explicit formula

xop = A, T, (K1/2)+ B, U, (K1 /2) — C, /(K; —2), (5.10)
where K is the conserved quantity defined by (5.6),
b(.CL’() —+ 21’1 + x9 + b)

= — A1
C+ 7 ) (5 )

and T, and U, are Chebyshev polynomials of the first and second kind respec-
tively; the coefficients A, , B, are rational functions of Ki,C,, xg,xs given

by

2$2 20+ (K1 - 1) 2$2 — C+
A, =2y — B, =— —_— 12
* o K, * Ki(Ky—2) "’ ’ 0T K (512
Similarly, the odd index terms are given by the formula
Topt+1 = A_ Tn(Kl/Q) + B_ Un<K1/2) - C,/(Kl - 2) y (513)
where

o — _ b(woz1 + 2w + 122 + b(wo + 71 + 22) + ©) : (5.14)

o2
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and the coefficients A_, B_ are rational functions of Ki,C_,x1,x3, given by
20y 20_ + (K, —1) 203 — C_
K, Ki(K, —2) K
with x3 = (xexy + b(xe + x1) + ¢)/x0. The quantities C+ are related to the
two conserved quantities K1, Ko, as defined in (5.6), by
C,+C_=—-b(Ky+4), C.O_ =0 (K, + 2K, +6). (5.16)

The generating function G(t) :== > ", x, t" for the sequence has the explicit
form

A_ = 21231 - B_ = —I1 + N (515)

Gl — [(xo + 21t) (1 — K %) + (22 + 23t)t?](1 — t2) + (C4 + C_t)t!
()= (1— K82 +t4)(1—12) '
(5.17)

Proof. We work in the field of rational functions Q(xg,z1,xs,b,c) where
all the formulae are defined. (This avoids having to exclude the degenerate
numerical cases K, = 0 or 2.) jFrom the sixth-order linear recurrence (5.8)
it follows that the iterates satisfy the inhomogeneous recurrence

Tptq — Kl H ) + Ty = C:t (518)

where the quantity on the right hand side varies with the parity of n, being
given by (5.11)/(5.14) for even/odd n respectively. Symmetric functions of
C'; and C_ must be conserved quantities: adding (5.18) to itself upshifted by
n — n + 1 and comparing with (5.7) gives the first relation (5.16), while the
second relation comes from a direct calculation.

Recall that the Chebyshev polynomials of the first and second kind are
defined by

sin(nf)

T, (cos@) = cos(nf) and U,(cosf) = — 7
sin

respectively, and hence provide two linearly independent solutions of the ho-
mogeneous linear difference equation

fn+1(5> —2s fn(s) + fn—1 (S) =0.

With the argument s = cosf = K;/2, it is clear from (5.18) that the sub-
sequence of even index terms o, satisfies this second-order linear recurrence
with the addition of the inhomogeneous term C'; on the right hand side.
Hence, up to the addition of a constant, this subsequence is given by a lin-
ear combination of the two Chebyshev polynomials evaluated at s = K;/2.
Using the initial data it is straightforward to calculate the formula (5.12) for
the coefficients. (This and other expressions must be modified slightly when
applying to the numerical cases K7 = 0 or 2.) The formula (5.13) for the odd
index terms is found similarly, together with the corresponding expressions
(5.15) for A_ and B_ in (5.15); they are obtained immediately by replacing
xry — x1, To — x3, C4 — C_ in equation (5.12). The generating function
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(5.17) can be found by multiplying (5.18) by ¢" and summing over even/odd
n separately. O

Remark. ;jFrom the recurrences (5.18) for even/odd index terms, it is easy
to see that these two subsequences each satisfy a recurrence of the form (4.11),
and the points (z,z) = (2, ,42) alternately lie on each of pair of conics of
the form (4.12), given by

2>+ 22— Kizz — Cy(v+ 2+ ¢/b) + b —2c =0 (5.19)

for even/odd n respectively. The intersection of the surfaces K; = constant,
K, = constant can be understood directly by solving (5.4) for y and sub-
stituting in (5.5) to obtain a quartic equation for x,z which factorizes into
the two irreducible components given by (5.19). Of course, the solution of
the third-order recurrence can also be written down directly in terms of the
roots of the sextic polynomial associated with (5.8), but the formulation in
Proposition 5.2 gives much more detailed information about the structure of
the Laurent polynomials generated by (5.1).

Corollary 5.3. With K| and Cy. defined as above, the iterates of (5.1) satisfy
Ton € Llxg, 29, K1, CL], Xani1 € Zlxy, w3, K1, C_] for all n.

The above corollary is a stronger form of the Laurent property, because the
quantities x3, K7, Cy are themselves Laurent polynomials in zg,x;, s (and
polynomials in b,¢). As a consequence, there are many ways to choose the
initial data in order to generate integer sequences from the recurrence (5.1),
and much stronger results than Lemma 3.1 can be obtained. For instance,
if the pencil of surfaces (5.9) contains a pair of integer points (zg,z1,xs)
and (zy,x9,23), and also K;, Cy, C_ are all integers, then generically it
contains infinitely many integer points. For illustration, the following result
on solutions of these Diophantine equations is given without proof.

Theorem 5.4. If arbitrary integers (k,{,m) € Z> are given, then for the
two sets of parameters (i) b=k+m, c=m? — (> =2k, K| = k> — (? — 2,
Ky = 2k, and (ii) b = k+m—1,¢c = m(m—1) =0 —1) — 2k + 1,
Ky =k(k—1)—4(—1)—2, Ky =2k — 1, the cubic pencil (5.9) contains
infinitely many triples of integer solutions, except possibly when the point
(k,€,m) lies on one of a finite set of special lines in Z>.

Remark. The preceding result arises by considering the orbit of the point
(1,1, —m —1) under (5.1). Generically this orbit consists of infinitely many
distinct integer triples, except for certain values of (k, ¢, m) lying along lines in
Z? where the corresponding orbit is periodic. From (5.8) it is straightforward
to show that the only possible periods are 1, 2, 3, 4, 6, 8, or 12.

6. CONCLUSIONS

The Laurent phenomenon is an unexpected feature of certain rational re-
currences, whose iterates are all Laurent polynomials in the initial data. This
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unexpected property has been observed in many different contexts, ranging
from Dodgson condensation to EDS and Somos sequences, to the theory of
cluster algebras. Zelevinsky has given the following informal definition: “a
cluster algebra is a machine for generating non-trivial Laurent polynomials”
[65]. The Laurent polynomials in cluster algebras are very interesting in their
own right. The exchange relations in cluster algebras correspond to recur-
rences of the particular form (2.6), but we have seen various examples that
are not of this specific type. In fact, the Laurent phenomenon is not restricted

to recurrences of the form (1.4) either: consider the fifth-order recurrence

Tn43nTp_1 = Tpioly_| = TpioTp 1oz + A(Tni120)°, (6.20)
for example. (It is left to the reader to show that this has the Laurent
property.) There seem to be many other examples of a similar kind.

The Laurent property for a recurrence implies that, for suitable initial data
(and integer coefficients), it generates integer sequences. However, generically
the logarithmic heights h(z,) of such integers show exponential growth with
n. Similarly, the growth rate of other measures of height, such as the total
degree of the Laurent polynomials [23], or their Mahler measure [14], gives a
measure of entropy for the recurrence, and generically the entropy is non-zero.
The condition that h(z,) has polynomial growth seems to be necessary for
the algebraic integrability of the corresponding rational map, but this may
not be straightforward to prove in general (i.e. for maps in dimension four or
more). It seems that sequences generated by integrable nonlinear recurrences
have a great deal in common with linear ones [16], and that many properties
of linear recurrence sequences should admit an extension to the setting of
integrable recurrences. Above we have discussed only very simple examples
of integrable maps or recurrences, which can be understood by elementary
means, but the theory of integrable systems has a wealth of techniques to
explain the structure of maps and recurrences of higher order [54].

Finally, we would like to comment on the unexpected link with Diophantine
equations. All of the examples of recurrences discussed here that both have
the Laurent property and have at least one invariant correspond to integrable
maps. However, it is possible to have insufficiently many conserved quantities
to satisfy the requirements of Liouville’s theorem. For example, the recurrence

Tp43Tp = 1%4,2 + x721+1 +J (621)

was considered by Dana Scott in the case J = 0 [20]. It has the conserved
quantity
N = (250 + 250+ 25+ T)/ (Bar2Tni12a), (6.22)

and so each orbit lies on a cubic surface N/ = constant. Each such surface is
defined by an equation of the form

AT =Nayz, (6.23)
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that was considered (as a Diophantine equation) by Mordell [37]; for J = 0,
N = 3 it is Markoff’s equation [33]. For J,N € Z the iteration of the
recurrence (6.21) starting from any integer solution triple will generically
generate infinitely many integer solutions of (6.23). However, the recurrence
cannot have a second rational (or algebraic) invariant: the logarithmic heights

grow like h(z,) ~ C ((14++/5)/2)" for some C' > 0, and the algebraic entropy
is also log((1 4+ v/5)/2) (see [27] for more details).
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CONJUGATE ALGEBRAIC NUMBERS ON CONICS: A
SURVEY

JAMES MCKEE

ABSTRACT. A survey of results concerning algebraic numbers « such that
all the Galois conjugates of « lie on a conic: a circle, an ellipse, a parabola,
a hyperbola, or a pair of straight lines.

1. INTRODUCTION

If v is an algebraic number, with (Galois) conjugates o = ay, .. ., ag, then
we refer to S(a) := {ay, ..., a4} as a conjugate set. Of course
S(a) = S(ag) =+ = S(ag).

In 1857, Kronecker [8] published a result that has proved to be as useful as it
is beautiful: if « is an algebraic integer and S(«) is a subset of the unit circle
|z| = 1, then « is a root of unity. Indeed the same conclusion holds if a # 0
and S(«) is a subset of the closed unit disc |z] < 1. Themap 6 : z+— z+1/2
establishes a correspondence between conjugate sets of algebraic integers on
the unit circle, and conjugate sets of totally real algebraic integers lying in
the interval [—2,2]. The same map establishes a correspondence between
conjugate sets of algebraic numbers. For algebraic numbers generally, rather
than integers, there is little more that one can say: by translation and scaling,
any interval with rational endpoints would serve in place of [—2,2].

There are several ways in which one might imagine generalising Kronecker’s
theorem. One could consider polynomials in several variables (Montgomery
and Schinzel [9], Boyd [2], Smyth [15], Dubickas and Smyth [4]); one could
extend to algebraic nonintegers (Robinson [13], Dubickas and Smyth [4]); one
could allow one or more conjugates to leave the unit disc (Pisot numbers,
Salem numbers, and their generalisations); one could consider constraining
the conjugates to lie on different curves in the complex plane (Robinson [13],
Ennola [5], Ennola and Smyth [6, 7], Smyth [16], Berry [1]). In this article
we consider the last of these possibilities, and give a survey of all that is
known concerning algebraic numbers whose conjugates lie on a conic. This
draws together the work of several authors, over a period of nearly 150 years.
Perhaps surprisingly, the final cases (the degenerate conics that give pairs
of lines) were not completed until 2003, in the PhD thesis of Neil Berry
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[1]. Questions of integrality are often more subtle, and for results concerning
algebraic integers we shall usually just give pointers to the literature, except
for the more fundamental results of Kronecker [8] and Robinson [12].

Starting with Kronecker’s theorem, the paper will move in chronological or-
der through circles, parabolas, ellipses, hyperbolas, and finally pairs of lines.
The longest part of the paper deals with this last case, giving an exposi-
tion of part of Berry’s thesis. Most of the earlier results are given simply as
statements of fact, but, for the benefit of the newcomer to the area, the foun-
dational results of Kronecker and Robinson are discussed in a more leisurely
manner, complete with proofs.

On numerous occasions we shall use the shorthand ‘o is an automorphism’
to mean that o is an element of the Galois group of a finite Galois extension of
Q, containing all algebraic numbers under consideration at the time. The map
z +— /z will always be the branch that maps C = {0}U{z | —7 < arg(z) < 7}
to {0} U{z | —7/2 < arg(z) < w/2}.

Acknowledgment. 1 am grateful to the referee for comments that led to a
slight strengthening of Theorem 24.

2. KRONECKER’S THEOREM (1857)

Theorem 1 (Kronecker, 1857 [8]). If o is an algebraic integer such that o
and all its conjugates have modulus at most 1, then either « = 0 or a is a
root of unity (o™ =1 for some positive integer n).

One simple proof of this fundamental result rests on the following obvious
Lemma.

Lemma 2. For any real numbers B and D, there are only finitely many
algebraic integers a of degree at most D such that o and all its conjugates
have modulus at most B.

Proof. The coefficients of the minimal polynomial of an algebraic integer «
are symmetric polynomials in its conjugates: if the degree and the size of
all the conjugates are bounded, then so are all the coefficients. Hence only
finitely many minimal polynomials of such « exist. ]

Proof of Theorem 1. Let a be an algebraic integer such that o and all its
conjugates have modulus at most 1, and let D be the degree of a. Then
a™ € Q(«) has degree at most D for all n, and since « and all its conjugates
have modulus at most 1, the same is true for o and all its conjugates.
Applying Lemma 2 (with B = 1), we deduce that the o" cannot all be
distinct: o™ = " for some n # m. Thus either « = 0 or « is a root of
unity:. U

An immediate consequence of Kronecker’s Theorem is that if « is a nonzero
algebraic integer with S(a)) contained in the unit disc, then « and all its
conjugates lie on the unit circle. This more trivial result has a simpler proof:
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let ¢ be the constant term in the minimal polynomial of such an «; then c is
a nonzero rational integer, so |c| > 1; yet ¢ is (plus or minus) the product of
« and all its conjugates, all with modulus at most 1, and hence all must have
modulus exactly 1.

Using the transformation z — z + 1/z, Kronecker deduced that the only
totally real algebraic integers with all their conjugates in the interval [—2, 2]
are those of the form 2 cos(mq) with ¢ € Q. Robinson’s later work on circles
used an easy generalisation of this transformation, which we record here as a
Lemma.

Lemma 3. Given R? € N, with R > 0, the map
0:zr 2+ R*/z

establishes a one-to-one correspondence between sets of conjugate algebraic

integers on |z| = R and sets of conjugate algebraic integers in the real interval
[—2R,2R].

Proof. Suppose that « is an algebraic integer and that |a| = R. The key idea
is that on the circle |z| = R, the map z — R?/z is just complex conjugation,
so maps algebraic integers to algebraic integers. Hence 6(«) is the sum of two
algebraic integers, so is an algebraic integer. Moreover #(«) equals twice the
real part of «, so is in the interval [-2R, 2R]. Conversely, if 3 is an algebraic
integer in [—2R, 2R|, with minimal polynomial mg(z) of degree n, then the
preimages of 3 under 6 (the numbers on |z| = R that have real part 5/2) are
roots of z"mg(z + R?/z), so are algebraic integers.

If R € Q, then { R} corresponds to {2R} under 6, and {—R} corresponds to
{—2R}. If R ¢ Q, then the conjugate set { R, — R} corresponds to {2R, —2R}.
Apart from these cases, 0 is a two-to-one map: if a has degree n, then n = 2s
is even (conjugates occur in complex conjugate pairs), and S(«a) corresponds
to a set of s algebraic integers in the open interval (—2,2). These s numbers
form a conjugate set S (9(04)): none can have degree below s else a would
satisfy an equation of degree below 2s. O

Remark 4. Replacing the restriction R?> € N by R? € Q, the map 0 in Lemma
3 establishes a correspondence between conjugate sets of algebraic numbers on
|z| = R, and sets of conjugate algebraic numbers in the interval [—2R,2R)].
The map 0/2 could be used here if the interval [—R, R)| is preferred.

This Remark illustrates the flavour of much of what follows, as we move
into the world of algebraic numbers rather than algebraic integers. In Remark
4 we relate the problem of finding algebraic numbers whose conjugates lie
on a special circle to that of finding totally real algebraic numbers with all
conjugates in a certain interval. Later results for algebraic numbers will
similarly relate conjugate sets on conics to conjugate sets contained in certain
intervals on the real line, or to conjugate sets that satisfy some other simple
description.
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3. ROBINSON’S WORK ON INTERVALS (1959-1962)

Although we shall on the whole avoid questions of integrality, such ques-
tions usually amount to establishing a map from the conic to the real line,
and then determining conditions on the totally real image of an algebraic
number « that are sufficient to imply the integrality of a. With this in mind,
Robinson’s work on algebraic integers whose conjugates lie in a real interval
assumes fundamental importance.

The remarks following Kronecker’s theorem show in particular that there
are infinitely many conjugate sets of algebraic integers contained in the real
interval [—2,2]. By translation, the same is true for any real interval of
length 4 with integral endpoints. Schur showed that if |a| < 2 then the
interval [—a,a] can contain only finitely many sets of conjugate algebraic
integers, and Polya pointed out to him that the argument could be extended
to any interval of length strictly less than 4 [14]. In 1959 ([10], [11], but see
[12] (1962) for the detail) Robinson established the result that if an interval
has length strictly greater than 4, then it contains infinitely many conjugate
sets of algebraic integers. In this section, we give Robinson’s proof of this
important result. Apart from the trivial cases mentioned above, nothing is
known about the case of a real interval of length exactly 4.

Theorem 5 (Robinson, 1962 [12]). Let I be a real interval of length strictly
greater than 4. Then I contains infinitely many sets of conjugate algebraic
integers.

This theorem underpins all the work on conjugate sets of algebraic integers
on conics. In all cases, the technique is to find some analogue of the map 6
used in the proof of Lemma 3 that sets up a correspondence between conjugate
sets on the conic and conjugate sets in an interval. The detail may be quite
subtle, as integrality is not generally preserved by rational maps, but the
punchline will always be an invocation of Theorem 5.

Robinson’s proof rests on an explicit formula for the coefficients of Cheby-
shev polynomials, T, (x), defined by T, (2 cosf) = 2cos(nf) (n =0, 1,2, ...),
and satisfying the recurrence T, (x) = 2T, (z) — T,,—1(x) for n > 1.

Lemma 6. The nth Chebyshev polynomial, T, (x) is given by

[n/2] nln—k—1
I 1\ - h n—2k
T.(x) =x +,§1( 1>k:< b1 )a: .

Proof. One can use induction and the recurrence formula, or see [12] for
another inductive proof that makes use of a related family of polynomials
satisfying the same recurrence. 0]

Proof of Theorem 5. Let I be a real interval of length strictly greater than 4.
Then we can choose a subinterval J C [ with rational endpoints and length
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strictly greater than 4, say J = [c — 2\, ¢ + 2], where ¢ and A are rational
numbers (henceforth fixed), and A > 1. Forn =0, 1, ..., let

Po(z) = \"T,, (x - C> ,

where T,,(x) is the nth Chebyshev polynomial, defined above. Observe that
|Po(x)| < 2\ for x € J, and that moreover P,(x) oscillates n times between
the bounds +2\" as = ranges over J.

From the explicit formula in Lemma 6, we can write

n
Py(x) =a"+ ) apa"",
k=1

where ay, is a polynomial in n of degree k, with rational coefficients. Moreover,
crucially, the explicit formula shows that n divides a; (as a polynomial in n).
Thus we have, for any fixed k,

ronf +rinfF Tl rn

ap = 1
k . (1)
for some integers s, ro, 71, ..., Tr_1.
Since A > 1, we can choose £ such that
MA—1)>1. (2)
Take m to be the least common multiple of all the integers s appearing in (1)
for 1 < k < /. Let n be any multiple of m. Then the coefficients a4, ..., ay

are integers, since the numerator in (1) is divisible by m and the denominator
divides m.

We now perturb the tail of P,(z) to give a polynomial with integer coeffi-
cients that is close to P,(x) on the interval J. We choose real numbers by,
oy by with 0 < b, < 1 such that

Qn<$) = Pn<x> + Z kanfk(l‘)

k={+1

has integer coefficients. Since |P, _x(z)| < 2A"7F for 2 € J, we have (using

(2))

- 2\"
n—k
|Qu(x) = Pu(z)| < > 2xmF = O T
k=(+1

for x € J. Since the maxima and minima of P,(z) in J have modulus 2",
the signs of @,(x) and P,(z) will agree at these critical points. Therefore
Q. () has a root between each consecutive pair of turning points of P,(x) in

the interval J, and hence has n distinct roots in that interval.
Since there are infinitely many n that are multiples of m, we can produce
infinitely many @),, of degree n with integer coefficients and distinct roots in
J. This is enough to complete the proof. L]

<2\
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Robinson gives a variant of the above argument that produces irreducible
polynomials @, (), although (as he observes) this is not needed for the main
result.

For algebraic numbers, the situation is much simpler:

Remark 7. Let I be an interval with positive length. Then I contains infin-
itely many conjugate sets of algebraic numbers.

Proof. We can translate I by a rational number without affecting either the
hypothesis or the conclusion, so may assume that 0 € I. Take a positive ra-
tional number A such that the scaled interval Al contains the interval [—2,2].
Then the algebraic numbers (2/)) cos(mq), for ¢ € Q, lie with all their conju-
gates in [. 0

4. CIRCLES WITH RATIONAL CENTRE (1969)

In 1969, Robinson [13] posed the question: which circles |z—a| = R contain
infinitely many sets of conjugate algebraic integers? It is clear that a must
be real, for any conjugate sets must lie on the intersection of the circle and
its reflection in the real axis. Robinson gave a complete answer (Theorem 8
below) to his question for rational values of a. We use C(a, R) to denote the
circle |z —a| = R.

Theorem 8. Let a = p/q, where p € Z, ¢ € N, and ged(p,q) = 1. Let R be
a positive real number. Then C(a, R) contains infinitely many conjugate sets
of algebraic integers in precisely the following cases:

e g=1and R" € Z for somen € N;
e ¢>2 R>q, and ¢(R*> — da?) € Z;
e ¢=2, R>2, and 4(R*—1/16) € Z.

Robinson considered also the easier problem of which circles C'(a, R) con-
tain infinitely many conjugate sets of algebraic numbers, with a € Q:

Remark 9. Let R be a positive real number and let a be a rational number.
Then the following statements are equivalent:

(1) C(a, R) contains a conjugate set of algebraic numbers;
(2) R" € Q for somen € N;
(3) C(a, R) contains infinitely many conjugate sets of algebraic numbers.

Proof. By translation, the result holds for any rational a if and only if it holds
for a = 0, which we now suppose.

Clearly (3) implies (1).

Suppose that (1) holds, and that P(z) = 2"+c;2" '+ - -+¢, is a polynomial
with rational coefficients and all its roots on the circle C'(0, R). Since roots
occur in complex conjugate pairs, except possibly for R, the product of all
the roots of P(z) is £R™. Hence R" = +¢, € Q, which gives (2).

Suppose that (2) holds. We may suppose that n = 2m is even (if not, then
double it). By Remark 7, the interval [-2R™, 2R™| contains infinitely many
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sets of conjugate algebraic numbers, and by Remark 4 the same is true for
the circle C(0, R?™) (using R*™ € Q). Taking the mth roots of such sets give
infinitely many conjugate sets of algebraic numbers on C(0, R), and so (3)
holds. UJ

Robinson gave more detail about the structure of possible conjugate sets
on C(0,R). Suppose that P(z) = 2™ + ¢;2" ' + -+ + ¢, is an irreducible
polynomial with rational coefficients and all its roots on C'(0, R). Since the
set of roots of P(z) is closed under complex conjugation, and on C(0, R)
complex conjugation is given by z — R?/z, we must have

cnP(2) = 2"P(R*/z).
Equating coefficients of z* gives (for 1 < k < n)
CnCni = R e, .

From the proof of Remark 9 we see that R® € Q, and hence R?* is rational
whenever ¢, # 0. The set of values of k for which R** € Q is an additive
subgroup of Z, and hence equals ¢Z for some ¢. Thus ¢, = 0 unless ¢ | k, and
note also that ¢ | n since R*" € Q. Hence P(z) = Q(z*) for some polynomial
Q(z) with rational coefficients. The roots of @ all lie on C(0, R?). Combining
this with Remark 4 we have extracted the following from Robinson’s work,
as noted in [4]:

Theorem 10. Let R be a positive real number, some power of which is ratio-
nal. Let ¢ € N be minimal such that R* € Q. Then the minimal polynomial
over Q of an algebraic number lying with all its conjugates on C(0, R) is one
of the following:

o 2! + R’ (only possible if R' € Q);

o 2% — R* (only possible if R* ¢ Q);

o 24 P(2* + R*/2Y) for some irreducible monic polynomial P € Q[z] of

degree s, having all its zeros in the open interval (—2R*, 2R").

Conversely, each such polynomial is the minimal polynomial of a conjugate
set of algebraic numbers lying on C(0, R).

5. CIRCLES WITH IRRATIONAL CENTRE (1973-1976)

Robinson [13] conjectured that if a is not rational, then no circle C(a, R)
can contain infinitely many conjugate sets of algebraic integers. In 1973, En-
nola [5] disproved this conjecture. He gave a precise description of the circles
C(a, R) that contain infinitely many conjugate sets of algebraic numbers un-
der the restriction that a is totally real, and then dealt with the more difficult
problem of integrality in this restricted case.

Ennola observed first that if C(a, R) contains infinitely many conjugate
sets of algebraic numbers, then the centre a must be algebraic, and then
restricted attention to the special case where a is totally real. In this case, he
gave necessary conditions for a circle to contain at least one set of conjugate



218 Conjugates on conics

algebraic numbers with at least three members, and then showed that such
circles contain infinitely many conjugate sets. This latter part was achieved
with the aid of a 4-to-1 map from the circle to a real interval. For questions of
integrality, one invokes Theorem 5, but this is slightly delicate as one needs to
study which preimages of the 4-to-1 map are actually integers: see the paper
[5] for details. Here we content ourselves with a sketch of the ideas as they
apply to algebraic numbers.
The first observation in the previous paragraph is trivial:

Remark 11. If a and R are not both algebraic numbers, then C(a, R) can
contain at most two algebraic numbers.

Proof. If z is algebraic, then so are its real and imaginary parts. Suppose
that z1 + iy; and x9 + iys both lie on C(a, R), and that both are algebraic.
If 71 # xo, then the equation (z1 —a)? + y7 = (x2 — a)? + y3 would give a
algebraic, and then the equation (z; —a)? + y? = R? would give R algebraic.
So if @ and R are not both algebraic then we must have x; = x5, and hence
at most two algebraic numbers on the circle. (]

We can push this a little further, and note that if the centre is not rational,
then the number of conjugate sets of degree at most two is tiny.

Remark 12. Ifa is not rational, then for any fired R > 0, C(a, R) contains at
most two rational points and at most one pair of conjugate quadratic algebraic
numbers.

Proof. The first point is trivial, and the second is almost so. Suppose that
z = x + 1y is a quadratic number on the circle C'(a, R). Then z, y* € Q. If
we had two such quadratic numbers z1 + iy; and x5 + iy, with x; # x4, then
the equation (z; — a)? + y} = (z2 — a)® + y3 would give a € Q. O

To make further progress, Ennola exploits the use of field automorphisms.
Suppose that P(z) is an irreducible polynomial of degree n > 3 with rational

coefficients, and with all its roots z1, ..., z, on C(a, R). Ennola establishes
the remarkable result that if a is totally real then
(a —6(a))* = R? + 0(R?) (3)

for all automorphisms @ such that 6(a) # a.
To show this, we start with the equation of our circle

(z—a)(Z2—a) = R%.
For 1 <7 < n, and any automorphism 6, write
0(zi) =a+ RE, 0(zi) =a+ R,
and then applying 6 to the equation of the circle gives
R%im; + R(a—0(a)) (& +m:) + (a—0(a))® = 0(R?) = 0.



James McKee 219

We suppose that a is irrational (else we can apply Robinson’s work), and take
0 such that 6(a) # a. Solving for 7;, gives

A+ B

= o D
where A = 0(R?) — (a — 0(@))2, B = (9(a) —a)R, C = —B, D = R
Since we can take at least three different values of ¢, and |n;| = |¢;| = 1, the

bilinear map z — A+Bz

c+p. maps the unit circle to itself. From the theory of
bilinear mappings ([3], page 351, or see Ennola’s paper for a slightly different
but equivalent treatment), AC = BD, giving (and crucially using that a is

totally real)
0(R?) — (a —0(a))” = —R?,
which is (3).
Next we show that a is at worst cubic, and that a and R? are tied together
rather closely.

Theorem 13. Suppose that P(z) is an irreducible polynomial of degree n > 3
with rational coefficients, and with all its roots z1,. . . ,z, on the circle C(a, R),
and that a 1s wrrational and totally real. Then there is a cubic polynomial
g(z) = 23 + Az? + Bx + C with rational coefficients such that both g(a) =0
and R? = ¢'(a).

Proof. We have equation (3) for all automorphisms 6 such that 6(a) # a.

If a is quadratic, then taking 6 such that 6(a) # a we have 6*(a) = a, and
(3) gives @’ =a— R*/(a—6(a)) € Q. Then g(z) = (z — a)(z — 0(a))(z — ')
works.

If a has degree at least 3, then we can take automorphisms 6;, 65 such that
a, 01(a), 65(a) are distinct. From (3) with = 6,, = 65, and 6 = 00, (and
then applying 6; to this last), we get

R*+60,(R*) = (a—Hl(a))Q,
R* +0,(R*) = (a—02(a))2,
01(R?) + 0,(R*) = (61(a) — 02(a))”.

Subtracting the third of these from the sum of the previous two gives (after
dividing by 2)

R* = (a—6(a))(a — ba(a)) . (4)
If a had degree 4 or more, then we could choose 63 with 03(a) distinct from
a, 01(a), 02(a), and replace 03(a) by 03(a) in (4), giving two distinct values
for R2. We conclude that a has degree 3, with minimal polynomial

(2 = a)(z — bi(a)) (2 — O2(a)),
and (4) gives R? = ¢'(a). O
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We remark that since R? > 0, equation (4) shows that for a cubic and
totally real, a is either the smallest or the largest of its conjugates. Moreover
that same equation gives the pleasing geometric result that the other two
conjugates of a are inverse points with respect to our circle.

If a is a quadratic or cubic real number that is a root of the polynomial
g(r) = X3+ Az? + Bz + C (with rational coefficients), and ¢'(a) > 0, then
defining R > 0 by R? = ¢/(a), Ennola shows that there are infinitely many
conjugate sets of algebraic numbers lying on the circle C'(a, R). The method
of proof is to construct a rational map from the circle to a real interval, and
apply Remark 7. We merely sketch the details here.

Writing g(z) = (2 — a)(z — az)(z — as), the equation of our circle is (using
R? = ¢'(a))

(z—a)(z—a)=(a—az)(a—as).

From this, a little algebra gives g(z) = (2 —a)?(z + z — ay — az) whenever z is
on the circle. This implies that g(z)/(z — a)? is real for z on the circle. The
same is true for the quartic f(z) = 2* —2Bz? —8Cz + B> —4AC, since on the
circle this equals (z — a)?((z + 2)? — 4asas). Hence the map z — f(2)/g(z)
sends the circle to the real line, and Ennola notes that the image is the
interval between 4a and 4a’, where @’ is the nearer of a, and as to a. There
are infinitely many algebraic numbers in this interval, and their preimages lie
with their conjugates on the circle: Ennola’s proof of this requires an explicit
description of the inverse map.

To disprove Robinson’s conjecture, the question of integrality is raised, and
Ennola gives conditions for the existence of infinitely many conjugate sets of
algebraic integers on a circle with totally real irrational centre, for which we
refer the reader to his paper [5].

Moving to centres that are not totally real, Ennola and Smyth cleverly
combine field automorphisms with a group of bilinear maps (sometimes called
Mobius, or homographic, or linear fractional, or fractional linear, and called
linear in [7]; these are maps of the form z — (az+0b)/(cz+d)) that permute the
conjugates of the centre. The starting point is the observation (generalising
Robinson) that complex conjugation on C'(a, R) can be realised as a bilinear
map:
az + R? — a?

Z—a

I':z—

On C(a, R), z=T(z).

Suppose that S(8) C C(a, R), where a is not totally real. After Remark
12 we may restrict attention to n > 3. If S(a) = {ay,...,aq}, then we can
choose automorphisms 6; (1 < i < d) with 6;(a) = a;. For 1 <i < d, define
the bilinear map I'; by applying 6; to the coefficients of I":

a;z + 0;(R?) — a?

Z — Q;

I':z—
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The I'; permute the conjugates of 3, for if # is any automorphism then
L(003) = 0:(T(67'6(9)))

As John Conway pointed out (note added in proof in [7]), the group H gener-
ated by the T'; is a subgroup of the symmetric group on n symbols (permuting
the conjugates of (3), and each element of H either preserves or reverses the
order of the conjugates of 3 on the circle, hence H is dihedral or cyclic.
Ennola and Smyth show that H is in fact dihedral, and that there are real
numbers p; and py (satisfying (z — p1)(z — p2) = 2% + cx + b for some rational
c and b, and with py, po inverse with respect to our circle) such that each I';"
has p; and py as fixed points. From this, the general shape of the minimal
polynomial of the centre a, and of 3, can be deduced. Having introduced the
key players in their proof, we now merely quote their results.

Let B be the set of those algebraic numbers (3 of degree at least 3 such that
S(B) € C(a(B), R(B)) (for some a(fB), R(B)). Divide B into disjoint subsets:

B. = {0 € B | some conjugate of (3 is real} ,

B, = {p € B | ( totally imaginary, a((3) totally real},
B, = {0 € B |  totally imaginary, a(3) of degree n and not totally real} .

The set B,, is treated above in Robinson and Ennola’s earlier work.

Given rational numbers s, b, ¢, with ¢ > 4b, let p; < po be the (real) roots
of 2> + cx + b = 0. Take n to be an integer that is at least 3, and define
& =s5—np, & =5—npy, d=E& = s* +nsc+n?b. Put K = Q(py), which
either equals QQ or is a quadratic extension of it. If d > 0, then we define A
to be the open interval (—2\/&, 2\/3), and we then let A denote the set of all
totally real algebraic numbers all of whose conjugates lie in A. Define

9(z) = (&(z —p1)" = &(z — p2)") /(&2 — &), (5)

noting that this depends on the choice of n, s, b, and ¢. Put n = & /&, and
X = 1 or 2 according as n is even or odd.

Theorem 14. Fvery 8 € B, has minimal polynomial of the form g(z), given
by (5), for some n > 3 and some s, b, c € Q satisfying ¢* > 4b, d # 0, and

n & KP for each odd prime p|n, and, if n is even, d >0, d ¢ Q*.  (6)

Conversely, given n > 3 and s, b, ¢ € Q satisfying ¢ > 4b, d # 0 and (6),
the polynomial g(z) defined by (5) is irreducible over Q and has all its zeros
on a circle, and moreover in B, for x of these zeros are real. The centre of
the circle has degree n/x over Q.

Theorem 15. FEvery [ € B,, has minimal polynomial of the form
P(z) = A][(&(z = p)" + &(z = p2)" = aj(* + ez + b)), (T)

J
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where o € A has conjugates o, the constant A is rational, and s, b, c € Q
satisfy ¢ > 4b, d > 0, and (6).

Conversely, given « € A, n >3, and s, b, ¢ € Q such that c® > 4b, d > 0,
and (6) holds, the polynomial P(z) given by (7) is irreducible over Q, all its
zeros (3; are non-real, and the 3; lie on the circle C(a,b+ ac+ a?), where a is
the only real zero of g(z) (given by (5)) if n is odd, and a is the real zero of
g(z) further from —c/2 if n is even. Thus (; € B,,.

Chris Smyth points out that if an algebraic number is in either B, or B,,
with all its conjugates on the circle C, then the centre of C lies in B, (unless
its degree is below 3). In this way one gets a nest of smaller and smaller
circles.

6. PARABOLAS, ELLIPSES AND HYPERBOLAS (1982)

We simply quote the results from Smyth [16].
Define
Sp = {algebraic Fe R | F >0,
all other conjugates of F' are < 0},

Sg = {algebraic BER | B > 1,
all other conjugates have modulus less than 1},

Sy = {algebraic B | B*#1, |B| =1,
all conjugates other than B*! are real} .

The sets of algebraic numbers whose conjugates all lie on a parabola, ellipse,
or hyperbola, will be described in terms of these sets. Note that Sg contains
the set of Pisot numbers, and that the image of Sy under z — z +1/z is the
set of totally real algebraic numbers v such that v € (—2,2) and all other
conjugates of v have modulus greater than 2.

For an algebraic number B, we define k(B) to be the smallest positive
integer such that B*®) has no conjugate of the form wB**5) for a non-
trivial root of unity w. As before, we use T} for the Chebyshev polynomial of
degree k.

For a, F € R, with F' > 0, let P(a, F') be the parabola in the complex
plane with equation

z2(t) =a+ (t+iF/2)*/F, (teR).
For B, a, R € R, with R > 0, B > 1, and with e = £1, let E(a, R, B, €) be
the ellipse
:(t)=a+ R(AVB+¢/(tVB)),  (teR).
For a, R € R, with R > 0, and with ¢ = £1, and for B € C with |B| =1
and B # +1, let H(a, R, B, €) be the hyperbola

At) =a+ R(tVB+e/(tVB)), (t€R).
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Theorem 16. Suppose that a is an algebraic number of degree at least 9 with
S(a) C P(a,F). Thena € Q, F € Sp, and « has a conjugate of the form

where {F = Fi, ..., F,} is the set of conjugates of F', and (3 is totally positive.
Conversely, given such a, F' and (3, the number given by (8) lies with all its
conjugates on P(a, F).

2
)

(8)

Theorem 17. Suppose that o is an algebraic number of degree at least 25
with S(a) C E(a, R, B,€). Then a, R?> € Q, B*®) ¢ Sg.

. o =Tign (). 0

Then S(a*) C E(0,1, B¥®) 1).
In view of this, we need only consider a =0, R =1, k(B) =1,e=1. In
this case, a has a conjugate of the form v+ 1/v, where

" 1/2
v=1 (s +VF—1) (HB]) , (10)

where B = By and either B € Q andn =1 or {B, ..., B*'Y is the conjugate
set of B. Moreover [3 is totally real, and lies with its conjugates in the interval
[—2,2].

Conversely, suppose that B*B) € Sp and 3 totally real with all conjugates
in [—2,2]. Define v by (10). Then o = v + 1/v lies with all its conjugates
on E(0,1, B*B) 1). Suppose further that a, R*> € Q, and ¢ = £1. Then if o
is a root of (9), S(a) C E(a, R, B,¢).

Theorem 18. Suppose that a is an algebraic number of degree at least 25
with S(o) C H(a, R, B,€). Thena, R> € Q, k(B) =1 or 2, and B*®) € Sy.

If B # +i, and o* is defined by (9), then S(a*) C H(0,1, (eB)*5) 1).
Furthermore if k(B) = 2 then t is positive. If B = i, then a* = (a — a)?
lies with all its conjugates on the vertical line R(z) = 2¢R?, and hence o* =
2¢R% + i3 for some totally real 8 (see Lemma 19 below).

In view of this, we need only consider B # +i, a =0, R =1, k(B) = 1,
e = 1. Then a has a conjugate of the form v + 1/v, where v is given by
(10), with {BF', ..., BF'} the conjugate set of B, and 3 totally real, with all
conjugates having modulus at least 2.

Conversely, let B € Sy, B # +i, and let § be totally real, with all conju-
gates of B having modulus at least 2. Let a, R*> € Q, € = +1, and B*®) € Sy.
Define o = v + 1/v, where v is given by (10). Then if o is a root of (9),
S(a) € H(a, R, B,e).
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And if B = +i, 3 is totally real, a € Q, and R?> € Q, then o = a +
\/2eR? +if3 lies with all its conjugates on H(a, R, B,€).

A non-trivial Corollary in [16] is that if a parabola contains infinitely many
conjugate sets of algebraic numbers then its focus is rational, and that if
an ellipse or a hyperbola contains infinitely many conjugate sets of algebraic
numbers then its foci are either rational or are conjugate quadratic numbers.

7. PAIRS OF LINES (2003)

7.1. A single line. For a real number p, let L(p) denote the straight line
R(z) =p.

Lemma 19. Let o be an algebraic number that lies with its conjugates on
a single straight line in the complex plane. Then either « is totally real, or
a=p+18, where p € Q and B s totally real.

Proof. We follow the argument in [16]. Clearly if « is not totally real, then
the straight line in question is of the form L(p),ﬁ)r some p € R. Indeed if o
is any non-real conjugate of a, then p = (' +a/)/2, so that p is algebraic.

Let p’ be any conjugate of p. Then p' = (a” 4+ a”)/2 for some o” that is a
conjugate of a, and hence p’ € L(p). Thus

p+p=2p. (11)
Let o be an automorphism that sends p to one of the conjugates of p that
has maximal absolute value. Applying o to equation (11), we get

p1+p2 =20(p),

for some p; and ps that are conjugates of p. From our maximality assumption,
we must have p; = py, hence p’ = p/, so p' is real, and p = R(p') = p/. Thus
p € Q.

It is clear now that (3 is totally real, for if 5’ is any conjugate of 3, then
one of p i3 is a conjugate of p + i3 = «, and hence /' must be real. O

Remark 20 (Lemma 1(a) in [16]). The idea used in the above proof (applying
an automorphism that sends an algebraic number to a conjugate with maximal
absolute value) can be used similarly to show that for any distinct conjugate
algebraic numbers oy, g, ag one never has

aq + Qg = :|:2043 s
for any choice of signs.
7.2. The four cases: +, =, ||, xX. Let @ be an algebraic number that lies
with its conjugates on a pair of straight lines in the complex plane, but not
on a single line. Since we can draw two straight lines to cover any four points,

we shall suppose that o has degree at least 5. If all the non-real conjugates
of o have the same real part p, then the pair of lines is

RUL(p),
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and for obvious geometric reasons we refer to this as the ‘+’ case. Note that
this case covers all a that have only two non-real conjugates.

If o has non-real conjugates oy, as with different real parts p and ¢, then
there are three possible ways to draw two straight lines through all of a4, a7,
Qip, 3. If all non-real conjugates have imaginary part +k for some k, then a
possible pair of lines is

Ek) :={2:3(2) =k} U{z:(2) = =k},

which we call the ‘=" case. If p and g are the only real parts of any conjugates
of a, then a possible pair of lines is

L(p) U L(q)

which we call the ‘||” case. Finally, there is the ‘x’ case, where each line is
neither horizontal nor vertical. The pair of lines is then of the shape:

X(a,0) :={z:2=a+te* for somet € R},

for some real number a (the point where the two lines intersect) and some
angle 6 € (0,7/2).

Our task now is to determine, for each of the four cases (+, =, ||, x) which
algebraic numbers lie with all their conjugates on such a pair of lines. As for
non-degenerate conics, we shall give ourselves the flexibility of considering
only algebraic numbers of sufficiently large degree, and we shall be content
with a description in terms of algebraic numbers of some more simple special
form.

7.3. The + case. If a has just two non-real conjugates, then it lies with all
its conjugates on the pair of lines R U L(p), where p is the real part of the
pair of non-real conjugates, and we can say nothing more about this case. All
other possibilities for the 4 case are covered by the following Theorem.

Theorem 21. Let p and q be totally real algebraic numbers with ¢ < 0, and
with Q(p) € Q(q). Let m, be the minimal polynomial of q, which of course
splits over Q(p) as my = f,94, where f, is the minimal polynomial of q over
Q(p). Suppose that all the roots of g, are positive, and that f, has at least
two negative roots. Then o = p+/q has more than two non-real conjugates,
and S(a) CRU L(p). Moreover all algebraic numbers 3 with more than two
non-real conjugates such that S(3) C RU L(p) for some p arise in this way.

Proof. Suppose that p, ¢ satisfy all the conditions of the Theorem, with p of
degree r and ¢ of degree rs. Then m, has degree rs, and splits over Q(p)
as a product of s polynomials of degree 7, one of which is f,, and the others
have only positive roots. Let G' be the Galois group of the normal closure of
Q(q). If 6 € G, then 0(p) = p if and only if 6(q) is a root of f,. If § is any
non-real conjugate of a = p + /g, then 3 = 0(p) &+ 1/0(q) for some 0 € G,
and being non-real implies that 6(q) < 0, hence 6(q) is a root of f,, implying
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that 0(p) = p, and 3 lies on L(p). The fact that f, has at least two negative
roots implies that « has at least four non-real conjugates.

The converse requires the work, of course. Suppose that 3 has more than
two non-real conjugates and that S(3) € RU L(p). The proof proceeds in
four steps: (i) p is totally real; (ii) letting p + /g be one of the non-real
conjugates of 3, with ¢ < 0, ¢ is totally real; (iii) p € Q(¢); (iv) m, has the
desired form.

Step (i): p is totally real. Take (3; and [, to be non-real conjugates of [
with distinct imaginary parts. Then we have

Bi+Pr= 02+ 02 =2p. (12)
Applying any automorphism ¢ gives
p(B1) +¢(B1) = ¢(B2) + 9(B2) = 20, (13)

say. Suppose first that (/) is real, and ¢(3;) = p + iq is not. Now

o if () and ¢(3;) are both real, then (13) gives a contradiction, as
(B1) + ¢(Br) is not real;

o if () and ¢(B;) both have real part p, then equating real parts in
(13) gives (1) = p, and then (12) gives a contradiction with Remark
20;

e if one of p(3;) and ¢(B:) is real and the other has real part p, then
equating real parts in (13) we see that the real one equals ¢(f),
contradicting distinctness of £y, Ba, Fa.

A similar contradiction occurs if ¢(3;) is real and ¢(3;) is not. Thus o(3;)
and o(3;) are either both real, or both have real part p. Next suppose that
both (B;) and () are real. Then p' is real, by (13). Finally, if both ¢(3;)
and ¢(f;) have real part p, then adding (13) to its complex conjugate gives
4p = 2p' + 2p/, contradicting Remark 20.

Step (ii): putting 3" = p+ ,/q for one of the non-real conjugates of 3, with
q real and negative, we show that ¢ is totally real. Applying automorphisms
to

(8" = 5)* = 4q,

and gleaning from the proof of Step (i) that any automorphism either maps
both 3" and [ to the real line, or both to the line L(p), we see that all
conjugates of ¢ are real.

Step (iii): p € Q(q). For if not, we could take an automorphism fixing
q but not p, and hence mapping p + /g to p’ & /g with p’ # p, giving a
conjugate of 3 that is not on RU L(p).

Step (iv): m, has the desired form. We have that ¢ = (3 — p)> < 0 is
a root of f,, the minimal polynomial of ¢ over Q(p), and indeed the other
roots of f, will be of the form (3’ — p)?, where 3’ is a conjugate of 3. Since
[ is assumed to have more than two non-real conjugates, there will be some
B ¢ {B,} with real part p, giving at least two negative roots for f,. The
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roots of g, = m,/ f, are of the form (3 — p’)?, where 3’ is a conjugate of /3
and p’ # p is a conjugate of p. Since ¢ is totally real, 5’ must be real (the
alternative of having real part p leads to (3 — p’)? not being real), and hence
the roots of g, are all positive. 0

7.4. The = case.

Theorem 22. Let h = hy be a totally real algebraic number, with h < 0, and
with all other conjugates hs, ..., hg being positive. Let r be a totally real
algebraic number, and let €; € {1,—1} for 1 < j < d. Then the algebraic

number
a=r+evVh+evh+ - +e/ha (14)

lies with all its conjugates on =(v/—h).
Conversely, any algebraic number [ with S(G) C Z(k) (for some k > 0)
arises in this way, with h = —k2.

Proof. Applying any automorphism to (14) will permute the h;, change the
sign of some of the €;, and send r to the real line, hence mapping « to another
element of Z(v/—h). Proving the converse requires rather more effort.
Suppose that 3 lies with all its conjugates on Z(k), and put hy = —k>.
Then certainly hy < 0. The proof proceeds in three steps: (i) h; is totally

real; (ii) the other conjugates of hy (hg, ..., hg, say) are all positive; (iii)
there is a choice of the ¢; that makes r = 8 — e;vh1 — eavhy — -+ — €/ hy

totally real. B
Step (i): hq is totally real. Putting v = §— 3, we have v = £2ki. Applying
an automorphism ¢, we have

7= 0(y) = e(B) —e(B) = ' = B" = £2p(k)i, (15)
where ' = ¢(3) and 3" = ¢(B). Since 3’ and 3" are on Z(k), we have that
~" is either real, or has imaginary part +2k. Suppose that ' = n 4+ 2ki for

some non-zero real n. Then
v — 7 = +4ki = £27, (16)
contradicting Remark 20. Hence ~' is either real or purely imaginary. Hence
@(h1) = ©(2ki)?/4 = (7/)?/4 is real. Thus h; is totally real.
Step (ii): hg, ..., hg are all positive. For suppose that h; # h; is a
negative conjugate of hy. Taking ¢ that maps h; to h;, we have (using

B— 1B =+2ki==+2h)

p(B) — (B) = £2vV hi,
and similar reasoning to that in Step (i) shows that this is either real or equal
to +2/h;. Since the former case is excluded (h; < 0) we have v/h; = £v/hy,

so that h; = hq, a contradiction.
Step (iii): there is a choice of the ¢; that makes

7”:5—61\/}71—62\/%—“'—601\/};1
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totally real. Choose automorphisms @1, ..., ¢4 such that ¢;(h;) = hy. The
imaginary part of ¢;(3) is £k, so we can choose ¢; such that o;(8 — €;v/h;) is
real. For these ¢;, define r by r = 8 — e1v/h1 — eav/hy — - - - — €41/hg, so that

B=r+eavVhi +-+e/ha. (17)

Note that since ¢;(3 — €;4/h;) is real, and ¢; permutes the h;, and all the h;
for j > 1 are positive, we have that ¢;(r) is real. Now we claim that for any
7 between 1 and d, if we define

5‘:{ e if i # 7,

—¢ ifi1=7,

then 5, = r + Zle d:iv/h; is a conjugate of 3. For if we apply ¢, to (17),
then apply complex conjugation, then apply <pj_1, we get ;. Crucially this
uses the fact that ¢;(r) is real.

We now have enough information to see that r is totally real. For suppose
that ¢(r) is not real. Then the imaginary part of ¢(r) must be +2k, from
(17). Define j by ¢(h;) = hq. Then the imaginary parts of ¢(3) — ¢(r) and
©(Bj) — ¢(r) both have magnitude k, but have opposite signs, so that not
both ¢(f) and ¢(F;) lie on =(k), a contradiction. O

7.5. The || case.

Theorem 23. (i) Let p and q be distinct real algebraic numbers, neither of
them rational, such that p + q is rational, and hy = (p — q)?/4 is totally real,
with all other conjugates of hy (ha, ..., hq, say) being negative. Let r be a
totally real algebraic number, and let €; = £1 for j in the range 1 < 57 < d.

Then N
p q+61\/ —|‘ —i—ed\/hd—l-ir

lies with all its conjugates on L(p) U L(q).
(i1) Let p be a real cubic algebraic number that has two non-real conjugates
with real part q, and let r be totally real. Then

a=p-+ir

lies with all its conjugates on L(p) U L(q).
(111) All algebraic numbers [ that lie with all their conjugates on some
L(p) U L(q), but not on a single line, arise as one of (i) or (ii).

A simple idea to transform the || case to the = case is to multiply o —
(p+¢q)/2 by i. In some cases, this achieves the desired reduction, but there
is more to the story than this, as evinced by part (ii) of the Theorem, which
has no analogue in the = case.

Proof. 1t is clear that for either (i) or (ii) we have S(a) C L(p) U L(q).
There remains (iii). We suppose that g lies with all its conjugates on some
L(p) U L(q), but not on a single line.
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We proceed in six steps: (i) the number of conjugates of 3 on each of the
two lines is either 1 or is even; (ii) p and ¢ are not rational; (iii) if ¢ maps a
conjugate of # from one line to the other, then it maps either half or all of the
conjugates from that one line to the other; (iv) the numbers of conjugates of 3
on each of the two lines are either equal, or one is twice the other; (v) the case
where the numbers of conjugates on the two lines are equal is covered by the
first part of the Theorem; (vi) the case where one line has twice the number
of conjugates of the other is covered by the second part of the Theorem.

Step (i): the number of conjugates of 5 on each of the two lines is either
1 or is even. This is almost immediate from Remark 20, for if say there were
an odd number of conjugates on L(p), then one of these would equal p, and if
there were any others, then the sum of a complex conjugate pair would give
2p, contradicting the Remark.

Step (ii): p and ¢ are not rational. Suppose that p, say, were rational. If
L(p) contained just one conjugate of (3, then this would be p, and since not
all conjugates lie on the same line we would have p being conjugate to some
other number, contradicting p € Q. We are reduced to the case where the line
L(p) contains a non-real conjugate of 3, say ;. Applying an automorphism
¢ that sends (31 to a number on the other line, L(g), and equating real parts
in p(B1) +@(B1) = 2p gives either ¢4 p = 2p or 2q = 2p, contradicting p # q.

Step (iii): if ¢ maps a conjugate of # from one line to the other, then it
maps either half or all of the conjugates from that one line to the other. Let
us suppose that ¢(;) has real part ¢, where (3; is a conjugate of 5 with real
part p. If 3; is the only conjugate on its line, then the conclusion of Step
(iii) is trivial; so we may suppose not, and that by Step (i) there are an even
number of conjugates 31, B, ..., B, B. with real part p.

Applying ¢ to B + 31 = 2p, and taking real parts, gives

g+ R(0(Br)) = 2R(e(p)),

and hence (p) has real part either g or (p + ¢)/2. If the real part of ¢(p) is
q, then all of the conjugates on L(p) will be mapped to L(q); if the real part
of ¢(p) is (p + q)/2, then each complex conjugate pair of conjugates of § on
L(p) will be mapped one to each line, so that exactly half of the conjugates
on L(p) will be mapped to L(q).

Step (iv): the numbers of conjugates of 5 on the two lines are either equal
(d/2 on each) or one is twice the other (d/3 on one line and 2d/3 on the
other). Let ¢ map a conjugate with real part p to one with real part ¢; then
it must map some conjugate with real part ¢ to one with real part p. Split
the conjugates of [ into four sets, B,,, By, Bgp, Bqq, Where v € B, means
that ~ has real part r and () has real part s. Let b.s = |B,s|. We have of
course that b,, = by,. By Step (iii), we have either b,, = b,, or b,, = 0; and
either by, = by, or by, = 0. All four cases give by, + b,y = r(byy + byq), Where
r=1,2 or1/2.
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Step (v): the case where the numbers of conjugates on the two lines are
equal is covered by the first part of the Theorem. First we show that in this
case p+ ¢ is rational. Note from the proof of Step (iii) that any automorphism
either preserves the sets of conjugates on the two lines (Type 1), or sends
conjugate pairs to different lines (Type 2). Say [ has real part p, and ¢(5)
has real part ¢q. Then applying automorphisms to

p+a=(B+B+¢B) +¢(B))/2

we see that p + ¢ is fixed by automorphism of both Types. Hence p + ¢ is
rational. Now i(8 — (p + ¢)/2) lies with all its conjugates on Z((p — ¢)/2).
We can appeal to the = case to complete Step (v).

Step (vi): the case where one line has twice the number of conjugates of the
other is covered by the second part of the Theorem. Suppose that d/3 of the
conjugates have real part p, and that 2d/3 have real part ¢q. From Step (iii)
of the proof, we note that any automorphism either permutes the conjugates
with real part p, or sends them all to the other line. Take (3; a conjugate with
real part p. Applying automorphisms to

p=(Gi+05)/2

we see that S(p) € L(p) U L(q). By Remark 20, no conjugates other than
p can have real part p. Note that ¢ itself cannot be a conjugate of p, else
applying an automorphism that maps ¢ to p would map all the conjugates of
B on L(q) to L(p), which contradicts the assumption that twice as many have
real part ¢. Applying Step (iv) to S(p) (rather than to S(8)), we conclude
that p has exactly two conjugates with real part ¢, so p is cubic. Replacing (3
by one of its conjugates on L(p), we have 5 = p + ir for some r. It remains
to show that r is totally real. Suppose that ¢(r) is not real. The real part
of ¢(p) is either p or ¢: suppose the former (the other case is similar). Then
©(B) = w(p+1ir) = p(p) £ ip(r) does not have real part p, so must have real
part ¢, giving ¢ — p for the real part of +ip(r). But then (/) has real part
p — (¢ — p) = 2p — q, which is neither p nor ¢, a contradiction. Hence r is
totally real. O]

7.6. The x case. The most difficult pair-of-lines case is when an algebraic
number « and all its conjugates lie on the pair of lines X (a, #) for some a and
6. Berry provides an answer that is almost complete, but as with Smyth’s
work on conics there is a degree restriction. Perhaps surprisingly, a need not
be rational; but at worst it is quadratic, provided that the degree of « is at
least 10. We note that any cubic a will lie with all its conjugates on some
X(a,0), where a is a real conjugate.

Theorem 24. (a) Let a be a real quadratic algebraic number, with conjugate
a' # a, and let r be totally real. Define

at+d d—a
a = —; +1 5 +ry/ila’ —al.
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Then S(a) C X(a,m/4).

(b) Let a be a real quadratic algebraic number, with conjugate o’ # a, and
let r be totally real. Take n € N square-free such that a € Q(\/n). Take
integers A, B, K with A >0, K > 0, K square-free, and A*n + B*K = E?
for some E € N. Define

Ay + BY=R
v= E

and

/ /
a:a—ga +ua 5 a—i—r\/u2—|—1.

Then S(a) C X(a,0), where u = |u|e*?.
(c) Let a be rational, and r totally real. Then

o=a+Vir

lies with all its conjugates on X (a,w/4).

(d) Let a be rational, let u = uy = €% be a reciprocal algebraic number with
Just two conjugates on the unit circle (uy; and 1/uy) and all other conjugates
real (ug, 1/us, ..., ug, 1/u,), and let r be totally real. Then

a=a+re?y[|ug-uy

lies with all its conjugates on X (a, ).

(e) Let a be rational, let u = u; = €*? (0 < § < 7/2) be an even reciprocal
algebraic number with just four conjugates on the unit circle (+uy and +1/uy )
and all other conjugates real (us, £1/us, ..., £u,, £1/u,), and let r be
totally real. Then

a=a-+ rew\/2 cos(f)(u3 +1)--- (u2+1)

lies with all its conjugates on X (a, ).

(f) Any algebraic number that lies with all its conjugates on X(a,0) for
some a and 0, with a either rational or real quadratic, and 0 € (0,27), arises
in one of the above five ways, (a), (b), (c), (d), (e).

(g9) If an algebraic number of degree at least 10 lies with all its conjugates
on X (a, ) for some a and 0, with 6 € (0,2n), then a is either rational or real
quadratic.

Proof. 1t is not hard to see that (a), (b), (c), (d), (e) hold. (For (d), note that
the pairs {u;, 1/u;} are permuted by any automorphism; for (e) note that the
quartets {u;, —u;, 1/u;, —1/u;} are permuted.) We shall now prove (g), and
then (f).

We assume that o has degree at least 10, and lies with all its conjugates
on X(a,#). If the degree of « is even, then we shall list its conjugates at a;,
aq, ..., ag, g, where we suppose that « = aq, ..., a4 lie on one of our two
lines, with their complex conjugates on the other. We shall soon reduce to
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this case, but before we have done so we allow the possibility that a = a, and
that the remaining conjugates are oy, a7, ..., a4, 0y, Where again we have
aq, ..., ag on one of our two lines. Moreover, in both cases, we can order the
conjugates such that arg(o; — ;) = 0 = — arg(a; — @;) whenever i > j.

The steps in the proof of (g) are as follows: (i) a is algebraic; (ii) a is not
one of the conjugates of a (so that the degree of o must be even); (iii) a is
totally real; (iv) a is rational or quadratic.

7.6.1. a is algebraic. Clearly we have (given that the degree is at least 4)

¢ = (a1 —a)/(ar —a) = (az —a) /(s — ),

and rearranging gives

Q109 — 00y
a= — —, (18)
ap — Q1 — Qo + Qg

which reveals that a is algebraic.

7.6.2. « and a are not conjugate (and hence the degree of « is even). Suppose
that a = a, so that the degree of o is 2d + 1. Let ¢ be an automorphism
that sends a to ay, and suppose that o~ !(a) = a; (the case 07 1(a) = @y is
entirely similar). We thus have d — 1 equations of the shape

(v =)@ —a) = (@ —a)(y —a),  1<j<d,j#t.
Applying o gives d — 1 equations

(a = an)(0(@;) — a1) = (o — a1)(o(ay) — ), (19)
where o/ = o(az). This implies that

o(aj) —aq
o(ag) —

is constant (j # t), and in particular it has constant argument. If o’ is one of
the o, then this constant argument is 0; yet taking j such that one of o, @
is a7, we get that one of the numerator or denominator of (19) has argument
+7/2 and the other does not, giving a contradiction. If o’ is one of the @j,
then considering arguments in (19) we see that none of the o(«;) lie on the
same line as «y, and hence at least two of the o(@;) do, giving at least two
of the a;; — a; with the same argument, and hence these o; on the same line
as aq, a contradiction. This last part requires d — 1 > 2, and hence « has
degree at least 7. Berry [1] gives a further argument to exclude degree 5, but
since the main Theorem allows us to assume degree at least 10 we need not
pursue this more detailed result.
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7.6.3. a is totally real. We have that o has even degree 2d, with d > 5, and
it is in proving that a is totally real that we shall use this lower bound on the
degree. Let Q = {ay,..., a4}, the set of conjugates that lie on the same line
as @ = «. Let us call this line L: the other line is L. Let w be the mean of
the elements of €2:

Note that if w is real, then w = a, and then a = (w 4 @)/2 is preserved by
all automorphisms, so is rational. We are therefore reduced to the case that w
is not real. We suppose that a is not rational, and let 7 be any automorphism
that moves a.

First we observe that if 7 maps three elements «;, o, ay, of € to the same
line, then 7(a3), 7(@;), 7(@) are collinear. For

sioy _ T(i) —7(ay) _ 7(ow) —7(an) _ 7(aj) —7(ow)

(€)= T T e T T ey e
T(a) — ()  7(@) —7(ow)  7(ag) — 7(qw)

and since at least two of 7(a), 7(@;), 7(@%) lie on the same line, consideration

of arguments shows that the third does too.

Next we observe that if o is an automorphism that maps a pair «;, a; to €2,
or to Q, then o(a) = a. We use d > 4 to note that at least three elements of
o(Q2) are collinear, and we may suppose (by relabelling if necessary) that they
are all in €2, and that o(o;) is one of them (if both a; and @; map to Q then
there must be some other complex conjugate pair that maps to €2). Let ay,
ay be two others that are mapped to {2 by o; by our previous observation the
complex conjugates of «;, o, o are collinear and hence in €2, and applying

o to
2i9_ai_a) _Oéi—Oék_Oéj—Oék

-0 ooy a0

gives o(e*?) € R. But now applying o to
; a; —a
6219 —

o, —a’

we see that o(a) lies on L. The hypothesis on ¢ is symmetric in L and L, so
o(a) must also lie on L, and hence o(a) = a.

It follows that for j = 1, ..., d, our automorphism 7 (which moves a) must
map one of a;, @; to 2 and the other to Q. We deduce that

(@) = 7(Q). (20)

Next we observe that |7(e??)| = 1. For any i and j we have

sioy _ T(ai) — 7(ay)
" rm) @
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Since 7(Q) = 7(Q), we have
max [7(a;) — 7(ey)| = max|r(ax) — 7(an)],
and taking ¢ and j to maximise first the numerator and then the denominator

in (21) we deduce both |7(€??)] > 1 and |7(e??)| < 1.
Finally we conclude that a is totally real. For averaging (20) gives

(@) = 7(w),

and applying 7 to the average of

then gives

T(w) —7(a)

and since |7(e*?)| = 1 we have that 7(a) is real.

7.6.4. a is rational or quadratic. We preserve all the above notation and con-
ventions. Suppose that ¢ is an automorphism for which ¢(a) = a’ # a. We
show first that for no ¢ and j (perhaps equal) does p({a;, @ }) = {a;, a5}
For suppose such 7 and j exist. Replacing ¢ by © if necessary, we can suppose
that ¢(a;) = a;. Recalling

26 a; —a Q; — Qg

€ :_ :_ —
o; —a a; — O

(for all s # i) we have

(10(621'0) _ i — ai _ % — §0<%>
a; —d o —p(as)

for all s # 1. B
Next we deduce that ¢(ay) € Q) for all s # ¢. For if not, say with p(as) = ay,
we would have (from an earlier argument) that p(a;) € Q. Now if ¢(a;) #

¢(a,), then using |p(e2?)]| = 1 we would get

|y — o] = [a — |
for some m # s, giving as + a,, = 2a;j, contradicting Remark 20. Thus
o(@s) = p(ay), and hence

ozj—a' (l/t—a/

aj—a o —a’
giving @’ = a (compare (18), with 1, 2 replaced by j, ).
Since ¢(ay) € Q for all s # i, we must have p(a;) € Q for all s # i.

As above, we can never have p(a;) = ¢(ay) for s # i. Hence there is a
permutation r — r* of {1,...,d}\{j} that has no fixed points, such that

o — d'| = | — d'| = |y —d| = [on —d],
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and hence

a, + e = 2p, (22)
for all r # j, where p is on L such that the angle apa’ is w/2. Moreover, there
is therefore no conjugate o’ of « such that o + o/ = 2p, as all conjugates

other that «; and @; have been paired up by (22).

We are trying to show that for no ¢ and j (perhaps equal) does p({a;, @ }) =
{aj, a5}, and we are now reduced to the case where at most one such pair
(1, 7) exists, and with the permutation r +— 7* pairing up all the conjugates of
a other than o and @; via (22). Choose 7 # j, and choose an automorphism
7 such that 7(c,.) = ;. Since a; + o never equals 2p, for any conjugate o’
of ar, we have

27(p) = () + () = a; + &’ # 2p,
(with o = 7(a,+)), and so 7(p) # p. We split into two cases, and produce a
contradiction in each: (A) o’ € Q; (B) o' € Q.

First, then, suppose that o/ € €. Then 7(p) = (a; + a’)/2 € L. Using
7(p) = (7(as) + 7(as))/2 for s # j, we have that (o) € L for all s # j.
Take some s # j, and put 7(a) = ag, T(ag) = ap. Then

27(p) =+ o' = g+ .
Now take m such that 7(c,,) is one of au« or ay:, say ag«. Then
27(p) = 7(am) + 7(Om+) = = + ",
say. Thus we have both
g+ oy = g +a”
and
Oy + Qgr = Qp + (=2p).

Adding these gives 2, = a” + -+, contradicting Remark 20.

Next we treat the case o’ € ). Then 7(p) = (o; + ’)/2 can be on neither
L nor L. Choose s # {j,r}. Since ag + g« = 2p, and 7(p) is not on L or

L, we must have one of 7(a), () on L and the other on L. Suppose the
former (the other case goes through in the same way). Then from

27(p) = aj + o = 7(s) + T(asr)

we get

o — 7(as) = (o) —

so the line through «; and T(a(s)) (which is L) is parallel to that through o
and 7(a,«) (which is L), which contradicts their intersection at a.
To sum up, we have shown that for no 7 and j (perhaps equal) does

o({as, @ }) = {aj,a5}. It follows that there is a permutation r — r* of
{1,...,d} with no fixed points, such that

o — a/| = |ap- — a/|
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for all r. Moreover, the formula a,. + a,+~ = 2p now reads
ay + o = 2w, (23)

for all r.

We are inching towards the conclusion that a is quadratic (given the ex-
istence of ¢ such that p(a) = o’ # a). We now show that w, the average
of the conjugates on L, is quadratic (or rational). Let 7 be any automor-
phism. Suppose that one of 7(ay), 7(ai+) is in © and the other is in .
Then from (23), 7(w) lies neither on L nor on L, and from (23) again one
of T(ay), T(ag) lies on L and the other on L. One could then rearrange
7(a1) + 7(a1-) = 7(ag) + 7(p+) to show that L and L are parallel, which
is nonsense. We conclude that both 7(ay) and 7(ay+) lie on the same line,
L or L, and hence so does w. Then, using (23) yet again, we conclude that
7 either maps Q to Q, or maps Q to Q. Thus 7(w) is one of w or @, which
implies that w is quadratic (or rational). We also conclude that (with a’ # a)
any automorphism maps 2 either to itself or to €.

We can now show that a is quadratic, and that e*? either equals i, or is
quartic, in which case its conjugates are +e*%®. Moreover, in this quartic
case, the automorphisms that send €2 to —e*?* are precisely those that
send a to a’. We use the various formulas

sig O — G Qp— 0y

e El— E— )
ay — a ap — Og

0Ly — O Olg

a= — —.
oy — 0 — Qg + 0l

Apply an arbitrary automorphism 7 to the first of these. Suppose first that
7 : ) — €. Then we have (for suitable choices of r and s in the above, and
for some a and b)

ay—oag  a;—7(a) ag—7(a) w—7(a)

(20 — _ _ _ ‘
(™) Qg —q, g—71(a) @—71(a) wW—r7(a)

From the first and the last of the above string of equal numbers, we have
|7(e*%)| = 1. Since our ordering of the indices makes |a; — ag| maximal
amongst all |, — o], we must therefore have either oy = @5, ay = @y, or
a1 = Gy, ag = ag. The former gives 7(a) = a and 7(e??) = ¢*. The latter
gives

101 — QgQyg

7(a) =

oy +aoq —og — Qg
and 7(e??) = —e%9.
Next suppose that 7 : @ — . A similar argument gives the same two
possibilities for 7(a), now with 7(e??) = de=2%.
With just two possibilities for 7(a) we conclude that a is quadratic, and we
see also that e?? is at worst quartic, and that in the quartic case its conjugates
are of the form claimed above.
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This concludes the proof of (g), and we now move to (f), dealing first with
the case where a is real quadratic, and then rational.

7.6.5. The quadratic case. We now suppose that « lies with all its conjugates
on X (a,0), where a is real quadratic, with conjugate a’ # a. We note that
either # = 7/4 or both a and w are in the field Q(e*?). For suppose an
automorphism 7 maps w to @ and fixes €*?. Choose r and s such that
7(c.) = a7 and 7(as) = @g. Then applying 7 to

Qy — Qi
gives -
Q20— A1 d ’
Qg — Qp
say, and to achieve modulus 1 we must have {a,b} = {1,d}. This gives

e%0 = +e72%9 hence § = 7/2 or § = 7/4. The former is the + case, so we
conclude that unless 6 = /4 we must have w € Q(e*?). Now, with 0 # /4,
we choose any automorphism o that fixes e*? (and hence fixes w). Then

m_w—a_w—a(a)

T w—a w-o(a)’

and hence o(a) = a. Thus we have a € Q(e*?) too.

Next we establish the formula
at+ad a—dad o

> T2 O
From the final part of the proof of (g), which required only that a was totally
real, we know that there is an automorphism 7 that fixes w, maps a to a’ and
maps €2 to —e??. Applying this to e** = (w — a)/(@w — a) and eliminating
w gives the stated formula for w.

Next we show that for some integers A, B, E, K, n, with A > 0, B #

0, K > 0, n > 1, n squarefree, K squarefree (perhaps equal to 1), and
A’n + B?K = E? we have
Q200 _ A\/E+BV_K‘
E

Since a is real quadratic, a € Q(y/n) for some squarefree integer n > 1.
If 0 = 7/4, we can take A = 0, B = E = K = 1. Otherwise, ¢%? lies
in the quartic extension Q(e*?) = Q(y/n,2isin(6)), an imaginary quadratic
extension of Q(y/n), and hence €*’ is of the stated form. Since €%’ has
modulus 1, we must have A?n + B?K = E2.

Now suppose that § = 7/4 (this leads to case(a)). Since a and w are both

on L, we can write
a=w+ryild — al

for some real number r, and indeed we see that r is algebraic. Recalling
w = (a+d)/2+i(a—a)/2 (in this case), we see that the effect of any

w =
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automorphism 7 on w is determined by its effect on a and i. With a being
mapped to a or a’, and ¢ being mapped to +i, there are four cases to consider.
Recalling also that 7(w) = w if and only if 7(«) is on L, we check that in all
cases 7(r) is real. Thus we are in case (a) of the Theorem.

We now deal with  # 7/4. We have seen that e*? is of the form stated in
part (b) of the Theorem. Again since @ and w both lie on L we have

a = w + ry/2cos(6)e??

for some real number r, which is algebraic (since e?? is). Again, considering
all possibilities for the images of a and e€?*, and using

w=(a+d)/2+e*(a-d)/2,

we check that all conjugates of r are real. Thus we are in case (b) of the
Theorem.

7.6.6. The rational case. To complete the proof of part (f), we need to treat
the case a € Q. We can simplify matters greatly by translating to achieve
a=0. We put u = ¢** = a, /@, (for any r between 1 and d). Observing that
u and 1/u = u are conjugates, the minimal polynomial of u is reciprocal.
First we show that the non-real conjugates of u are among +u*'. Suppose
that |7(u)| > 1 for some automorphism 7. Take s with |a,| maximal (then
s is either 1 or d, and perhaps |a;| = |ag|. Then since 7(u) = 7(o.)/7(a7)
for all r, we must have both 7(u) = as/a’ and 7(u) = @;/a” for some o’
and o conjugates of a. Now 7(u) has argument +26, or w + 26, or 0, or 7.
If the argument is 20 or m + 26, then o’ has argument —360 or m — 36, and
the only solution with 6 € (0,7/2) is § = 7/4, giving u = i, contradicting
|7(w)| > 1. Similarly we can exclude arguments —26 or m— 26 for 7(u). Hence
7(u) is real. Since conjugates of u come in reciprocal pairs, we have also that
if |7(u)| < 1 then 7(u) is real. There remains the case |7(u)| = 1, with u not
real. Then 7(u) is one of ay /a7, a1 /g, a7/aq, @1/ay, and the cases that mix

ap and ag occur only if oy = —ay. We conclude that 7(u) is one of u, —u,
1/u, —1/u, as claimed.

We may suppose that o is on L. We put u = u; = ¢*?. From the above
discussion, we can split into three cases: (i) v = 4; (ii) u has conjugates
ur' for 1 < i < g, with uy, ..., u, all real; (iii) u has conjugates +uj" for
1 <i<g, with ug, ..., u, all real. In (ii) and (iii) we allow g = 1.

First, then, consider the case u = i. Let r = o?/i. Then certainly 7 is real.
For any automorphism o, the argument of o(«) is one of 7 /4 or m £ 7/4,
and hence o(r) is always real. Thus we are in case (c) of the Theorem.

Next suppose that u has conjugates uiil for 1 <@ < g, with ug, ..., u, all
real. Define r = r(us,...,uy) by

a=re"y\/lug---ugl. (24)
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Then certainly r is real, but perhaps not totally real. Let 7 be an automor—
phism satisfying 73(us) = u. Then 7o(a) = £7mo(r)e\/|ug - - - u,|. If o(r
not real, then since m»(a) lies on X(0,6), the argument of +75(r) must be
—26: in this case, if we replace us by 1/us, then the new r given by (24) will
have 75(r) real (and now we have 75(ug) = 1/u). Similarly we can, after re-
placing certain of the u; by 1/u;, find automorphisms 7; (2 < ¢ < g) such that
7;(u;) = u*!, and such that each 7;(r) is real. Now applying 7;, then complex
conjugation, then 7, ', we see that « is conjugate to a/|u,| for 2 <i < g.

Now let o be any automorphism. We aim to show that o(r) is real. Take ¢
between 1 and g such that o(u;) = u*'. Since o(r) is real if and only if 7(r)
is real, we may suppose (replacing o by @ if need be) that o(u;) = u. If t > 2,
then applying o to both « and its conjugate a/|u;|, we see that both o(«)
and £o(a)/uy lie on X (0,0). The same conclusion holds if ¢ = 1, applying
o to both o and @ = «a/u;. If o(r) were not real, this would be impossible.
Hence r is totally real, and we are in case (d) of the Theorem.

The case (iii) is entirely similar, leading to case (e) of the Theorem. O

8. CONCLUDING REMARKS AND QUESTIONS

8.1. Integrality. Moving from algebraic numbers to algebraic integers usu-
ally presents a serious challenge, and much less is known in general. Even
the case of conjugate sets in real intervals is not completely understood. Is
there a real interval of length 4 with non-integral endpoints that contains only
finitely many conjugate sets of algebraic integers? Is there such an interval
that contains infinitely many?

8.2. Lowering the degree bounds. Can any of the degree bounds be re-
duced? For parabolas, ellipses, hyperbolas, and pairs of lines, the Theorems
include a lower bound on the degree. In all cases, this bound is an artefact

of the particular proof, and perhaps an alternative method could lower the
bound.

8.3. Degree greater than 2.

8.3.1. More than two lines. A natural generalisation of the two-line result is
to ask which algebraic numbers lie with all their conjugates on the union of
d lines, for some d > 2.

8.3.2. Higher degree curves. One might define the geometric degree of an
algebraic number « to be the minimal degree of a polynomial f(x,y) with
integer coefficients such that all the conjugates of a are of the form x+uy with
x, y real and f(x,y) = 0. The algebraic numbers considered in this survey
have geometric degree 1 or 2. What can be said about algebraic numbers of
higher degree?
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ON POLYNOMIAL ERGODIC AVERAGES AND SQUARE
FUNCTIONS

RADHAKRISHNAN NAIR

ABSTRACT. Let ¢1,..., ¢4 be non-constant polynomials mapping the nat-
ural numbers to themselves. Let Ti, ..., T; be commuting measure-
preserving transformations of a probability space (X, 3, ). Let

N

1 1(n n

ANf(x):NE:f(Tf()...de( )x>, (N=1,2,...)
n=1

denote the corresponding ergodic averages constructed for an integrable
function f defined on (X, 3, u). Also let

q

Vof (@) = (Z |Any1f(x) — ANf($)|q> :

for ¢ > 1. We show that for p,q > 1 there exists Cp, ;, > 0 such that
Vaf (@)]lp < CpallFllp -

We also give an example to show that this consequence is not possible for
q = 1 even if f is essentially bounded. Finally we show that if the sequence
of natural numbers (Nj)22 , satisfies 1 < a < N]f,—il < b < oo, for certain
a,b and

Sf(x) = (ZMNHJ(SC) —ANkf($)|2) ,
k=1
then there exists C' > 0 such that

1S fll2 < ClIf]l2-
Here, of course, ||f||, denotes the L?(X, 3, ;1) norm of f.

1. INTRODUCTION

Suppose that (X, 3, 1) is a probability space and that, for i = 1,2,...,d,
T; : X — X are commuting maps which are measure preserving, that is

(T A) = p(A)

for each set A in the o-algebra 3. Here for a set A we have used T 1A
to denote {x : Tx € A}. Suppose also that ¢1,...,¢4 are non-constant

2000 Mathematics Subject Classification. Primary: 28D05; Secondary: 37A25.
Key words and phrases. p-norm operator, variation function, polynomial ergodic aver-
ages, square functions.
241
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polynomials mapping the natural numbers to themselves. For a measurable
function f defined on X and for natural numbers (N =1,2,...) set

Anflx §Z>f<Tm' .Jj“mx>. (1.1)

Also for g > 1 set

1
q

- (Z |Any1f(x) — ANf(l’)|q> : (12)

N>1
Let LP = LP(X, 3, 1) denote the space of equivalence classes of functions dif-
fering only on sets of measure zero, with norm || f||, = ([ |f |pdu . We have

the following theorems, the first of which answers a question of M Weber,
put to the author personally.

Theorem 1. Suppose that f € L? for p > 1, that (ANf($)>;>vo:1 is defined as
in (1.1) and that V, f is defined in (1.2). Then for q > 1 there exist constants
Cp.q > 0 such that

Vafllp < Coall fllp-

What happens when p = 1 is unknown to the author. We call the dynamical
system (X, 3, u, T1, . .. Ty) good if for every integrable function f on X we have

hm Anf(x /fd,u [ a.e.

where the limit exists. There is a spectral characterisation of this in [4]
which provides a means of obtaining good dynamical systems, for instance as
automorphisms of compact abelian groups. We have the following result.

Theorem 2. Suppose that (X, 3, T4, ...Ty) is good and that the measure space
(X, B, 1) is non-atomic. Then for any non-constant function f on (X, 3, u)
we have

Vif(x) =400 u ae..
Theorem 3. Suppose that f € L*(X, 3, 1), that the sequence of natural num-
bers (Ny)52, satisfies

N,
l1<a< htl

<b< o
k

for certain a,b, and that

2

(Z |ANk+1 ANkf( >| )

Then there exists C' > 0 such that
1S Fll2 < C|f]]2-
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For similar results when d = 1 see [5]. By a simple change of coordinates
it is clear that without loss of generality we may, as we do, choose ¢;(z) = !
(1=1,2,...). These results, and indeed some of their proofs, are motivated
by the parallels between polynomial ergodic averages and martingales. In
particular, if (Y;)$2, is a real valued integrable martingale, set

N
1
Sv==—3Y (N=12...).
N N; ( )

Then there exist C,Cy > 0 such that

CillYall2 < [l (Z |Sn41 — SN|2> ]2 < Cof Vi[>

N=1

This is known as the Burkholder-Gundy-Silverstinov inequality. In the special
case where (Y;)$°, is a sequence of independent identically distributed random
variables the right hand inequality is implied by Theorem 1. Henceforth the
letter C', possibly with subscripts, refers to a positive constant, not necessarily
the same at each occurrence.

2. PROOF OF THEOREM 1

Notice that for ¢ > 1,

P T e = A f (@)

Aniif(z) — Anflz) = N +1

Using the ¢4(Z) triangle inequality we have

N+1 (N+1)d$ NG ~f(@)]\* %
o = (32 ([P ) (3 ()

N>1
= An)f(z) + Apy f(z), say. (2.1)

We need the following lemma.

Lemma 4. Suppose that ¢1,...,¢q, T1,..., Ty and (X, 3, ) are as in the
statement of Theorem 1. Let

M f(x) = sup

N>1

Y

N

1

5 2 J@ T
=1

where f € LP(X, 3, ) with p > 1. Then there exists C), > 0 such that
1M [l < Cpllf]lp -
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In the special case where ¢(n) = n?, ¢; = ¢ and ¢y = ¢3 = --- = 1, this
is proved in [2]. It is stated in [3], without detailed proof, that Lemma 4
holds in full generality, proved using the same method as in [1]. In the case

p = 2, this lemma appears in [1]. As a consequence of Lemma 4, because
|Anf(z)| < M f(x) for all N > 1, we see that there exists C),, > 0 such that

1A@ fllp < Cpallfllp
hence Theorem 1 is proved if we can prove the following lemma:

Lemma 5. For Anf defined by (2.1), if f € LP(X, 3, ) with p > 1, then

||A(1)f||p < Cpg f||p'
Proof. Let xa denote the characteristic function of the set A, that is

(2) 1 ifxreA,
€T =
X 0 ifzdA.

Let n > 0 and set

n nd
an(z) = |f(I7 ... T x)|X[xeX:f(Tf‘...Td”déc)Sﬁ("Jrl)] (z)

and d
bu(x) = [f(T" - T4 ©) X pexpap..optaysnmeny (%)

Observe that in the notation for (a,),>1 and (b,)n> 1, we suppress mention
of . This is because its specific value plays no role in what follows. Note
that

|F(TP . T 0)| = an(@) + bu(x).

This means that by Minkowski’s inequality,
Aay f(z) < B f(z) + Baf (),

o= (3 (;-;nfgy);

st~ (£ (29))

AW fllp < [Bufllp + [ B2f |l -
Hence Lemma 5 is proved if we show that there exists C), > 0 such that

HBipr < Cp,quHpa (2-2)
for each ¢ = 1,2. We work with weak (1.1) estimates. That is we show that

where

and

This tells us that

pn({z € X Bif(z) = A}) < qu : (2.3)
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and that
||Bzf||oo < Coo,q||f||<>0‘

245

(2.4)

The last inequality (2. 4) for p = oo is self evident from the definition of
(ak(z ))zo and (bg(z )) . By the Marcinkiewicz interpolation theorem, the

bound (2.2) follows from (2 3). We first prove (2.3) with ¢ = 1. We have

p({x € X : Bif(x) A}_M/Z<+)
=CAy (nil)q/xan@:)qcm.

n>0

Now

Hence

p({zeX:Bif(z)>3})

< %%(nil)q/omyqm({xeX:anm > y})dy

Now from the definition of a,, () and the fact that the transformations 71, . . .

preserve u, this is

sf—( 1 )q/oqu—m({xeX:|f<x>|>y}>dy,

n+1

which is

> (o) vl e X @1 b | an

and hence is

<% / ) (wl (g)q_lm{x e X :|f(x)] > y}>> ay.,

which is

C,
= — d .
AL

7Td
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Because ¢ > 1, this is finite and we have shown (2.3) with ¢ = 1. We now
show (2.3) with i = 2. Here

p({Baf(x) > 0}) <> p({z : ba(z) > 0})

n>0

<> u({z:|f(@)] > An+1)})

n>0

1
< =

3. PROOF OF THEOREM 2

and so Theorem 1 is proved.

For a function f in L'(p) and 6 > 0, let

E(f,é):{xeX: f(x)—/deu >5}.

Because (X, 3,T1,...,Ty) is good, given &y > 0 and f € L*(u), for almost all
x there exists Ny(x) such that if N > Ny(x),

Avf@) = [ Fyn
Pick f to be non-constant and such that there exists dp > 0 with

H(E(f,d)) >0

Then if x € E(f,0p) and N > Ny(z), using the triangle inequality, we note
that

[Aviaf () = Awf (@) = g [Awars@) - £ (10T

(T T ) ‘

<_

>

N +1
1
N +1

Any1f(z) — /X fd/“ :
Thus for z in E(f, do),

[Anf(z) — Anf(2)] =
This means that

) d
Vif(z) > Z 2<—0>XE(f,6o)<T1N+1 LT )

b b
N+1 C2(N+1)  2(N+1)

N2>No(z) N+l
l
do 1 1 N1y
> — N S — TN+1...T( +1)
= 9 Z [+2)1+1 E : XE(fﬁo)( 1 d z) )

I>No(z) N=Ny(z)
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which for suitably large Ny(x) is

5 W(E(f.5)) |
) %3(@ 1

0

v

OO )
as required.
4. PrROOF OF THEOREM 3

We begin with some number theoretic preliminaries. Suppose that
Y(z) = agz® + -+ a1
for integers a;(i = 1,2,...,d) and let

S(q.an,. ... aq) = 35(‘” g) (4.1)

where
q—1

(6 ) = 3o,
r=0
For 8= (34,...,3) in R? let
1 /M .
Vn(ﬁ) _ - / e2m(ﬁdq;d+...+,6’1x)dl, ] (42)
0

n
We have the following lemmas.

Lemma 6 ([6, p. 116]). If V,.(3) is defined by (4.2), then

d
1= Va(B) <C) 15
j=1

and

-

V(@B <C

] _
1+Z|Bj|Nj]

j=1

Lemma 7. Let S(q,a1,...,aq) be defined by (4.1). Then there exist §y > 0,
and Cs, > 0 such that

Cs,

g

|S(Q7al7"’7ad>| <

In fact Lemma 7 is true for any &y in (0, 3).

Proof. Let (g,a) denote the highest common factor of the integers ¢ and
ai, as,...,aq. Then under the assumption that (¢,a) = 1, a proof of Lemma
7 appears in [6, p. 112]. To remove this assumption note that

S(Q7a17' . .,de) - 3‘5 (W (qqa)) )
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where
Y(x) = byl 4+ bz,
with b; = % (i = 1,2,...,d). Now because (L b) =1,

(¢,:2) (9,:2)”

‘5 <L,bl,...,bd>| <G
<Q7a) <L>O
(¢.2)

Also, using the periodicity properties of the complex exponential function,

s 10 =aas (v|(L5)):

0(5 <Q7a)1+60
S(asan, . vag) < LB

Noting that (¢,a) < min;—1__4(]a;|) completes the proof. O

Lemma 8 ([7, p. 198]). Suppose F : [X,Y]| — C, F is twice differentiable
and the derivative of F is monotone on [X,Y| and of constant sign. Suppose
that 0 < H < 1 and that |F'(x)| < H in [X,Y]. Then

Putting this all together gives

Y
Z 2miF (k) _ / 2mF @) qp 4 O (3 _ 12HH> .
X<k<Y X o
For 6 > 0 set

My(0) = {(a1,...,aq) € [0,1)%: Ja; — ;] < N77°(1 < i < d)},
where 6 = (6y,...,0,) for rationals 0; = % (i = 1,2,...,d). In addition let

qi
q=(q,.-.,qq) denote the highest common factor of the integers ¢, ..., g4

Lemma 9 ([6, p. 116]). Suppose that o € My(0), that 6 > 0 and that
g < N°. Also suppose that

N

2 _ 1 27i(aynt--4agnd)
Ky(a) = N;e . an®)
Then
. S(q,aq,..., N
fonla) = 24 ‘“q aa) / et + - - + Bar?)dz
0

+O0 (r(1+ BN+ +[BaN) .

In particular, if o = 0 + 3 where 0; = %’

~

Ky(a) = S(q,ai,...,as)Vn(3) + O(N"2).
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Proof. The first claim of the theorem is quoted from the given reference. For
the second let 0; = 22, a; = 0; + 3; and |5 < N=I+° Writing n = ¢s + r,
J

where 0 < s < % andr=1,2,...,q—1, foreach j =1,2,...,d, one has
Since ¢ < N°,

N
q—1 @
[A(N(Oé) _ {1 Z 627ri(r91+-~~+rd0d)} % 627ri(513q+..ﬂdsdqd) + O(Nié) )
q r=1 5=0
Using Lemma 8 we may replace
N
q
% Z e2mi(Brsqt...Bas?q?)
s=0
by Vy(/) to obtain Lemma 9. O

We need the following inequality a form of which was stated by J. Bourgain
[1, p. 66]. I have not been able to understand his proof, however; so for
completeness a different proof is presented here. I thank R.C. Vaughan for
assistance with this.

Lemma 10. There exists &' > 0 and C > 0 such that if a is not in My(0)
for any 0 with ¢ < N°, we have

. C
KN(O‘)‘ < N

Proof. Let o € [0,1)¥\My. As a consequence of Dirichlet’s theorem on dio-
phantine approximation, for all i < d we can choose b; and ¢; with (b;,¢;) = 1,
¢ < Ni=3 and lo; — % < q[lN%*i. Suppose first for some ¢ that we have

¢; > N3a. Then by [7, Theorems 5.3, p. 68|

a(d)

Ky(a) < N7

)

where o(d) ~ m. Secondly, suppose that ¢; < N3 for all <. Then
(q1,---,qq) < N3. Now, by Lemma 9,
K _ S(g,b) N d d
n(a) = T4 e(fra+- - +B27)dz+0 (¢(1 + [B1|N 4 - -+ |B4|N?))
0
where 3; = a; = %, S(q,b’) = g:ﬁ(M) and %/ = % The

o(d)

error term is < N3N3 = N3 < N'="a . By Lemma 7 and the following
remark S(¢,b) < ql_%“, for any € > 0. This means that the main term is

< Ng~a*e. Since we have v ¢ My we have ¢ > N°. Hence the main term is
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Let ¢ be a smooth function defined on R with support contained in [—%, %]

and equal to 1 on [—55, 15]. Let
a Qq s as
Rs:{<_17" )EQd q_(Q17"'7Qd)€[272+1)}7
01 dd
where we recall (qi, ..., qq) denotes the highest common factor of the integers

@, qa- Then for o = (o, ..., aq) €[0,1)" and 6 = (&
|ﬂ| = maX(|ﬁl|a .- '7’ﬁd|)7

o gt) we set

set

Yn(@) =Y S(gar, ..., aa) V(e = 0)¢(10°|a — 0]),

0cRs
)= t.n(a)

s>0

and

We have the following lemma.

Lemma 11. There exist 0 > 0 and C, > 0 such that

o)~ L(o)| < S2.

sup
a€Td

Proof Suppose that § > 0. We should think of § as very small—of the order
of 100, though this is flexible. Suppose « is in My(6y) with ¢ < N°. Also
suppose that § € R,,. Note that this means 2% < N?. Observe in addition
that for each natural number s the functions {¢(10%|a—0|) }ser, have disjoint
supports. The triangle inequality now gives

Ky(a) — Ly(a ( ‘KN — S(q,an, ..., aq)Vala — 5)C(10°a — fo))

+ Z ¢8,N(O‘)

S$#S0
Lemma 9 and the elementary estimates |S(q, a1, ...,aq)] < 1and |[Vy(5)] <1
give

Ky(a) — zN<a)( < [1=¢(10%(a — 6))| + CN 3
+ Z sup [Vi(B)| +c2oo (43)

s<s1 0€Rs 0

for an arbitrary natural number s;, where

_ [R. if 6, ¢ R,,
Y RA{0) if 6y €R,.

The natural number s; = s;(N) will be chosen optimally later. As 10% < N4,
it follows that
1080|Oé o 90| < N46N—1—|—5 — N5(5—1
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and so the first term on the right hand side of (4.3) is zero. Now for two

rationals in reduced form % and Z—g we have

1

a CLOZE‘
0

b by

Therefore
10; — 0i0] > Jg7 127 ™) > N2,

Also |a; — 0;] < N7 50 |a; — ;] is small compared to |6; — 6;0]. So using
the fact that

@i = 0i] > [60; — Oio] — [ — ;0] (i=1,2,...),

we see that |a; — 6;] > %|91 — Bp.4]. We now set 2510V) ~ N9, Using Lemma 6,

d
Z sup |Vy(a—0)| < C Z sup <1+Z|ﬁj|]\m‘>
j=1

sgsl(N) 96R570 SSSl(N) QER&O

d

S

] _
<C Z sup <1+Z|91—9¢,0|Nj) :

s<s1(N) f€hs,0 Jj=1

which, on noting that the number of terms in the first term is O(logn), is

20—1

< Cllog N)N*,

thereby proving Lemma 11 if « is in My (6) for some 6 with ¢ < N°.
Now suppose that a is not in My (6) for any 6 with ¢ < N°. Evidently

iN(a)] .

Ky(a) — sz(a)’ < ‘KN(CY)’ +

By Lemma 9 we have

i C
KN(a)‘ <5

As on the major arcs we have

£N<a>‘ < Y sup [Vi(a—6)] + 02751 (M%

s<s1(N) 0cRs

which, using Lemma 6 and the fact that « is not on the major arcs gives

d
)
45

|Ly(e)| < Cllog N) | 1+ Z N 1 o5

j;|aj—z—jf\szN6

Oéj—

< C(logN) maX(N_%, N —0%0)

as required. O
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Let H denote the Hilbert space L*(X, 3, u) endowed with the standard

inner product
g9) = / fgdp.
X

By an abuse of notation let U; ' denote the adjoint of the unitary U; defined
by

Uif(z) = f(Tix) (i=1,2,...).
For each f € L? one readily checks that ((f, U ... U™ /) ... mgyezn defines

.....

a positive definite function on Z? and so we have the following lemma:

Lemma 12. Let {.,.) denote the standard inner product on L*. Then if f is
in L* there exists a measure iy on T such that

<f7 Ulnl o U;"Ldf> — / 6—27rin.tdluf ,

where n = (ny,...,nq) € Z¢ and t = (t1,...,tq) € T

Swapping the order of summation and integration we see that
SOOI =D 1 ANef — Anf113
k>1

and so, assuming that ||f|| = 1, as we may without loss of generality, in
proving Theorem 3 we require to prove that there exists C' > 0 such that

Z ||ANk+1f - ANka; <C.
k>1

Using Lemma 12 we see that

vt — Ax S | (Z R () - ka<a>\2> ang(0)
T\ p>1

k>1

Thus proving Theorem 3 reduces to showing that there exists C' > 0 such
that

2
Z‘KN]C-Fl KNk( )‘ <C.
E>1
Using Lemma 11 and our assumption on N]’\“,“ we see that

{ K ngr (@) = Ky (@) M2z < C + [[{Lwg,, (@) = Liv, (@)} 2z -
Also

||{£Nk+1 (Oé) - i’Nk }||€2(Z < Z (Z |¢s Nk+1 ¢s Nk( )| ) .

s>0 \k>1
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Hence Theorem 3 is proved if we can show there exists d, C' > 0 such that

sup Z (Vs Ny (@) — %,Nk(a))z < % .

aer kzl

Let x denote the characteristic function of the interval [—1, 1] in R and let
77/},8,]\7(0‘/) = Z S(q7a177ad)X(Nd‘a_9|)C(105|O[—0|)
0ERs:q(0)=q

Then we have

1@ N = Vs ) (D@ < 1wy, — Yom)(@lleq)

(s v, — Vs v ) (@@ + (s N — Vo n, ) (@2 -
Also
(s Nipr = Yo, ) (@) < N[(Wsn, — Y v ) (@2 -

Hence Theorem 3 follows if we can show that

/ C
1Wsms = Yem)@le@ < o5 (4.4)
and
/ C
(©s,v. = Ve m ) (@) e2(z) < 5% ° (4.5)

To show (4.4) note that

(W nsy = o) (@ e2z) = 1E1]le@)
where

Y= Z S(q,al,..-,ad)[x<N£’+1!a—vl)—X(N;?\Oé—v|)]<(108|oz—vl)-

0€Rs:q(0)=q

Recall that the functions (¢(10°|ac — 6|))ger, are disjointly supported. This
means that there is a unique rational § = ~, say, such that this is

< Y 15 [(NE o = 1) = x(Nfla = D)

k>1
which using Lemma 7 is

C 2
< g 2 XVl = 3]) = (Vi = 4|
k>1

<C’
_%7
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because at most one term in the above sum is non-zero. We now show (4.5).
The left hand side of this equation is, by Lemma 6,

C
< 5% Yo Wwla=9) =1+ > [Va(a =)
ng;l Nk>;1
Iyl d Iy d
C 2 2kd -2
<o | 2 hPFa™ Y hiTiklog b) |
Np<—- Np>—Lr
Iyl d Iyl d
C
S 2850 )
as required.
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POLYNOMIAL INEQUALITIES, MAHLER’S MEASURE,
AND MULTIPLIERS

IGOR E. PRITSKER

ABSTRACT. We survey polynomial inequalities obtained via coefficient
multipliers, for norms defined by the contour or the area integrals over
the unit disk. Special attention is devoted to the Szegd composition and
the inequalities related to Mahler’s measure.

We also consider a new height on polynomial spaces defined by the
integral over the normalized area measure on the unit disk. This natu-
ral analog of Mahler’s measure inherits many nice properties such as the
multiplicative one. However, this height is a lower bound for Mahler’s
measure, and it fails an analog of Lehmer’s conjecture.

1. THE SZEGO COMPOSITION AND POLYNOMIAL INEQUALITIES

This paper is a survey of results on polynomial inequalities obtained via
coefficient multipliers, and other topics related to Mahler’s measure. Let C,,[z]
and Z,[z] be the sets of all polynomials of degree at most n with complex and

integer coefficients respectively. Mahler’s measure of a polynomial P, € C,[z]
is defined by

1 2m )
M(P,) := exp (%/ log | P, ()] d0> :
0

It is also known as the contour geometric mean or as the H° Hardy space
norm. The latter name is explained by the following relation to the Hardy
spaces. Defining the Hardy space norm by

1 2 ) 1/p
Rl = (2 [ i) 0<p<n
0

we note [18] that M(P,) = lim, o || P,||g». An application of Jensen’s in-
equality immediately gives that

M(P,) = |ay| H kAl

|z5]>1
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Key words and phrases. Polynomials, Mahler’s measure, heights, zero distribution,
Bergman spaces, inequalities, Szegé composition, approximation by polynomials with in-
teger coefficients.
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for P(2) = a, [ [}, (2 — 2;) € C,[z].

For a polynomial A,(2) = > 7_; Ak (}) 2" € C,[2], define the Szegd compo-
sition with P,(z) = Y_1_, axz® € C,[2] by
(11) APn<Z) = /\k;CLka.
k=0

If A, is a fixed polynomial, then AP, is a multiplier (or convolution) oper-
ator acting on P,. More information on the history and applications of this
composition may be found in [10], [1], [2] and [33]. De Bruijn and Springer
[10] proved a very interesting general inequality stated below.

Theorem 1.1. Suppose that P, € C,[z]. If A,, € C,[z] and AP, € C,[z] are
defined by (1.1), then

(1.2) M(AP,) < M(A,)M(P,).

If An(z) = (1 4 2)™ then AP, (2) = P,(2) and M(A,) = 1, so that (1.2)
turns into equality, showing sharpness of Theorem 1.1. This result has not
received the attention it truly deserves. In particular, it contains the following
inequality that is usually attributed to Mahler, who proved it later in [26].

Corollary 1.2. M(P!) < nM(P,)

To see this, just note that if A,(z) = nz(1 + 2)"* = >_p_k(})z", then
AP,(z) = zP/(z) and M(A,) = n. Furthermore, (1.2) immediately answers a
question about a lower bound for Mahler’s measure of derivative raised in [14,
pp. 12 and 194]. Following Storozhenko [42], we consider P, () = 71— az2*
and write

i
L

2k = AP!(2),

S (P - Pa0) = 3

B
Il

where
n—1

1 (n—1\ , @(Q+2)"-1
M) = L (M) -
k=0

The result of de Bruijn and Springer (1.2) gives
Corollary 1.3. [42] We have M (P, (z) — P,(0)) < ¢, M(P)), where

1 1
Cpni=—M((1+2)"—1)=— H QSink—W.

n n
n/6<k<5n/6

We note that ¢, ~ (1.4)™ as n — 0o. One can produce many other inter-
esting consequences of (1.2), such as the well known estimate for coefficients
via Mahler’s measure.
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n

Corollary 1.4. If P,(z) = Zakzk then
k=0

lax| < <Z> M(P,), k=1,...,n.

The above inequality follows at once from (1.2) by letting A,(z) = (})2,
k =1,...,n. Another interesting question is how removing a specific power
term from the polynomial affects its Mahler’s measure. The answer is below.

n

Corollary 1.5. Let P,(z) = Zakzk and m=0,...,n. We have

k=0
k n n m
M (Zakz ) §M<(1—i—z) — (m)z ) M (P,).
k#m
k
In particular, if m = 0 then M((1+ 2)" — 1) = H QSiIl% ~ (14)"

n/6<k<5n/6
as n — Q.

Again, the proof is a simple application of (1.2) with A, (z) = (1 + 2)" —
(:1) 2™ so that \,, = 0 and A\ = 1, k # m. Finally, we state two variations
of (1.2).

Corollary 1.6. If P,(2) = Zakzk and m € N, then
k=0

and
(1.4) M (zn: A (Z) _makzk> < M (zn: /\kzk> M(P,).

An important generalization of Theorem 1.1 for the H? norms was obtained
by Arestov [1].

Theorem 1.7. Suppose that P, € C,[z]. If A,, € C,[z] and AP, € C,[z] are
defined by (1.1), then

(1.5) IAPllir < MA)|Pullir, 0 < p < o.

Recall that the Szegé composition can also be viewed as a multiplier or con-
volution operator in the sense of harmonic analysis. For P,(z) = >_,_, axz",

we have
AP, (2) = Z Apapz® = (Z )\kzk> x P(2).
k=0 k=0
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Let ||A|| be the operator norm of A : C,[z] — C,[7] :

AP, || v
A= sup IALnllie

, 0<p<oo.
PucCnlz] || Pnllmr

A particularly interesting class of multiplier operators is given by the bound
(norm) preserving operators. Those are described by the condition ||AP, | g» <
| Pul|ge for all P, € C,[z], which holds if and only if ||A]| < 1. If we choose
the multipliers Ay to satisfy M(A,) < 1, then ||A|| < 1 by Theorem 1.7.
Thus we may use the inequality ||AP,||gr < ||Pu|lg» to obtain lower bounds
for || P,||g» via a proper choice of multipliers. There are other interesting

norm preserving convolution operators such as the following considered by
Sheil-Small [38, pp. 168-171].

Theorem 1.8. Let limsup |M\g|Y¥ < 1. If \g = 1 and

k—o00

- 1
R (Z)\kzk> >3 |z <1,
k=0

then ||AP,||gr < ||Pullar for any polynomial P,, where 1 < p < oo.

In fact, Sheil-Small stated a result for generalized convolution operators
that covers more applications. It would be interesting to explore whether
Theorem 1.8 remains true for 0 < p < 1, i.e., for the range of p including
Mabhler’s measure.

2. AN AREAL ANALOG OF MAHLER’S MEASURE

A natural counterpart of Mahler’s measure is obtained by replacing the
normalized arclength measure on the unit circle T by the normalized area
measure on the unit disk . Namely, we define the A° Bergman space norm

by
1
1Pl = exp (— [ reeip dA) .
™ D

This norm is also a multiplicative height of the polynomial P,, cf. [32].
Furthermore, it has the same relation to Bergman spaces as Mahler’s measure
to Hardy spaces:

1Pallo = lim [Pl

see [18], where

1 1/p
1P, = (- // |Pn(z)|pdA) L 0<p<oo
™ D

is the AP Bergman space norm.
In fact, there is a direct relation between Mahler’s measure and its areal
analog, given below.
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Theorem 2.1. Let Py(2) = an [[}—,(2 — 2;) = D2i_g a2" € C,[z]. If P, has
no roots in D, then ||P,|lo = M(P,) = |ao|. Otherwise

(21) 1Pl = M) exp {5 3 (122~ 1)

‘Zj|<1

This shows that the value of ||P,||o is influenced by the zeros inside the
unit disk more than that of M(P,). We immediately obtain the following
comparison result from Theorem 2.1.

Corollary 2.2. For any P, € C,[z], we have
(2.2) e "2M(P,) < ||Pullo < M(P,).

FEquality holds in the lower estimate if and only if P,(z) = a,z". The upper
estimate turns into equality for any polynomial without zeros in the unit disk.

If P.(2) = > 1_,ar2z" then
(2.3) [Pallo = laol,

which follows from the area mean value inequality for the subharmonic func-
tion log | P,| (cf. [12]). Hence

(2.4) |P.llo>1 forall P, € Zy,[z], P.(0) #0.

A well known theorem of Kronecker [21] states that any monic irreducible
polynomial P, € Z,[z], P,(0) # 0, with all zeros in the closed unit disk,
must be cyclotomic. One can write that statement in the form: M(P,) =1

for such P, if and only if P, is cyclotomic. A direct analog of this result exists
for || Py]|o-

Theorem 2.3. Suppose that P, € Z,[z], P,(0) # 0, is an irreducible poly-
nomaial with all zeros in the closed unit disk. It is cyclotomic if and only if
[Pnllo = 1.

The next natural question is whether one can find a uniform lower bound
| Pallo > ¢ > 1 for all non-cyclotomic P, € Z,[z], P,(0) # 0. It is especially
interesting in view of Lehmer’s conjecture, because M (P,) > || P.||o by (2.2).
However, the answer to the question is negative, as we show with the following
example.

Example 2.4. Consider P,(z) = nz" — 1. It has zeros z;, j =1,...,n, that
are equally spaced on the circle |z| = n=Y/™. Note that M(P,) =n and

—2/n -1
1Pullo = nexp (M) 7
2
by (2.1). Since
2
w2 = exp (—2logn) 1 2logn L0 <log n) |

n n
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we obtain that

1 2
| Pallo = exp <O ( Oi n)) — 1 asn — oo.

Similarly, we have for the reciprocal polynomial Py, (2) = 2*" +nz"+1 that

Vr—1
M(Pn):%wn as n — oo,
and
n+vn?—4 n n+vn? —4 2fn
||Pn||0:#exp 3 — —1 —1 asn— oo.

One may notice that for both sequences of polynomials in this example
the zeros are asymptotically equidistributed near the unit circle. In fact, this
is a part of a more general phenomenon. Consider a polynomial P,(z) =
an [[}_1(z — 2j) € C,[2], and define its normalized zero counting measure by

n
1
Uy = — g 0z,
n <
Jj=1

where 0., is the unit point mass at z;. Our main result on the asymptotic
zero distribution is as follows.

Theorem 2.5. Suppose that P, € Z,|z], deg P, = n, is a sequence of poly-
nomials without multiple zeros. If lim,, ||Pn||(1)/n = 1 then the v, converge
to the normalized arclength measure df/(2m) on T in the weak™ topology, as

n — oQ.

This result extends a theorem of Bilu [4] for Mahler’s measure; see also
Bombieri [5] and Rumely [36]. From a more general point of view, Theorem
2.5 is a descendant of Jentzsch’s result [20] on the asymptotic zero distribution
of the partial sums of a power series, and its generalization by Szeg6 [44]. This
area was further developed by Erdés and Turdn [13], and by many others.

As an immediate application of Theorem 2.5 we obtain a result on the
growth of || P,||o for polynomials with restricted zeros.

Corollary 2.6. Suppose that P, € Z,[z], deg P,, = n, is a sequence of poly-
nomials with simple zeros contained in a closed set E C C. If T ¢ E then
there exists a constant C' = C(E) > 1 such that

liminf | P,||)/" > C > 1.

This exhibits the geometric growth of || P,||¢ for many families of polyno-
mials such as polynomials with real zeros, polynomials with zeros in a sector,
etc. Corresponding results with explicit bounds for Mahler’s measure were
obtained by Schinzel [37], Langevin [22, 23, 24], Mignotte [30], Rhin and
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Smyth [35], Dubickas and Smyth [11], and others. A detailed account of
these results is contained in Smyth [41].

In a somewhat different direction, we have the following result on the as-
ymptotic behavior of zeros.

Theorem 2.7. Suppose that P,,(z) = a,2"+...+ag € Cylz], |ap| > 1, n € N,
18 a sequence of polynomials.

(a) If lim, . || Pyllo = 1 then
(2.5) lim inf mm |z;] > 1.

n—oo 1<j5<
(b) If lan| > 1 and lim,,_oo M(P,) =1, then

(2.6) nh—>nolo 1I<n]1n |z;| = nlLHOlO max |z;| = 1.

Thus part (a) of Theorem 2.7 indicates that all zeros of P, are pushed out
of D as n — oo, while in part (b) they all tend to the unit circle.

3. POLYNOMIAL INEQUALITIES IN BERGMAN SPACES

We obtain the following generalization of Theorems 1.1 and 1.7 for the
Bergman space norms.

Theorem 3.1. Suppose that P, € C,[z]. If A, € C,[z] and AP, € C,[z] are
defined by (1.1), then

(3.1) AP, [l < M(An) | Pallp, 0 <p < o0

Note that equality holds in (3.1) for any polynomial P, € C,[z] when
An(2) = (14 2)" = 34, (1) 2", because AP, = P, and M((1+ z)") = 1.
This inequality allows to treat many problems in a unified way, and it has
numerous interesting consequences. Theorem 3.1 implies that z" has the
smallest Bergman space norm among all monic polynomials.

Corollary 3.2. If P, € C,[z] is a monic polynomial, then
e "2, p=0,
(3.2) 1Pullp = 12"l = 2
pn + 2
It is well known that ||P,]le > ||2"]|ec = 1, see [7, 33].

Another useful estimate compares norms on the concentric disks Dpg :=
{z :|2] < R} to that on the unit disk.

Corollary 3.3. If P, € C,[z] and R > 1, then

1/p
. )P dA < R"||P,
33 (s [[ 1p@raa) < minl,. e 0.0,

1/p
) , 0<p<oo.
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and

1 mn
(3.4) exp (ﬁ / /D R 1og|Pn<z>|dA) < R"||Pa]o.

where equality holds for P,(z) = 2".

Again, in the case p = oo, it is already known that max.cp, |P.(z)] <
R™|| P, oo- See [33].
Another consequence relates || P,||, to the coefficients of P,.

Corollary 3.4. If P,(z) = Y |_,axz" € C,[2] then

E+2\"" /n
(3.5) \ak|§(p2 ) <k) IPully, k=0,....,n, 0<p< oo,
and
n
(3.6) |ak|Sek/2(k) IPallo k=0.....m.

One can certainly extend the list of corollaries by choosing appropriate
polynomials A,,.

3.1. Bernstein-type inequalities. The original Bernstein inequality (cf.
[7], [31] and [33]) gives an estimate for the supremum norm of the derivative
of a polynomial on D:

Its sharpness is easily seen by considering P, (z) = z". Zygmund [47] extended
this result to the Hardy spaces by proving that

1P lle < nl[Pallae,  p € [1,00).
As we know from the first section, De Bruijn and Springer [10], and later
Mahler [26], showed that
M(P,) < nM(Py),

thus settling the case p = 0 for the Hardy space norms. It had been an open
question for a long time, whether the above inequality is true for 0 < p < 1.
After a partial result of Maté and Nevai [29], the question was answered in
the affirmative by Arestov [1].

We obtain the following version of the Bernstein inequality for Bergman
spaces, as a consequence of Theorem 3.1.

Theorem 3.5. For any P, € C,[z], we have that
(3.7) 1zl < nllPallp, 0 <p<oo.

Note that equality holds here for P,(z) = 2.
It is also of interest to find the Bernstein inequalities in Bergman spaces
exactly matching the classical one in form. For example, when p = 0, we have
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Corollary 3.6. If P, € C,,[z] then
(3.8) 1Pallo < Ven|[Pullo,
where equality holds for P,(z) = 2.
Furthermore, we obtain by an elementary argument the following

Proposition 3.7. If P, € C,[z] then

(3.9) [1Pallz < v/n(n +1) [ Pal2,

with equality for P,(z) = 2".
This suggests that, for arbitrary p € (0, 00), one might be able to prove
Conjecture 3.8. If P, € C,[z] then

1

1/p
) P, 0<p<oo,
—ira) WPl 0<p<o

(3.10) [P, <n (1 n

with equality for P,(z) = 2".

Note that Corollary 3.6 may be viewed as the limiting case of this conjecture
as p — 0, while the classical Bernstein inequality is obtained by letting p tend
to oo.

3.2. Comparing the Hardy and the Bergman norms. It is well known
[12, 19] that for any function f € H? we have

1l < I fllae,  0<p< oo

Clearly, we have equality for p = co. One can prove inequalities for polyno-
mials in the opposite direction, of the form

[Pulle < C(n,p) | Ballp.
For example, we have for p = 0 that
(3.11) M(P,) < e || Pallo,

where equality holds for P,(z) = 2™ (see Corollary 2.2).
The case p = 2 is easy to handle, because

n

1Pallfe = D laxl* < (n+1) Z el ROl Pt

k=0
where P,(z) = > ,_, arz". Hence

Proposition 3.9. If P, € C,,[2] then

(3.12) [Pallz < V4 1| Poll2,
with equality for P,(z) = 2".

It is likely that the following is true.
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Conjecture 3.10. If P, € C,[z] then
(3.13) Pl < (pn/2 + D)YP||Py)l,, 0 <p < oo,
with equality for P,(z) = 2".
This holds in the limit for p = oo (trivially) and for p = 0 by (3.11).

4. APPROXIMATION BY POLYNOMIALS WITH INTEGER COEFFICIENTS

We consider a related question of approximation by polynomials with in-
teger coefficients on the unit disk. There is a well known condition necessary
for approximation by integer polynomials in essentially any norm on D.

Proposition 4.1. Suppose that P, € Z,[z], n € N, converge to f uniformly
on compact subsets of D. Then f is analytic in D and f*(0)/k! € Z for all
k>0, keZ.

This necessary condition for the convergence is clearly equivalent to the
fact that the power series expansion of f at the origin has integer coefficients.

It is well known that approximation by polynomials with integer coefficients
is possible in H? only in the trivial case. See [16] and [45]. More precisely,
we have

Proposition 4.2. Suppose that f € H?, 0 < p < oo. If P, € Z,|z], n € N,
satisfy

(4.1) lim || f — Pyl|ze =0,
then f is a polynomial with integer coefficients.

It remains an open question whether this proposition is true for p = 0, i.e.
for approximation of functions in Mahler’s measure. One can see from the
proof of Proposition 4.2, given in Section 6.4, that the main obstacle is that we
have no substitute for the triangle inequality in the case of Mahler’s measure.
Mahler [27] raised an interesting question related to this problem. While it
is not possible to have M(f + g) < C(M(f) + M(g)) for a fixed constant C/
in general, one can consider a natural analog of the triangle inequality for all
polynomials P,, @, € C,[z] :

M(P, 4 Qu) < & (M(P,) + M(Qu).

Mabhler [27] showed that ¢ = 2 is possible in the above inequality, and asked
what is the best (smallest) value of c¢. He later improved the constant ¢ in
[28], and the best currently known range 1.7916 < ¢ < 1.8493 was obtained
by Arestov [2].

Generally, nontrivial approximation by integer polynomials in the supre-
mum norm is valid on sets with transfinite diameter (capacity) less than 1
[16, 45], and it is not possible if the transfinite diameter is greater than or
equal to 1. But the transfinite diameter of D is exactly equal to 1, so that we
deal with a borderline case. However, we show that the Bergman space A?



Igor E. Pritsker 265

is different from the Hardy space H? in this regard, as it does allow approxi-
mation by polynomials with integer coefficients.

Theorem 4.3. Suppose that f € AP, 1 < p < oco. We have
(4:2) Tim [~ P, = 0.

for a sequence of polynomials P, € Zy[z], n € N, if and only if f has a
power series expansion about z = 0 with integer coefficients. Clearly, this is
equivalent to f*®(0)/k! € Z for allk >0, k € Z.

Thus there are many functions in AP that can be approximated by poly-
nomials with integer coefficients. In fact, one can use partial sums of the
power series for this purpose. See the proof of Theorem 4.3. However, we
do not know whether Theorem 4.3 is valid in the case 0 < p < 1. Note
that if f € AP, p > 1, has a Taylor expansion with integer coefficients, then
f € A? for any ¢ € [0,p) and the partial sums P, of this expansion satisfy
1f = Pallg < I = Pally — 0 as 0 — ox.

5. MULTIVARIATE POLYNOMIALS

We believe that many of the results mentioned in this survey are capable of
generalization to the multivariate case. However, we do not try to accomplish
such an ambitious program here, and restrict ourselves to a few simple re-
marks. The definition of || P,]|o is easily generalized to the case of multivariate
polynomials P,(z1, ..., zq4) as follows:

1
1Pl = exp (—d/.../log|Pn(z1,...,zd)]dA(zl)...dA(zd)).
™ Jp D

It is also parallel to multivariate Mahler’s measure

M(P,) = exp <(271T)d/T.../Tlog|Pn(zl,...,zd)| \dzl|...|dzd|).

We note that many of the properties of || P,||o are preserved in the multivariate
case. Thus it still defines a multiplicative height on the space of polynomials.
If P, is a polynomial with complex coefficients and the constant term ag, then
we can apply the area mean value inequality to the (pluri)subharmonic func-
tion log |P,(z1,. .., 24)| in each variable, which gives together with Fubini’s
theorem that

[Pallo = laol-

Furthermore, the above inequality turns into equality if P,(z1,...,24) # 0
on D¢ by the area mean value theorem for the (pluri)harmonic function
log|P,(21,-..,24)|. However, it is rather unlikely that some kind of explicit
relation such as (2.1) exists for general multivariate polynomials.

We now state an estimate generalizing Corollary 2.2.
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Proposition 5.1. For a polynomial
(5.1) Py(z1,...,2q) = Z aklmkdz'fl .. zsd
ki+...+kg<n
of degree at most n with complex coefficients, we have
(5.2) e "2M(P,) < ||Paullo < M(P,).
Equality holds in the lower estimate for any P, (z1,...,2q4) = aklmkdzfl .. zijd

with k1 + ...+ kg = n. The upper estimate turns into equality for any poly-
nomial not vanishing in D?.

It is of interest to find explicit values of the multivariate || P,||o. This prob-
lem has received a considerable attention in Mahler’s measure setting (see [9],
39, 40], [14], [17]), and it remains a very active area of research. In particular,
it is of importance to characterize multivariate polynomials with integer co-
efficients satisfying || P,|lo = 1. Smyth [40] proved a complete Kronecker-type
characterization for the multivariate Mahler’s measure M (P,) = 1. Thus we
expect that one should be able to produce an analog for ||P,|o, generalizing
Theorem 2.3.

Example 5.2. The following identities hold for the multivariate || P,||o:
(a) |21 + 22l = =/

(b) [[1+ 28 2o =1, ky,...,kg>0

(c) If the polynomial P, of the form (5.1) satisfies

lao..o| > Z |k, kyl,

0<ki+...+kq<n

then || Pyllo = M(P,) = |ag. ol

6. PROOFS
6.1. Proofs for Section 1.

Proof of Corollary 1.6. Let A\, € C, k= 0,...,n, be arbitrary fixed numbers,
and define the operator

AnPu(z2) = Z Ak (Z) agz”.
k=0

It is clear from (1.2) that

(6.1) M(Alpn) =M (i )‘k (Z) 1ak2k> <M (i: Akzk> M(Pn)7

which we use as the basis of induction in m. Assuming that

M (AnP) <M (zn: Akz’“> M (Fy)

k=0
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holds, we obtain that

M (Apir P) = M (zn: A (Z) mlakzk>

k=0

n n —m n
<M (Z Y (k:) akzk> M ( zk> ,
k=0 k=0
where we used (6.1) with A, replaced by \g (Z) " ag, and with
Po(z) =31 _y7" Since M (3°_y2*) =1, it follows that
M (A1 P) <M (A,P,), meN,

and (1.3) is proved by the induction hypothesis.
Let

n -1
BP,(z) := Z Ak (Z) apz® = A1 P,(2),
k=0

so that its m-fold composition is

B™P,(z) = Z A (Z) apz®.
k=0

Applying (6.1) m times, we arrive at (1.4).

6.2. Proofs for Section 2.

Proof of Theorem 2.1. If P, does not vanish in D, then log | P, (2)| is harmonic
in D. Hence M(P,) = |ao| and || P,|lo = |ao| follow from the contour and area
mean value theorems. Assume now that P, has zeros in D. Applying Jensen’s
formula, we obtain that

1 27 )
log M(P,) = 5 [ 1og|Pu(e”)] a8 =logla| + 3 1oz
0

|zj|>1

Furthermore,

1 1 2 '
log||Pn||0:;/O /0 10g|Pn(rew)|rd7‘d0

1 1 2w )
= 2/ (—/ log | P, (r€™)| d0> rdr
0 \27 Jo

1
:2/ log |an| + Z log | 2| + Z logr | rdr
0

|z >r |zj|<r

1
=log|a,| + Y _ log|z| + 5 > (5P -).

|z;]>1 |21 <1
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Hence

1
Pallo = M(Pa) exo [ 5 37 (11 = 1)

\zj|<1

O

Proof of Corollary 2.2. Inequality (2.2) follows from (2.1) after observing that
the smallest value of the exponential is achieved when all z; = 0, while the
largest value is 1 when all |z;| > 1.

O

Proof of Theorem 2.3. If P, is cyclotomic, then ||P,||o = 1 by Theorem 2.1,
because |z;| =1, j=1,...,n,and M(P,) = 1. Assume now that || P,||o = 1.

Let z;, 7 =1,...,m, m < n, be the zeros of P, in D. Then we have from
(2.1) that
e IZ]| -1/ m (|ZJ|2 1)/2
(6.2) 1 Pullo = |ao| H H ,
2] _ 2]

where ag # 0 is the constant term of P,. Define g(z) := e@~V/2/z x> 0,
and observe that ¢'(z) < 0 when x € (0, 1), while ¢’(x) > 0 when z € (1, 00).
Hence

(6.3) g(1) = 1 is the strict global minimum for g(z) on (0, c0).
It follows from (6.2)-(6.3) that

m m (1% 2-1)/2
L<]To0=h =11 Tl S [Pallo =1,
j=1 j=1 J
which is a contradiction. Hence P, has no zeros in D, and M (P,) = || P,|lo = 1

by Theorem 2.1. This implies that P, is cyclotomic by Kronecker’s theorem.
We could also proceed in a different way, by assuming that || P,|lo = 1 and
observing from (6.2) that

m .2_ m
o (L) - T
j=1 =1

Since the expression on the right is an algebraic number, as well as the sum
in the exponent on the left, we obtain that equality is only possible when the
latter sum is zero, by the well known result of Lindemann that the exponential

of a nonzero algebraic number is transcendental [3]. Hence |z;| > 1, j =
1,...,n,and M(P,) = ||P.|lo = 1 as before.
O

Proof of Theorem 2.5. We first show that P, has o(n) zeros in D, := {z :
|z| < r} asn — oo, for any r < 1. Assume to the contrary that there is a
subsequence of n such that P, has at least an zeros, with a > 0, in some
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D,, r < 1. Suppose that those zeros are z; #0, j =1,...,m, m <n, and
proceed as in the proof of Theorem 2.3 to obtain

m o (l2[2-1)/2

(6.4) Hg(lzj!) =11 Tl < [IPullo

J=1

by (6.2). Since g(x) = e@*~D/2 /2 is strictly decreasing on (0, 1), we have that
[Tolz1) = (g(r))e.
=1

It immediately follows from (6.3) and (6.4) that
limsup |[B,lg"" > (9(r)* > 1,
which is in direct conflict with assumptions of this theorem. If P, has a simple
zero at z = 0, then P,(2) = 2Q,,_1(z) and || P,]|o = ||Qn_-1llo/+/e. Hence we
can apply the above argument to (),,_; and come to the same conclusion that
P, has o(n) zeros in D, :={z: |z| <r}, r <1, as n — oo.
The second step is to show that lim,_...(M(P,))"/™ = 1. Note that

(65) 1< M(P) = |Ploexp | 5 3 (1= [z,

|Zj|<1

If P, has m = o(n) zeros in D,, r < 1, then

1
exp | 5 20 (A=) | < emrmamrr

|Zj|<1
Using this in (6.5), we obtain that
1 < liminf(M(P,))"" < limsup(M(P,))""

n—oo

S 6(1—7"2)/2 lim ||Pn||(1)/n _ 6(1_T2)/2.

Hence lim,,_..(M(P,))"/™ = 1 follows by letting » — 1 —. The proof may now
be completed by applying Bilu’s result [4] (at least when P, is irreducible for
all n € N), but we prefer to continue with an independent proof via a standard
potential theoretic argument.

Observe that P,(z) = a, [[;_,(# — 2;) has o(n) zeros in C\ D,, r > 1, for
otherwise we would have liminf,, (M (P,))"™ > 1 as

M(Py) = lan| I] 125l = ] 151
|z>1 |z;]>1

This also implies that
(6.6) lim |a,|"" = 1.

n—oo
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Hence any weak™ limit v of the sequence v, must satisfy supp v C T. Define
the logarithmic energy of v by

//log — ’dV z) dv(t).

Our goal is to show that I(r) = 0, which implies that v has the smallest
possible energy among all positive Borel measures of mass 1 supported on T.
On the other hand, it is well known in potential theory that the equilibrium
measure minimizing the energy integral is unique, and it is equal to the nor-
malized arclength on T [34, 46]. Thus v = df/(27) and the proof would be
completed.

Define the discriminant of P, as A,, := a2 H1§j<k§n(zj — 21,)%. Observe
that it is an integer, being a symmetric form with integer coefficients in the
roots of P, € Z,[z]. Since P, has no multiple roots, we have A, # 0 and
|A,| > 1. Therefore

1 1
6.7 log —— = —(2n — 2) log |a,,| + log—— < 0.
(67) B = ~(2 ~ 2loglanl + 3 log
Jj#k
Let
1
Ky (z,t) :== min (log’ i M), M > 0.

It is clear that Ky (z,t) is a continuous function in z and £ on C x C, and that
K (z,t) increases to log o @ M — oo. Using the Monotone Convergence

Theorem and the weak™ convergence of v,, X 1, to v X v, we obtain that

I(v) = lim / / Kz, 1) dv(z) dv(t)

M—o0
= A}im (lim / Ky(z,t) dvn(2) dun(t))
. : 1 M

= (JH{}O (; 2 Koz ) + ;>)
7k

< . (hggf 2 log m)
JF#k

|an|2n 2

= hgbri 1£f 3 log A

Hence I(v) < 0 follows from (6.6)-(6.7). But I(x) > 0 for any positive unit
Borel measure supported on T, with the only exception for the equilibrium
measure durp := df/(2n), I(ur) = 0, see [46, pp. 53-89].

O

Proof of Theorem 2.7. (a) We use the same notation and approach as in the
proof of Theorem 2.3. If P, has no zeros in D, then min;<;<, |z;| > 1.
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Otherwise, let z;, 7 =1,...,m, m < n, be the zeros of P, in . It follows
from (6.2)-(6.3) that

ellz1? 1)/2
1Pl = ool H > (i 151) > 1

E

Thus we obtain the result by the continuity of g(x) = e ~9/2/z 2 > 0, and
(6.3).

(b) Note that lim,, . || Ps|lo = 1 in this case too, by (2.2) and (2.3). Hence
(2.5) holds true. Furthermore, we have for any zero z;, € C\ D that

1 < [zi| < ay H 2] = M(P,).
|21>1
Thus

lim max |z;| =1,
n—oo 1<j5<n

and (2.6) follows.

6.3. Proofs for Section 3.

Proof of Theorem 3.1. Using (1.2) for the polynomial P,(rz), r € [0,1], we
obtain that

1 27(' . 1 27T .
—/ log |Apn<7“629)| df <log M(A,) + — / log |Pn(rew)| dh.
27T 0 27T 0

Hence (3.1) follows for p = 0, if we multiply this inequality by rdr and
integrate from 0 to 1. Similarly, we obtain from (1.5) that

1 2 ' MP An 2w )

— |AP,(re'?)|P do < L/ |P,(re®)|Pdf, 0 < p< oo,

2 J, 2m 0
which gives (3.1) for this range of p after integration with respect to rdr.
When p = oo, (3.1) is identical to (1.5).

U

Proof of Corollary 3.2. Consider a monic polynomial P,(z) = 2" 4 ... and
A, (z) = 2" Then AP,(z) = 2", so that (3.2) follows from (3.1) and an
elementary computation.

[

Proof of Corollary 3.3. Let A, (2) = (14 Rz)" =Y ",_, (7) R*z*. Then
AP,(z) = P,(Rz) and M(A,) = R". Hence (3.1) gives that

| P.(R2)|l, < R"[|Pullp, 0<p<ooand R>1.
Changing variable and passing to the integrals over Dg, we obtain (3.3) and

(3.4). The case of equality for P,(z) = 2" is verified by a routine calculation.
U
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Proof of Corollary 3.4. Let A,(z) = (})2*,0 < k < n. Then AP,(z) = a2
and M(A,,) = (). It follows from (3.1) that

n
aull4 = sty < () IR 0 << .

One only needs now to find ||2*||,, to show that (3.5) and (3.6) hold true.
O

Proof of Theorem 3.5. We use the approach of de Bruijn and Springer [10, 1,
2, 33] by setting A,(z) = nz(1 4 2)" ' = Y1_, k(})2*. This gives AP, (z) =
2P/ (z) and M(A,) = n. Hence (3.7) is a direct consequence of (3.1).

U

Proof of Corollary 3.6. In order to deduce Corollary 3.6 from Theorem 3.5,
we only need to observe that |[zP/|lo = ||zllo||P.llo = || P.llo/Ve-

L]
Proof of Proposition 3.7. For P,(z) = > ,_, arz" we have
Pl(z) = > p_ykarz"~1, so that
|ak|
113 = i+ and ||P/||2—Z:/7</’|0lk|2
It follows that
12 - |ak|2 2
P12 = (n+1) = n(n+ )| Pall3-
kE+1
k=0
The case of equality is verified directly.
O

6.4. Proofs for Section 4.

Proof of Proposition 4.1. Recall that the uniform convergence of P, to f on
compact subsets of D implies that f is analytic in D, and that p converge
to f*) on compact subsets of D for any k € N. In particular,

lim PM(0)=fM0) VE>0, keZ

But P{"(0) = klay,, where aj, € Z is a corresponding coefficient of P,. Hence
the result follows.

O
Proof of Proposition 4.2. We have that
120 = Pacillwe < |If = Pallae + [f = Paallar
by the triangle inequality for p > 1, and
1P0 = Pailliy < If = Pallpe + I1f = Pocallfe
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for 0 < p < 1. In both cases, (4.1) implies that

lim ||Pn_Pn71||HP:O> O<pSOO
n—00

If P, # P,_; then we let a;2"* be the lowest nonzero term of P, — P,_;, where
lax| € N. Using the mean value inequality [12], we obtain

||Pn_Pn71||HPZ|ak|217 0<p§oo

This is obviously impossible as n — o0, so that we have P, = P,_; for all
sufficiently large n € N. Hence the limit function f is also a polynomial with
integer coeflicients.

O

Proof of Theorem 4.3. If (4.2) holds then the P, converge to f on compact
subsets of D by the area mean value inequality:

1) = PP < 1_Z| //| 0= Pras
Ol

1) -
=Tas |zr>

Hence f has a power series expansion at z = 0 with integer coefficients by
Proposition 4.1.

Conversely, suppose that f € AP is represented by a power series with
integer coefficients. Since the partial sums of this series converge to f in AP
norm for 1 < p < oo by Theorem 4 [12, p. 31], we can select the sequence P,
be the sequence of the partial sums.

— 0, n—o0, z€D.

O]

6.5. Proofs for Section 5.

Proof of Proposition 5.1. We apply (2.2) in each variable z;, j = 1,...,d,
and use Fubini’s theorem to prove (5.2). Indeed, (2.2) gives that

1 k 1
2—/log\Pn(zl,... a)||dz] ——1 < = /log\Pn(zl,...,zd)\dA(zl)
T JT D
1
< %[Tlog]Pn(zl,...,zd)Hdzﬂ

is true for all z9,...,24 € C. Integrating the above inequality with respect
to dA(zy)/m, interchanging the order of integration in the lower and upper
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bounds, and applying (2.2) in the variable z,, we obtain

: kl + ]{?2
log | Pu(z1, ... kit ks
(27r)2 /T/ﬂ‘ og| n(Z1, ,Zd)| ]dz1||dz2| 5

1
S _2//1Og|Pn(Zl,,Zd)|dA(21)dA<22>
™ Jp Jp

: / /
< log | Pu(z1, ..., za)| |dz1||d22|
(2m)? Jr Jr
is true for all z3, ..., z4 € C. After carrying out this argument for each variable

zj, we arrive at (5.2) in d steps. When P,(z1, ..., z4) # 0 in D¢, we have that
| Pallo = M(P,) = |ag.o| by the iterative application of Theorem 2.1. If
Pu(z1,...,24) = aklmkdzfl .. .zsd, where ki + ...+ kg = n, then we evaluate
directly that M(P,) = |ax, &, and ||Pullo = |ak,..x,le ™2, because ||zllo =
e 12 j=1,...,n.

L]

Proof of Example 5.2. (a) Applying (2.1), we have that

1 1 [ |z-1 1
E/D/Dlogm + 20| dA(21)dA(z2) = —éTdA(zg) =-7

™

(b) is an immediate consequence of (c).
(c) Let ag.o = |ag. ole®. Observe that P,(21,...,2q) + e # 0 in D? for any
e > 0, because

|Pn(zl,...,zd)+eei¢| > lag..o| +€ — Z \ak, .k, >0
0<k‘1+...+kdf’n

by the triangle inequality. We obtain that || P, + ee|l¢ = M (P, + ge'?) =
|ag.. o|+¢€ by the area and contour mean value properties of the (pluri)harmonic
function log|P,(21,...,24) + €€ in D¢, and the result follows by letting
e — 0.

U
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INTEGER TRANSFINITE DIAMETER AND
COMPUTATION OF POLYNOMIALS

GEORGES RHIN AND QIANG WU

ABSTRACT. In this paper we explain how explicit auxiliary functions are
used to compute some interesting families of polynomials. These functions
depend on generalisations of the integer transfinite diameter of some com-
pact sets in C. They give better bounds than the classical ones for the
coeflicients of the minimal polynomial of an algebraic integer a.

1. INTRODUCTION

1.1. Definitions and notation. Let a be an algebraic integer of degree
d > 2, whose conjugates are a; = @, o, ..., aq, and let

P=0b X +b0,X" 4 4y 1 X + by,

with by = 1, be its minimal polynomial. We say that « is totally positive
if all its conjugates are positive real numbers and « is reciprocal if ™! is a
conjugate of a. A Salem number is a real algebraic number a > 1 all of whose
conjugates lie in the unit disc |z| < 1 with at least one (and so all the others
but 1/a) of modulus 1. A Perron number is a positive real algebraic integer
« such that maxg<;<4 || < a. For k > 1 we write sy = Y, ., aF. Then s,
is the trace of o and s;/d is the absolute trace of a. o
We define the Mahler measure of o (and of P) by

d
M(a) = [bo| ] [ max(1, |as])
i=1
and the house of a by

[a] = max |y .
1<i<d
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278 Computation of polynomials

1.2. The explicit auxiliary functions. Throughout this paper we will use
functions of the following type

[ =9(x) — 3 ¢log|Q,(2)] 1)
1<j<J

where the e; are positive real numbers and the integer polynomials (); belong
to a fixed set S. Also g is a real valued function such that f is harmonic
outside a finite set containing the roots of the polynomials ;. The numbers
e; are always chosen to get the best auxiliary function, i.e. the one with the
largest minimum. Firstly we explain briefly how we use such an auxiliary
function in the simplest case of the Schur Trace Problem [2]. We want to get
a lower bound of the absolute trace of all totally positive algebraic integers,
apart from a finite number of exceptions. Here we take g(z) = x and m is
the minimum of f(z) for x > 0. Then

S ) > md 2)
and

IT @i(a)

1<i<d

$1 >dm+ Z e; log

1<j<J

[1i<i<q@j(ai) is equal to the resultant of P and Q; and, if we assume that
P does not divide any @), this is a nonzero integer. Therefore

s1/d>m

if v is not a root of any polynomial ();. So, the greater m is, the ‘better’ f
is. The scheme of the computations is the following. With the functions f
we get bounds of s, for k less than K > d which is often much larger than
d (like 2d or 3d). Then we use Newton’s formula which gives by induction
the coefficients by for 1 < k£ < d, in order to get a large set of polynomials.
We compute s for d < k£ < K and eliminate the polynomial when s; is
not within its bounds. The last computation is done with Pari [14]. The
construction of these auxiliary functions is explained in Section 6. Since the
function f is harmonic, it takes its minimal value on the boundary B of the
domain which contains all the conjugates of o (which is always R or an ellipse
invariant under complex conjugation). Generally, even in the worst case, we
can reduce the number of non-real conjugates that are on the boundary to 1
or 2 (except in the case of Section 5). Hence, we will replace md in (2) by
(d—1)mo+my (respectively by (d —2) mg+2m;) where my is the minimum
of f(x) for a real z inside B and m; ( < my) is the minimum of f(z) for z on
B. Therefore the ‘efficiency’ of the auxiliary functions (1) decreases when the
boundary B becomes less ‘flat’ from Sections 2 to 5. Now we describe what
kind of polynomials we are interested in.
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1.3. Some interesting families of polynomials. In Section 2, after a brief
summary giving the best values of m that have been recently obtained for
the absolute trace of totally positive algebraic integers, we explain the use of
this function to compute small Salem numbers. It is not known whether the
Mahler measure of «, when it is greater than 1, is greater than the Mahler
measure of Lehmer’s polynomial. The computation of small Mahler measures
is investigated in Section 3. In Section 4 we explain how to solve a problem
of Colin Maclachlan. Section 5 is devoted to the exploration of the conjecture
of Schinzel and Zassenhaus for the numbers o with small house up to degree
28 and we prove that the smallest Perron numbers satisfy the conjecture of
Lind-Boyd up to degree 23. In Section 6 we explain how to get the auxiliary
functions used in the previous sections.

This paper is an extended version of the lectures given by the authors in
Bristol in April 2006. We take the opportunity to thank the organisers of
the workshop ‘Number Theory and Polynomials’, held at the University of
Bristol, for their warm hospitality.

2. THE TOTALLY POSITIVE ALGEBRAIC INTEGERS

In 1984 C. Smyth [18] gave the good lower bound (1.771...) with a suit-
able function f of the type (1). The best value for m given by McKee and
Smyth [12] is equal to 1.77838 and the best known value in April 2006 was
1.782061, recently improved to 1.784109. For more details we refer to the
survey by J. Aguirre and J.C. Peral in these proceedings [1]. In these cases
the polynomials (); were found by an extended heuristic search.

Let o be a Salem number. Then 8 = a + 1/a + 2 is a totally positive
algebraic integer of degree deg(a)/2. Since all positive powers 3* are totally
positive, it is possible to use Smyth’s function f to get good lower bounds for
s equal to the sum of the k-th powers of 5. V. Flammang, M. Grandcolas
and G. Rhin [7] used this method to verify that the list of Salem numbers
less than 1.3 of degree not greater than 40 given by M. Mossinghoff [13] is
complete. More recently J. McKee and C. Smyth [12] have found the two
Salem numbers of smallest degree (i.e., 20) with trace —2.

3. ALGEBRAIC INTEGERS WITH SMALL MAHLER MEASURE

For an algebraic integer o, we have M(P) > 1 and Kronecker’s theorem
implies that M (P) = 1 if and only if P is a product of cyclotomic polynomials
and a power of X. Lehmer’s question is the following:

Lehmer’s question. Does there exist a positive constant € such that, if
M () > 1, then M(a) > 1+¢€?

The smallest known value for M («) > 1 has been obtained by D.H. Lehmer
[10] and is M («) = 1.1762808 . .. given by the polynomial of degree 10:

LX)=X" 4+ X - X" - X0 - X° X' - X’ + X +1.
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C. Smyth [17] has proved that, if the algebraic number o # 0,1 is not
reciprocal, then M(«) > 6, where 6, = 1.324717... is the smallest Pisot
number which is the real root of X* — X — 1. This kind of result had been
proved earlier by Breusch [6] with the smaller constant 1.1796. .. . P. Voutier
[20] has proved that, if an algebraic number a of degree d > 2 is not a root
of unity, then

1 (log log d\*
M 14+ —=—=") .
() > +4( og d > (3)

Exhaustive searches have been made by D. Boyd [3] and [5] and by M. Moss-
inghoff [13] up to degree 20 and to degree 24 respectively to find all the
algebraic numbers a with M (o) < 1.3 .

Other extensive searches have been made by M. Mossinghoff [13] with
heuristic methods up to degree 180. G. Rhin and J.-M. Sac-Epée [15] used
both a statistical method and a minimisation method to get polynomials
of large degree and small Mahler measure. V. Flammang, G. Rhin and J.-
M. Sac-Epée [9] have computed all the numbers o with M(a) < 6, d < 36
and M(«a) < 1.31 for d = 38, 40 and then proved that Mossinghoff’s table is
complete up to degree 40.

Because of Smyth’s theorem, an algebraic integer with Mahler measure less
than 6 is reciprocal. Its minimal polynomial P is of degree 2d:

2d
P:X2d+ch2d_1—|—...—|—ch+1:H(X—ozi).

i=1
We may suppose that |o;| > 1 and agqy; = 1/ay for 1 < i < d. We define

the polynomial @), associated to P by the formula X?Q(X + 1/X) = P(X).
Therefore

Q=X"4+b0X"1 4. b1 X+

is a monic polynomial of degree d with integer coefficients whose roots are
vi=a;+1/a; for 1 <i <d.

For Q we have s1 = Y | .cyVi = D .1<jcaq@i- More generally for & > 1
we define 7, = of + 1/a¥ and we have s, = > icyVik = D ojcicoq @r- Let
1 < M < 6y be a fixed bound. If we suppose that 1 < |y < M° with
0 < a <1 then v, lies inside the ellipse

Era = {z = x + 1y such that (%)2 + (%)2 < 1},

where A = M* + M~ and B = M* — M~* If M = 6, the ellipse Eiq
is close to the real axis when k is not too large (for k = 1, B < 0.57). For
degree 34, the classical bound for the trace is |s;| < 34 and we get |s;| < 4.



Georges Rhin and Qiang Wu 281

4. A PROBLEM OF COLIN MACLACHLAN

Here we explain how to solve the following problem of Colin Maclachlan
from the University of Aberdeen. The discrete subgroups of SL(2,C) with
two generators, one of order 2 and one of order 3, are related to the algebraic
integers a of degree d > 2 whose conjugates all lie inside the ellipse:

&= {z = = + 4y such that (30;/12/2)2 + (%)2 < 1}7

with two of them conjugate non-real numbers, while all the others are real in
the interval [—1,2]. We denote by C the set of the minimal polynomials P of
the algebraic integers defined above. It is clear that, if P € C is of degree d,
then (—1)?P(1 — X) is also in C. So we call C; the set of polynomials P € C
such that if P(z) = 0 and z is complex then Rez < 1/2. We denote by &
the set of the elements z of the ellipse £ with Rez < 1/2.

To show that C is finite, it suffices to show that C; is finite. For this, we
use the fact that all the roots of P, but 2, lie in the interval [—1,2] whose
transfinite diameter is less than 1 (in fact 3/4). Maclachlan proved that
d < 18. If we use the classical bounds for the coefficients of the polynomials
in C; this would give a set of 10% elements. The first step is to prove,
with suitable auxiliary functions, that d < 12. For this we use the function
g(z) = —log |z| inside the auxiliary function (1). This gives an upper bound
for [P(0)| which is less than 1 for d > 12. The same kind of functions give
bounds for | P(z;)| where the numbers z; are real or complex algebraic integers
which lie in the real interval [—1, 2] or not too far from it. This gives a rather
‘small set” of 1000 4-tuples (bg—3, bg—2 bg—1 bg) for d = 8 (respectively 332 for
d =9). More relations on the last coefficients are given for d = 10, 11 and
12.

Next, functions with g(z) = +Re(z*) give good bounds for the numbers
sk. V. Flammang and G. Rhin [8] found the 15909 polynomials satisfying the
initial conditions. All these polynomials are of degree at most 10.

5. ALGEBRAIC INTEGERS OF SMALL HOUSE AND SMALL PERRON
NUMBERS

5.1. Algebraic integers of smallest house. Kronecker’s theorem asserts
that [a] = maxj<;<q|a;| = 1 if and only if « is a root of unity. We define
m(d) to be the minimum of the houses of the nonzero algebraic integers « of
degree d that are not roots of unity.

A classical problem, see P. Borwein [2], is to study the behaviour of m(d)
when d varies. On the one hand it is clear that m(d) < 2/ since the polyno-
mial X¢—2 is irreducible of degree d. On the other hand there is a conjecture
of A. Schinzel and H. Zassenhaus [19] which asserts that m(d) > 1+ ¢;/d,
where ¢; is a positive constant. Moreover D. Boyd [4] suggests that the best
c1 should be equal to %log(Ho) where 6y = 1.3247... is the smallest Pisot
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number which is the real root of X?— X —1. This is based on the fact, pointed
out by C. Smyth, that for d = 3k the number o with minimal polynomial
X3 + X% — 1 has[a]= 0(1)/ k) (98/ @9 and it is expected that this is equal
to m(d) for this degree. We say that an « which gives m(d) is extremal. Boyd
has computed m(d) for d < 12.

The first step of our computations is devoted to the search of the best
bound for m(d) up to d = 28. We first take Boyd’s bound B = (2 + 1/d)"/¢
and compute all the numbers « of height 1 with house less than B. Now, we
take for our further computations the bound B as the minimum of the houses
> 1 that we found for a fixed degree d. They are all less than 2/¢, by = +1.
Here we are in the worst situation since the conjugates of the extremal «
belong to a disk |z| < B. The classical bound gives |s;| < dB but, for d = 28
we get |s1] < 5. We find [16] all extremal numbers a up to degree 28. They
satisfy the conjecture of Schinzel and Zassenhaus with Boyd’s constant. The
search for degree 28 took 6800 hours on a 2.8Ghz PC. Using Smyth’s theorem,
we can deduce the following result:

Let a be a nonzero algebraic integer, not a root of unity, and d = deg(«a)
at least 13. Then

[a] > exp(3log(d/2)/d?) . (4)
This gives an improvement of a theorem of E.M. Matveev [11] who proved
the relation (4) only for reciprocal a. We remark that (4) is better than the
inequality that we can deduce from Voutier’s inequality (3) for d < 6380. An-
other remark is the following: for 1 < d < 28, m(d) is given by a polynomial
which is a factor of a polynomial with at most four monomials and of length
at most 4.

5.2. The smallest Perron numbers. Lind and Boyd [4] also made the
following conjecture:
Conjecture(Lind-Boyd). The smallest Perron number of degree d > 2 has
minimal polynomial

X4i-X -1 ifd #3,5 (mod6),
(X2 - X*—1)/(X?-X+1) ifd =3 (mod6),
(X2 X2 - 1)/(X?—X+1) ifd=5 (mod6).

For 1 < d < 12 the smallest Perron numbers were computed by Boyd.
Using the same method as in 5.1 the second author [22] computed all Perron
numbers less than the Perron number which is the real root of X¢— X —1 for
12 < d < 22. They all satisfy the Lind-Boyd conjecture. The smallest house
for d = 23 is given by a Perron number, which also satisfies this conjecture. If
the bound B used for the computation is Boyd’s bound then the computation
gives all the numbers a with [a] < (2 + 1/d)"/4. We give in Table 1 all
the numbers a of degree at most 22 whose house is greater than m(d), less
than 24, which are not a Perron number and whose minimal polynomial is
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primitive. They all are also factors of polynomials of length at most equal to
4.

6. CONSTRUCTION OF EXPLICIT AUXILIARY FUNCTIONS

6.1. Relations between explicit auxiliary functions and integer trans-
finite diameter. For simplicity we examine the case of small houses which
we dealt with in Section 5. If inside the function (1), with g(z) = Re(z), we
replace the real numbers e; by rational numbers, we may write

f(2) = Re(z) = 1 log |H(2)] = m,

where H is in Z[X] of degree h and t is a positive real number. We want to
get a function f whose minimum m in |z| < B is as large as possible. That
is to say, we seek a polynomial H € Z[X] such that
sup |H(z)[!/"e Re®) < gmm
|z|<B
Now, if we suppose that ¢ is fixed, say t = 1, it is clear that we need an
effective upper bound for the quantity

< B) = liminf inf H(z)|"/"
trollel < B) = liminf = o sup [H(2)[""o(2),

where we use the weight ¢(z) = e %), To get an upper bound for this

quantity, it suffices to get an explicit polynomial H € Z[X] and then to use
the sequence of successive powers of H.

This is a generalisation of the integer transfinite diameter. For any A > 1
we say that a polynomial H (not always unique) is an Integer Chebyshev
Polynomial if the quantity sup, <p |H(2)|""¢(2) is minimum. With Wu’s
algorithm [21], we compute polynomials H of degree less than 30 or 40 and
take their irreducible factors as polynomials );. We start with the polynomial
X — 1, get the best e; and take t = e;. After computing J polynomials, we
optimise the numbers e; as explained in the next subsection. This gives us a
new number ¢, and we continue by induction to get J 4 1 polynomials.

6.2. Optimization of the numbers ¢;. We give a brief outline of the
semi-infinite linear programming method introduced into number theory by
C.J. Smyth. More details can be found in [9]. To optimize the numbers e;,
we first put the coefficient of Re(z) equal to e = 1. We take a set X of ‘well
distributed’ points of modulus equal to B. By linear programming, we get the
maximum g of the minimum of a finite set of linear forms whose coefficients
are Re(z;) and —log|Q;(%;)| for 1 < j < J for any z; in X;. This gives an
auxiliary function f which has a minimum m > pu. We add to X; a selection
of the points of |z| = B where f has a local minimum. With this new set X,
we get another value for m and p. We stop the process when the integer part
of m and u coincide.
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d polynomial P(X) house

3 X3+ X2-1 1.15096392. . .
5 (X°+ X3+ X —1) 1.13925029. ..
5 (X04+ X2 - X —1)/P, 1.14150997. ..
6 (X8 — X +1)/%g 1.09373169. ..
7 (XY - X4 X2 —1)/(D,PoDg) | 1.10154059. . .
7 (X8 —X'—X+1)/%, 1.10335536. . .
8 (X104 X5 — X +1)/d, 1.08370432. ..
9 (XU + X —1)/d 1.06715088. ...
12 (XM —X+1)/Ps 1.05218083. ..
14 (X7 X104 X3 —-1)/(®,®,) |1.05050388. ..
15 (XTT+ X —1)/® 1.04263049. . .
16| (XY —-X"4+X —1)/(®,P4) |1.04163090. ..
18 (X® - X +1)/P 1.03602095. . .
21 (XB+X —1)/P 1.03712124. .

TABLE 1. List of a of degree d and minimal polynomial P(X )
whose house is greater than m(d), less than 2'/¢, which is not
a Perron number and whose minimal polynomial is primitive.
P is written as a quotient with numerator a trinomial or a
quadrinomial. The denominator is a product of at most three
cyclotomic polynomials: &, = X —1, &y = X +1, &, = X2 +1
and &g = X? — X + 1.

6.3. Further refinements. Refinements of the method are needed when we
want to decrease the computing time. Very often, when the bounds for the
numbers s, do not grow too quickly with k£, we get, with more sophisticated
functions g, relations between s, and so,. We generally use some thousands
of distinct functions. Most of them are optimized almost automatically when
we are given the polynomials @);.
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SMOOTH DIVISORS OF POLYNOMIALS
EIRA J. SCOURFIELD

ABSTRACT. Let f be a monic polynomial over the integers that is not
necessarily irreducible but has no repeated factor, and let w(m) denote the
number of solutions of the congruence f(n) =0 (mod m). We establish an
asymptotic formula with a good error term for 3 _ w(m), and derive
asymptotic formulae for the number of positive divisors m < x of f(n)
summed over n < x and, using a result of Hanrot, Tenenbaum and Wu,
for the number of these divisors m with no large prime factors.

1. INTRODUCTION

Let {fi:i=1,...,1} be a set of [ distinct monic irreducible polynomials
over Z, where f; has degree k; > 2 (i =1,...,1). Let

l
=114 (1)

I
so f is also monic and has degree k = > k;. We remark that f being monic
i=1
is not crucial for our results, but is assfuned for convenience.

The motivation for writing this paper goes back to the old problem of
estimating, for f irreducible over Z and of degree at least 2, the number
d(f(n)) of divisors of f(n) summed over n < x. A key result is due to Paul
Erdos [2] who, by a complicated elementary method, showed that

rlogr < Zd(f(n)) <L rlogx.

n<x

When f is an irreducible quadratic polynomial, an asymptotic formula for
>~ d(f(n)) was established and studied further in [6], [11], [12], [13] and [17],

n<z

but, to the author’s knowledge, no corresponding asymptotic formula has so
far been derived in the case when f has degree at least 3. However, if we
restrict ourselves to divisors m < x of f(n) with no prime factor exceeding y
where y satisfies (1.5) below, we can obtain, for [ > 1, the asymptotic formulae
given in Theorem 4 below. To establish this result, we need estimates for

2000 Mathematics Subject Classification. Primary: 11N37; Secondary: 11N64, 11N25.
Key words and phrases. Polynomial congruences, divisors of polynomials, smooth divi-
sors, generalized Dickman function.
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some sums involving the number w(m) of solutions n (1 < n < m) of the
congruence
f(n)=0 (mod m),
given in Theorems 1, 2, and 3. These are of interest in their own right, and are
considerably stronger than those required to derive Theorem 4. The results
in Theorem 2 are special cases of very general results in [3].
Our first objective is to establish a good asymptotic formula for

A(z) =) w(m). (1.2)
m<x

When [ = 1, we see from Theorem 1 below that A(z)/x tends to a positive
limit as © — oo, and so w(m) has a mean value in this case. Several authors
have written papers giving a very good insight into the problem of estimating
the mean value (when this exists) of a multiplicative function, but the condi-
tions imposed are not always satisfied by w(m), even when [ = 1. E. Wirsing’s
important memoir [26] on multiplicative functions can be applied to obtain
the best estimate for A(z), for any fixed [ > 1, available at that time. From
Satz 1.1 of that paper it follows that as z — oo

e

Alz) ~ (l—l)'long <1+Z )

where p denotes a rational prime. The main term of this asymptotic formula
can then be determined by evaluating the product using the estimate

zw ) =1 li(z) + O(xexp(—(logx)%_€)>

p<lzx
(a consequence of the prime ideal theorem and the sentence after (2.4) below).
An asymptotic formula for A(x) with an explicit error term follows in the case
[ =1 from Lemme 2.1 of [22], and for [ > 1 from Lemme 3.9 of [21]; see also
(1.10) and (1.12) of [3], where the error term in a more general situation is
of the form O(z'7%) with # < 1/2 described explicitly. Theorem 1 below
improves this for A(x) by giving a precise value for 6 that to the author’s
knowledge is the best available up to now.

Theorem 1. As x — oo,
A(z) = zP_i(logx) + O(2'™?) (1.3)

where P,_1 is a polynomial of degree | — 1 and with positive leading coefficient
B/(l — 1)! with B given by (3.13), and 0 is any fixred number satisfying

1 1

0 < 6 < min(3, a ), where Ay is given by (5.1) below.

We prove this result in section 3 by induction on the number of factors in
(1.1) using the generating function associated with A(x) which is investigated
in section 2. The definition for A; that we use requires some notation. If
k; > 3 for all i, we could use the slightly larger value A; = %(kl +..+k+1).
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Alternatively we could obtain a result of the form (1.3) by using analytic

methods and the estimates for the Dedekind zeta-function on the line o = %

given in [4] and credited in [5] to Kaufman, see [8]. However the value of 6
that we were able to derive by this approach is smaller than that described
in Theorem 1.

From Theorem 1 we deduce

Corollary 1. As x — o0,
w(m) -
— — Pl 1.4
Clw) = 3“5 = Rllog) + 06™) (1.4
where Py is a polynomial of degree | and with positive leading coefficient B/I!.

Denote by P(m) the greatest prime factor of an integer m > 2 and let
P(1) = 1. We require information on the quantities A(z,y) and C(z,y)
obtained by imposing the additional condition P(m) < y on each of the
terms in the sums in (1.2) and (1.4). In order to state the next two theorems,
we need some more notation. For any € > 0, define the region H. by

H.: (logyz)i* <logy < logz, = > (), (1.5)

where, throughout this paper, log, * = log(logx) for x > e. Let

Le(y) == exp((logy)3 ) . (1.6)

Define the function p;(u), a generalization of the Dickman function p(u), by
the differential-difference equation

pw) =0 (u<0), plu)=g= O<u<l),
(1.7)
upy(u) = (= Dpi(u) = lp(u—=1) (u>1).

When [ = 1 this reduces to p(u) (except that p(0) is usually defined to be 1).
Define z;(u) by the differential - difference equation

z7(u) =0 (u<0), zu)=1 <u<l),
(1.8)
uzj(u) = —lz(u—1) (u>1).

We observe (see the sentence after (4.10)) that when u # 0
a(w) = pf V(). (1.9)

Throughout this paper we put u = igiz > 1. Given n € N, let I,, denote the
following union of intervals:

I, = O[r—i—sm(y),r—i—l]u[n—l—l,oo) (1.10)
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where

- log, y
wr(y) =071 1-r—=22 (1<r<n). 1.11
) =07 4 1= (1 <r<n) (111)
The results of the following Theorem are special cases of the main results in

[3]; see Theorem 1.2 for (i) and Theorem 2.3 for (ii).
Theorem 2. (i) In the region H.

e £ r=s(150(dy)) [ e on (4)

m<zx
P(m)<y

(1.12)
(1) Let n > 1 be a fized integer and assume that w € I, 1, when n > 1.
Then n the region H.

A(x,y) = x(log y)l_l{ Zn: arpl(r)(u —0)(logy)™"

r=0 (1.13)
log(u+1 n+1
<o oo (552)™) }
where the a, are given by (2.28) and (2.51).

For sufficiently large u, we see from (4.4) and (4.20) that the terms in the
sum of (1.13) decrease as the power of logy decreases. Thus as u — o0

Az, y) ~ apz(logy)' ™ pi(u) (1.14)
where ag = B given by (3.13). For sufficiently large u the O-term in (1.13) is

n+1 —n—
O(|p" ™" (w)|(logy) ") by (4.2).
Next we state the corresponding results for C(z,y). Let G. denote the
region given by

G. : (logaz)%+5 <logy <logz, x> xo(c). (1.15)
Theorem 3. (i) In the region H.

Cloy)= @ _ <1 +0 <L€1(y))> /_ s — 0)d(CyY). (1.16)

m<x
P(m)<y

(i) Let n > 1 be a fizved integer and assume that w € I,,_; when n > I.
Then in the region H.

C(z,y) = (logy) {bo fo pr(v)dv + Zbrplr 1) (u—O)(logy)_T

+0 (i) G ) |+ 0 ()
where the b, are given by (2.29) and (2.81) and satisfy by = ag, b, = a, +a,_1

(r > 1). In the region G. the error term O(1/Lc(y)) can be removed. As
u— oo, [ m(v)dv=e"'+ O(p(u)/logu) where v is Euler’s constant.

(1.17)
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We observe that as u — oo in the region H.

C(z,y) ~ "'bo(logy)’
where by = B given by (3.13). For sufficiently large u the first O-term in
(1.17) is O(|p" (u)|(log y)~"~1) by (4.2).

On receiving a draft of this paper, Professor G. Tenenbaum e-mailed [24]
the author to describe how partial summation techniques can be applied to
deduce from the main theorems in [3] results of the same type as those in
Theorem 3 above, but valid for a general class of non-negative multiplica-
tive functions f studied in [3]. Moreover he is able to eliminate the error
term O(1/L.(y)) in the asymptotic expansion analogous to (1.17) above in
the region H. by introducing the function F(y) = > p(,<, f(n)/n into the
argument.

To illustrate an alternative approach, we give in section 5 a direct proof
of Theorem 3 that is independent of Theorem 2. We follow the same broad
strategy that is standard in this type of problem, but there are differences and
simplifications in its implementation. These arise when we express C(z,y)
as an integral of a function with a simple pole at s = 0, and take the line of
integration to be of the form ¢ = k > 0; taking the line of integration to the
left of ¢ = 0 does not seem to improve the result, unlike the corresponding
situation for A(x,y) and the more general sums studied in [3]. Factors of the
integrand include the generating function G(s +1) = > >~ w(m)m~'"* for
C(z) and the Laplace transform p;(s) of p;(u) defined in (1.7), and we find
that we only need an estimate for p;(s) for s = x4+t for |t| large. In contrast,
for A(x,y) the analogous integrand is analytic at the critical point s = 1 but
the corresponding integral is taken along a line of integration to the left of
o = 1, and rather precise information on p;(u) and on p;(s) when 0 = = < 0
is required, where £ has a specific standard value; see [3] for the details when
A(z,y) is replaced by a general sum of this type.

We remark that our proofs of Theorems 1 and 3 are valid when w(m) is
replaced by any multiplicative function with an associated generating function
of the form

G(s) = H(s) [ ] ¢ri(s)”, (1.18)
where H(s) is analytic and bounded in o > %, the K; are distinct num-
ber fields, (k,(s) is the associated Dedekind zeta-function, and each v; € N
(whereas in (2.20) each v; = 1). In [3] the authors consider a more general
situation for a multiplicative function with generating function of the form
(1.18) but with the v; real numbers such that 22:1 v; > 0, where H(s) sat-
isfies certain conditions. As mentioned above, in his e-mails [24] Tenenbaum
described how to obtain a generalisation of Theorem 3 from these results and
partial summation. Furthermore in section 1.4 of [3] the authors describe a
generalization of their work that includes the problem of investigating A(x, )
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when the polynomial f in (1.1) is not squarefree, and they give explicitly the
corresponding generating function and the generalizations of the Dickman
function required.

We turn now to the problem discussed at the beginning of this paper. Let

Di(w,y) =Y #{m:m <z P(m) <y,m| f(n)} (1.19)

n<x

and D;(z) = Dy(x,z). Since m | f(n) if and only if n lies in one of w(m)
residue classes modulo m,

Dy(z,y) = 2C(x,y) + O(A(:r:,y)) , (1.20)

with a corresponding expression for D;(x). Hence from Theorems 1, 2 and 3
and equation (1.4) we deduce

Theorem 4. (i) We have
Dy(x) = %x(log z)' + O(z(logz) ™) (1.21)

where B is given by (5.13).
(i) In the region H.

Dy(z,y) = Bz(logy)' [} p(v)dv+ O (fpl(u)(log y) !+ #(y)) (1.22)
~ Be'z(logy)

as u — o0o. In the region G, the error term in (1.22) is O(xp;(u)(logy)'=1).

The related problems that one would really like to be able to solve are those
of obtaining an unconditional asymptotic formula for

U(fia,y) =#{1 <n<az:P(f(n)) <y}
for (x,y) in a suitable region, as well as for > d(f(n)) when f is irreducible

n<z
over Z and has degree at least 3, but these seem unattainable at present.
However, assuming a certain hypothesis that is a quantitive version of Schinzel
and Sierpinski’s Hypothesis H, G. Martin in a very long technical paper [10]
has derived an asymptotic formula for ¥(f;z, x%) that is uniform for u in a
given range and with some uniformity in the coefficients of f.

The plan of the current paper is as follows. In Section 2 we consider the
properties of w(m) and of the Dedekind zeta-function that we need and set
up the generating function that is used in the proof of Theorem 1 in Section
3. In Section 4 we look at properties of the generalized Dickman function
pi(u) and its Laplace transform. Theorem 3 is proved in section 5.
Acknowledgements. The author is grateful to the referee for a careful reading
of this paper and for suggestions that clarified its exposition. She thanks
Professor Gérald Tenenbaum for informing her that the results in [3], then
being prepared, were relevant to the work in her early draft of this paper,
for his e-mails [24] concerning deriving a generalization of Theorem 3 from
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the results of [3], and for his encouragement. She also thanks Professor Ram
Murty for a helpful conversation that led to a better error term in Theorem
1 in the case [ = 1.

2. PRELIMINARIES

2.1. Properties of w(m). For i = 1,...,1, recall that f; is an irreducible

monic polynomial over Z of degree k; > 2 and that f; # f; if ¢ # j. Asin
!
(1.1), f =[] f: so f is also monic and has degree

=1

k= k. (2.1)

Without loss of generality, we assume
ey > ko> >k > 2. (2.2)
Denote the discriminant of f; by D; and put

l
D=]]D:. (2.3)
i=1
Since the f; are distinct, f; and f; are coprime if ¢ # j. Hence there exist
polynomials w;, u; € Z[t] and e; ; € Z\ {0} such that
ulfl + ujfj =€ij- (24)
It follows that if p is a prime with p{ e; ; then the congruences

filn) =0 (mod p), f;(n)=0 (mod p)

have no common solution. Let

Define w;(m), w(m) by o
wilm)=#{n€Zy: fi(n) =0 (modm)}, i=1,...,1, (2.6)
wm)=#{n€Z,: f(n)=0 (modm)} . (2.7)

It follows from above that if (m,e) = 1 then

w(m) = Zwl(m) :

In particular, if p t e, for any a > 1
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The restriction that f; is monic does not affect the value of w;(p®), except
for a finite number of primes p. For if f* has leading coefficient @ > 0 and
degree k;, then

"= f; (n) = fian) (2.8)
for some monic polynomial f; of degree k;, so if p{ a, then w}(p*) = w;(p®).

The results in the following lemma are well known:

Lemma 1. (i) The functions w(m) and w;(m) are multiplicative.
(ii) If p% || D;, then for all a > 23; + 1

wi(p”) = wi(p** ). (2.9)
In particular if p 1 D;, then w;(p®) = w;i(p) for all o > 1.

(iii) We have w;(p) < min(k;, p) for all primes p, and
wi(p®) < 1 for all primes p and o > 1.

For (ii), see for example Theorem 53, p. 89, in [14], (i) follows from the
Chinese Remainder Theorem, and (iii) is a consequence of (ii). From Theorem
54 of [14], wi(pa) S leZZ

Corollary 2. If pt De, for alla > 1

w(p®) = Z wi(p) = w(p), (2.10)

50 if p> ki, w(p®) <k < k.

We remark that w;(p) is the number of linear factors in the factorization of
fi over Z,,.

2.2. Related algebraic number fields. With f; as above, let 6; be an
algebraic integer satisfying f;(6;) = 0, and let K; be the algebraic number
field given by K; = Q(6;), and O; be the ring of integers of K; (1 = 1,...,1).
Denote the discriminant of K; by d;, and let o; = [O; : Z[6;]], the index of the
additive group Z[6;] in O;. Then D; = d;0?; see Proposition 4.4.4 of [1].

If p is a rational prime with p { d;, then p is unramified in K;, and its
factorization into prime ideals of ; takes the form

T
p= H Pij
j=1
where p; ;, j = 1,...,r, are distinct prime ideals of ;. Moreover
r
N (pi;) = p? where Zgi,j = ki
J=1

see Theorems 4.8.3, 4.8.5 and 4.8.8 of [1]. We can now connect this factor-
ization of p in O; with w;(p) when p t D; using Theorems 4.8.13 and 4.8.5 in

[1]:
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Lemma 2. Suppose pt D;. Write

T

fitn) = [ fis(n)  (mod p). (2.11)

j=1
where the fTJ are irreducible and monic over Z,. Then, with appropriate

ordering, the degree ofij is gi j. Hence w;(p) is the number of exponents g, ;
equal to 1, i.e. the number of p; ; dividing p with norm equal to p.

2.3. The generating function. Throughout this paper, we write s = o +1t.
Let

o0

G(s)=> wmm™ (o>1) (2.12)

m=1

and pg be a fixed integer satisfying
po> k22, p|De=p<pyp.

Lemma 3. Foro > 1

Gs) = [T (1 = p~) " Ho(s). (2.13)

pP>po
where Hy(s) is analytic and can be written as an absolutely convergent product

over primes in o > %, and Hy(1) # 0.

Proof. By Lemma 1(i), in 0 > 1

G(s) = H (1 + Zw(po‘)p_o‘s> :

When p > pg, so p { De, we have by Lemma 1(ii) that w(p®) = w(p) for all
a > 1. Hence for p > pg and w(p) >0

(1 + ai w(p“)pas) (1—p =)~
_ 2 as) [ )-8
(1+ew) 5 )(z(ﬁx v >)
=1+ ia(p“)p“

where, for a > w(p),
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In the latter case, when w(p) > 0,

w(p)

w(p)

la(p™)| < w(p) = w(p)2“® < k2F, (2.14)
2 7)

since w(p) < k. Moreover, since p > py > 2, for o > % we have

w(p) 00 — 90
Z a(p®)p~**| < k2~ Zp*‘m < k’Qkilzi 5= <4k2Fp~t <1,
a=2 a=2
soforp>p0,a>%
w(p)
L+ a(p®)p ™ #£0. (2.15)
a=2

It follows that for o > 1

w(p) 00
Gs) =TI 1+ > ape| (1—p)~" (1 +> w(ﬂ")p‘“) -

P>Ppo

!
When p < po, w(p®) < [T w;(p*) < 1, so for o > 3
j=1

1T <1+Zw(pa)p“"$> <] (1 +Zw(p“)p“"/2> <1.

P<po P<po
Hence
Gls)= T (@1 —p*) " Ho(s), (2.16)
P>Ppo
where
w(p) 00
Ho(s) =[] {1+ _ap™ | ] <1+Zw(p“)p‘“> . (217
P>Ppo a=2 p<po a=1

which is analytic in ¢ > % and is an absolutely convergent product there.

Since for ¢ = 1 a typical term with p > po > k2%*2 in Hy(s) is
>1—k2M2p2 > 1 —pyt >0,
and the terms with p < py and s = 1 are clearly positive, we have Hy(1) # 0
L]

as required.

We now use the information in Lemma 2 to express G(s) in terms of
Dedekind zeta-functions. For o > 1, define

-5 —s\ 7L

Crals) = Yo (V@) " =TT(1 = (V) ™) (2.18)

a p
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where a runs over the ideals and p the prime ideals of ;. By Lemma 2, N(p)
is a rational prime p for exactly w;(p) prime ideals and otherwise N(p) is a
higher power of a prime p. Hence for ¢ > 1 we can write

Cri(s) = [ (1=p7s) @ II (1—p) ™" II (1—p~)~"

P>po p P
N(p)=p9,9>2,p>po N(p)=p?,9>1,p<po

where we know that g < k; holds. The second product is absolutely conver-
gent and analytic in o > %, the third product is finite, bounded and non-zero
in o > 6 > 0, and hence

Cr,(s) = [ @ =p~*) @ Hi(s) (2.19)

P>po

where H;(s) is an absolutely convergent product, analytic and non-zero in
o> % Hence we have:

Corollary 3. Foro > 1

l l

G(s) = T (Gris) (Hil9) ™) Hols) = Hs) [T Grels) (2:20)

i=1 i=1

where, for o > %, H(s) is an absolutely convergent product over primes and
is analytic, and where H(1) # 0.

A more general formula of this type was established in the proof of Lemme
3.9 in [21].

We remark that if we had started with polynomials f that were not all
monic, then from (2.8) it would follow that the only change would be in the
finite product Hy(s), assuming that py exceeds the magnitude of the leading
coefficient of f*, and hence in H(s) and its value at s = 1. This just changes
the constants in our theorems.

Next we state some properties of (x(s) for K an algebraic number field of
degree k that we use later. First we need some definitions. Let

A =27 Rhin ™V |A|77

where ¢ is the number of real and r is the number of complex conjugate pairs
of monomorphisms K — C, m is the number of roots of unity in K and R, h,
A denote the regulator, class number, discriminant of K, respectively. Define
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«, 3 according to the following table:

k Q 1]
_ 50 315
2 8 10 2.21
3<k<6 k ~ k(5k+2) | 5k+2 ( )
2 3 2
k=1 koo i

Lemma 4. (i) The function (x(s) has a simple pole at s = 1 with residue A
and s analytic on C otherwise.
(ii) Let j(m) = #{a € O: N(a) =m}; foro >1

Cr(s) =) j(mym=. (2.22)
Also
S(x) = Zj(m) =z + O(z'*(logz)?). (2.23)

(iii) There exist positive constants c, to such that (x(s) # 0 for

o> 1 cllog |t]) ™ (log, 1) (1] = o) . (2:24)

o >1—c(logty) *3(logy to) ™% (Jt| < to). (2.25)
() In the region (2.24)

Ci(s) < (log |t])** (log, [¢) (2.26)
and
Cre(s) oo 123 (1 4/3
e s) < (log [t])™" (logy [t]) ™. (2.27)

Part (i) is well known. For part (ii), see [7] when k = 2 and [15] for k > 3,
and for part (iii) see [20]. Part (iv) is given by Lemmas 2.6 and 2.8 of [18].
In standard text books (2.23) is established with oz = %, 6 =0, and for k > 3
E. Landau obtained in [9] a = k%l, 8 =0.

Corollary 4. (i) The function sG(s+1)/(s+ 1) has a pole of order !l —1 at
s =0.
(ii) The function G(s + 1) has a pole of order [ at s = 0.
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This follows from (2.20) and Lemma 4(i). Hence we can expand both
functions in a Laurent series about s = 0; for 0 < |s| < § for a suitable 6 > 0
we have

G(s+1) =Y a7V, (2.28)

= bs" (2.29)
r=0

We deduce that by = ag, b, = a, + a,_1 for r > 1. By using (2.12) and the
definitions of A(z) and C'(z) we find that for o > 0

Gls+1) =1 / io v=rd (M) _ / io od(C()). (2.30)

s v
It follows from (1.3) and (1.4) that
a, =P 770 0<r<i-—1), b, =P""0) 0<r<l), (231)

and in particular ag = B = by, where B is given by (3.13). Hence

-1 1—p

(logz)"~t—"
P 4(1 - ,
1-1(log ) Za I—1—n)

r=0

! - -Tr

( (1 (
P(logz) = Zb (l)g_“"r — a ng +Z (0 + 0y 2282
=0

(=)
Moreover, by (2.30), (1.3) and (1.4), for r > 1

ot = sy [ (AG) = 0P g oge) oo,

by = E;l_—)rl; /:o (C(v) — P(logv))(logv) v 'dv. (2.32)

From Perron’s formula, for x ¢ N and k > 0 we see that

A(z) = i/ﬁmm ds

211 J, oo s+1 s

the residue of the integrand at its pole of order [ at s = 0 is P,_;(logz).
Similarly
1 K+100 s
C(a:):—/ Gls+1)Zds,

21 Jrino s

and P,(log ) is the residue of this integrand at its pole of order [+ 1 at s = 0.
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3. PrROOF OF THEOREM 1

As in section 2.2, for each ¢ > 1 the algebraic number field K; is associated
with the polynomial f; and has degree k;. The corresponding Dedekind zeta-
function (g, (s) has residue A; at its simple pole at s = 1. Define the quantities
ji(m), ay, B; analogously to those defined for K in (2.22) and (2.21). Fori > 1

let

1 1
Ai:a_+,,,+g, 6 = 01+ ..+ i + max(0,i — 2). (3.1)
1

We observe that A; > 2 except when ¢ = 1 and k; = 2 or 3.
Our proof of Theorem 1 depends on the following lemma that we establish
by induction on <.

Lemma 5. To each i > 1 there corresponds a polynomial P;_1 of degree i — 1
and with leading coefficient

(3.2)

such that

Z er(mr) =aP,_1(logz) + O(xl_%i(log:c)‘gi) . (3.3)

my..m;<x r=1

Proof (by induction on i). The case i = 1 follows from (2.23). Assume the
result holds for some 7 > 1; for convenience write

m=my...m;, a(m):er(mr)ZO

Consider A;,1(x). Suppose X, Y (to be chosen later) satisfy XY = z, X,
Y — o0 as ¢ — o0o. By a standard hyperbolic argument

Aini(@) =Y a(m)jin (n)

mn<z
= Z ( Z+1 + Z ,71-1—1
m<X n<lY
—Ai(X)Si1(Y)

= > > —AC)SH(Y), (3.4)

say. By (2.23)

Z =\ T Z ( 1- ai+1<10g$>ﬂi+l Z 7;(—TZ>+1> . (3.5)
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Let
X

P(log X) = Pi_1(logv)vtdv, (3.6)

C; = /io (A;(v) — vPi_1(logv))v2dv; (3.7)

then P; is a polynomial of degree i and with leading coefficient \;...\;/d!
on using (3.2), and C; is an absolutely convergent integral by (3.3). Using
partial summation, we find that

3 U™) _ B log X) + Pry(log X) + Cs + 0 (X’A%(logX)&) )
m

m<X

a(m - .
n;(ml(_ai)ﬂ < X+ (log X )1
Substituting these estimates in (3.5), we obtain
Y = /\i+1$(§(10g X)+ P_1(log X) + Cl-)
+0 (2X 73 (log X) + 2Y 1 (log z) 161

since XY =z, X < x.
Similarly by our hypothesis (3.3)

_L ) . —14+-L
>, = S p g >+0<x1 S (log ) 3 jisa (n)n )

n<Y n<Y

Let
Qi—1(logz) = / (Sit1(v) = Aig1v) (P (log %) + P! (log %))U*de,

which by (2.23) is a polynomial in logz of degree i — 1 since the coefficients
are absolutely convergent integrals. By partial summation and (2.23) and

(3.6)

il b (1og & > = A1 (P(logz) — P(log X) + P,_y(log z))

n<Y
+Q;_1(logx) + O(Y—az‘+1(1og x)ﬁi+1+(i—1)) ’

J P L
> dia(mnE < vEL
n<Y

Hence substituting in (3.9) and using XY = z again
Y, = Aina(Plogz) — F(log X) + Py (log 2)) + 2Qi-(log )

+0 <xY“”+1 (log )1 +0=1) v X B (log x)5i+1) . (3.10)



Eira J. Scourfield 301

By (2.23) and (3.3), since XY = z,
Ai(X)Si(Y) = AjirPii1(log X)

+0 (:L’Y‘O‘i“(log z)Perti=1) 4 :L’XfA%(log x)5> :
(3.11)
Substituting (3.8), (3.10) and (3.11) in (3.4) we obtain after some cancella-
tions that
Aia(z) = )\i—i-lx(?i(log x) + Pi_i(logx) + Ci) + 2Qi—1(log )
1 (3.12)
+0 <x(Y‘°‘i+1 + X 2i)(log x)5i+1>

since Biy1 + (i — 1) < 011, 0; < 0;41. We now choose X, Y so that

1 €T\ Qi+l
XA'L = YaH'l g (—)
X

which gives

Taking

Pt) = A1 (Bilt) + Proa(t) + C) + Qi a(t)
a polynomial of degree i and with leading coefficient A; ... \;1;/i!, we obtain
the required result for A;;;(z) in the form of that in (3.3). This completes
our proof by induction. O

We apply this lemma with ¢ = [. Recall that by Corollary 3
l
G(s) = H(s) [ [ ¢ (5)
r=1

where H(s) = > h(m)m™* is absolutely convergent for o > £ and H (1) # 0.
m=1

Hence

l
Ax) =Y wim)= Y hmo) [[4-(my).
m<x momi..m<x r=1
We use Lemma 5 with ¢ = [ to estimate this sum provided A; > 2, which
holds when [ > 1 or [ = 1 and k; > 3. In the exceptional cases we do not

1

have enough information about H(s) when o = 1 — A, S0 we modify a; to

ensure that 1 — aq > %; for example, when [ = 1, take a; = % if k1 = 2 and
o = % if k; = 3. Then let A = A, except in the exceptional cases when
with the modified a; we put A = O%l
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Proof of Theorem 1. Let
l
m=mi...my, a(m):er(mr)ZO.

r=1

For any X < x with X — 0o as © — 0o, we have by Lemma 5 that

Ax) = Z a(m)h(n) = Z h(n)Al(%)—i— 0] (:L“(logx)l_l Z ]h(n)|n‘1> :

mn<x n<X X<n<lz

The first sum on the right equals

n<X n<X

z 3 h(n)n~ Pi(log 1) + 0 (xl-%aogx)él )Y \h<n>rn-1+%>

n~'P_(log L)

AIIM8

© 3 |h)|nt [Py (log £)| + 24 (log ) 3 |h<n>|n”i> |

n>X n<X

The first sum here converges absolutely to a polynomial P ,(logx) of degree
[ — 1 and with leading coefficient B/(I — 1)! where

B=M\...NH(1). (3.13)
Since 1 — % > %,
ST )0 E <3 [h(n) nE < 1.
n<X n=1
For 0 <n <3

h —1‘13_1 f‘ X : S —%-"‘P_l f’
STl [Aaton D)< X3 ot o )

n>X
<, X" 3(logz) !
Choose X, n so that X2~" = za; for example let n = 13— %),
4
X =278 = o(x)

since A > 2. Then we see that all the error terms are O(z'~ = (logz)®) where
0 = max(d;,l — 1). Hence

A(x) = Y w(m) = 2P (logz) + O(«'~ (logx)"),

m<x

which proves Theorem 1. ]
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Proof of Corollary 1. We use partial summation to deduce this from Theorem
1. We have

Cla) = [ 7 d(Aw) = Pllogs) + Ps(loga) + € + O ™)

where P, is given by (3.6) and C' = [ (A(v) —vP_i(logv))v~2dv = a;. Hence
C(z) = P(logz) + O(z™?)

where P(t) = P,(t) + P_1(t) + C, which is a polynomial of degree [ and with
leading coefficient B/I! where B is given by (3.13). O

4. THE FUNCTIONS p;(u) AND fy(u)

4.1. The generalized Dickman function. We defined the generalized Dick-
man function p;(u) in (1.7) by

plo) = g5 0<u<1), pl)=0 (u<0),
(4.1)
upi(u) = (1= Dpulw) = lp(u— 1) (u>1).
When [ = 1, this reduces to the usual Dickman function p(u), except that

p(0) is usually defined to be 1, not 0.
We need the following properties of p;(u) and its derivatives:

Lemma 6. (i) Forl > 2, p/(u) and its first (I —2) derivatives are continuous
for all real u.
(ii) Forl > 1, pl(l_l)(u) is continuous except at uw =0, and

-1 -1
A0 =0, A0+ =1,
Forn > 1, pl(n)(u) 18 continuous except at u =1, 2, ..., n+ 1 — 1 where it
has a finite jump.

(111) For each n > 0, there exists ug such that (—1)"pl(n)(u) > 0 foru > uy.
In particular p(u) > 0 for u > 0. Also as u — o0

A ()] ~ pr(w)(log )", (4.2)
‘ p§">(u)) - exp(—u(logu +log, u+ 0(1))) , (4.3)
P () = —log(ulogu)p!™ (u) (1 4 o(1)) . (4.4)
(iv) Forv >0 and u — v > max(ug,n + 1)
" (u =)/ p" (u) < exp ((1+ o(1))vlog(ulogu)) . (4.5)

The function p;(u) belongs to a family of functions studied in [25] using a
different notation, and the results in (i), (ii), and (iii) follow from Theorems
1(ii), 3(iii) and equation (3.4) there. Part (iv) is obtained from (4.4) by
integrating p\" " (w)/p\™ (w) over u — v < w < u.
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We turn next to the Laplace transform of pl(”)(u), when defined. Recall

that a function f(u) and its Laplace transform fA(s), where u € R and s € C,
satisfy
N (%) 1 c+1i00 R
for= [ i, g =g [ e fas @)
0 T Je—ioo
when these integrals converge.

—_

Lemma 7. (i) For 0 < n < and all s € C, the Laplace transform pl(n)(s)

of pl(n) (u) exists. Moreover

() = s"i(s) (s€0), (47

and

(i) We have
Spi(s) =140 (6T+|’U|

Part (i) follows from Theorem 2(ii) of [25]; for (ii) see equation (3.6) of [19].
We also use another function closely related to pl(l_l)(u), and its Laplace

transform. We defined z(u) in (1.8) by

zu)=1 (0<u<l), zuw) =0 (u<0), uzu)=—lzu—-1) (u>1).
(4.10)

) if |t| > max(e 7, |0]). (4.9)

From (4.1) it follows that, for u > 1,

l —
up (u) = =lp{ (- 1),

and hence pl(l_l)(u) and z(u) are equal, except at u = 0 where z/(0) = 1

but pl(lfl)(O) has not been defined. By Lemma 6(ii), zl(r) (u) is continuous for
r>1, except at u =1, ..., r where it has a finite jump.

Lemma 8. The Laplace transform z(s) of z(u) is defined for all s € C and
satisfies

s'pi(s) = szi(s). (4.11)
Proof. See Lemma 7 (i). O
4.2. Expansion of a related function. Our next aim is to investigate an-
other function p,;(u) that, together with its Laplace transform, will be used

to establish Theorem 3.
Definition For u > 0, let

pulu) = [ au = 0)d(C) (4.12)



Eira J. Scourfield 305

Lemma 9. Let n € N be fized and assume that (x,y) € H.. Ifn > [, assume
also that u € I,,_;, defined in (1.10). Then with the b, given by (2.29)

w(u) = (logy) {bo Iy (v dv+Zbr,0§’" Y (u—0)(logy) ™"
(4.13)

log(u+1))™
+O (pl(u)((lfg(yi)”ll>} .
Proof. By (1.4)
C(y") = Rvlogy) + E(y")  where E(y") <y™". (4.14)

Since b, = PZ(Z_T)(O) for 0 <r <[ by (2.31) and z(u —v) = pl(l_l)(u — ), we
find on integrating by parts that

) = (g {3 (o) + 32 bl = 0)log )}
(4.15)
DR 02w —v)E(yY)dv,
since zj(w) = pl(l)( ) =0 for w < 1. For n <[, the result now follows on
using (4.14), (4.2) and (4.19) with n = I. When n > [, we expand the last
integral using the method of proof of Lemme 4 of [16].
For t > 1, let Fy(t) = —E(t) and for r > 1 define

(=)t /OO w1t
Fu(t) = E(w) (log ) dw . 4.16
0= [T B (e ) vt (1.16)
Then for r > 1 we see that F)(t) = F,_i(¢)t ™" so logyF,(y") = L (F11(y"));
also Fy.(1) = b,4; by (2.32), and F.(t) <t~ for all r > 0. For r > 0, let

e 1
Jo(u,y) = / A — 25 (1)t = log y / 2 (1 — v) F(y")do
14+

logy 0+
(4.17)
For n > [, by integrating Jy(u,y) by parts (n — [) times and recalling that
zl(TH)(U) has finite jump discontinuities at v = 1, ..., r + 1 and that
Zl(0+) - ZZ(O—) = 1,
we obtain

B+ [ B = ) — ) logy) ™

Z by (w— 0)(log y)!™" — Ju_i(u, y) (log y)' ™"~
r=I[41

n—I

~Ytogy™ Y (AG+0 -G -0) By (418)

i=0 0<j<min(i+1,u)
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From the properties of pl(”)(v) = zl(n_Hl)(v) in Lemma 6 we now deduce
that

Jn—l(u7 y) < logy/

We recall that p;(u) > 0 for u > 1. When u < 2ug, J,_;(u,y) < 1 from which
(4.19) follows. If u > 2ug, so u — ug > ug,

logy /
u—ug

by (4.3) and since in the region H. we have

i (= )|y < pu(u) (log(u + )" . (419)

A" (= )|y <y < of (- 0)

9e
55+ 3¢)

When 0 < v < u — ug, S0 u —v > ug, we use (4.5) to obtain

U—1uQ
log y/
0

u—ug
< ’pl(n) (u - O) ’ log y / y—v96(1+0(1))v log ulogy U
0

€1

logu < log, z < (log y)g_ , &= (4.20)

o (u — v)’ y~dv

U—ug
< ‘pl(”)(u — 0)‘ logy/ Yy dy < ‘pl(") (u— O)‘
0

on using (4.20). Then (4.19) follows when u > 2u on using (4.2).

Since the discontinuities of zl(i) (v) are bounded, the double sum on the right
of (4.18) is

n—I
<Y (ogy)™ >y I (4.21)
=0

0<j<min(i+1,u)
If u>n—1+1, this double sum is

<y~ log ) < py(u) (logu)™ (log y) ! (4.22)

by (4.2), (4.3) and (4.20). If |[u| = h,1 < h <n—I[, we have u—h > ,_11(v),
so by (1.11) y~ =10 < (logy)~=*1=" and it follows that the terms with
7 = h in the double sum contribute

< Z logy) “(logy) ™ H1-1 <« (logy) "t

< pi(u)(log(u+1))"(logy)' ™",
(1.23)

since u is bounded. The remaining terms in (4.21) contribute when |[u] = h

<y~ < py(u)(log(u +1))"(logy)' ™" (4.24)
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From equations (4.15) to (4.19) and (4.21) to (4.24), we deduce (4.13) under
the stated conditions. By (4.4) and (4.20), the terms in the sum decrease in

size for large u. As u — oo, [;' pi(v)dv =€ — [ p(v)dv = e + O (Pl(u )

logu
For u large enough we see by (4.2) that the O-term is O(|pl (u)](log y) ).
O
Lemma 10. The Laplace transform fi, (s) of w (u) is defined in o > 0 and
1s given by
s
(1] =21(s)G | 1 . 4.25
i) =506 (14 .- ) (4.25)

Proof. This follows from (4.12), (2.30) and the convolution Theorem for
Laplace transforms and holds in ¢ > 0. We have that

i (s) = /000 p(v)e”dv .

5. PROOF OF THEOREM 3

Next we give a direct proof of this theorem that does not depend on The-
orem 2 or [24]. For (x(s) a Dedekind zeta-function given by (2.18), define
Ck(s,y) for o > 0 by

Clsy)= > (V@)= T (-ve) ™) . )

a p
P(a)<y N(p)<y

where P(a) = max{N(p) : p | a} for a # O. Let

G(s,y) = Z wm)m™ (0 >0). (5.2)
Adapting the proof of (2.20) we find that

G(s,y) = H(s,y) HCKi(S,y% (5.3)

where for o > 1 44 (for any § > 0)

H(s,y) = H(s)(1+ O(y7)), (5.4)

since H(s)/H(s,y) consists of a finite number of products of the form

I1 (1 + O(p’%)).

P>y
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Lemma 11. (i) To each € > 0, there exists yo(e) such that

@@wﬁ%ﬂ@@—ﬂ@wﬂ@—nbmﬁo+0(%bo) (5.5)

uniformly for
y>yole), o>1—(logy) 5%, Jt| < Le(y). (5.6)

(11) To each € > 0, there exists yo() such that

aasz@@—wm%amwwmng+o(QQQ> (5.7)

uniformly when (5.6) holds.

Part (i) is proved in the same way as Lemma 3.5.9.1 of [23], using (2.27);
see Lemma 4.1 of [18]. Part (ii) then follows from (5.3), (5.4), (4.8) and
(4.11).

Let

T = Les(y) (5.8)
using the definition (1.6).

Lemma 12. In the region H.

Cloy) = — / i+iT10gyG(1+ s )Z(s)e“sds—l—O((lng)l). (5.9)

2—71'i = —1Tlogy logy \/T
Proof. Let k = @. Then by Perron’s formula
1 [RHT
C(z,y) = —/ G(s+1,y)s 'a%ds + E, (5.10)
20 )i
where

—1—k

(5.11)

—  w(m)m (log z)!
E< mz:l 1+T‘log%‘ < VT

P(m)<y

on considering separately the cases |x —m| > \/L’T’ when |log %‘ > \/LT and

we use that G(1+4 k) < (logz)', and |x — m| < ~7 when we apply Corollary
1.
We observe that the integral in (5.10) is

T
< G(1+ m)/ < (logz)'log T, (5.12)
0

K+t
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since —log k = log, © = o(logT") by (4.20). We now apply Lemma 11(ii) with
e replaced by €/3 to the integral in (5.10) to obtain

Clz,y) = (1+0(3)) 5 fN:ZT:F G(s+1)slogy z(slogy)s txsds

21t JK

(log z)!
+0 (7)

L 4iTlo s \ ~ ws og z)!
— 1 fu gyG(l—f—@)Zl(S)@ dS+O(M>,

211 %71‘T10gy VT
by the change of variable s — 2= and using (5.12); this gives (5.9). O
Since G (1 + logy) has a pole of order [ at s = 0 and

lim s'~15i(s) = 7i(0) = ¢!,
we see that the integrand in (5.9) has a simple pole at s = 0. This requires
us to use a different strategy from one that would be used in a direct proof
of Theorem 2, when the corresponding integrand has no poles, and in that
case the integral is estimated by moving the line of integration to the left of
5s=0.

Lemma 13.

1 futie < s > - (log z)!
J = — G|l1+ z1(8)eds < . 5.13
270 J1 i 1ogy log y (=) VT (5:.13)

Proof. By (4.9) and (4.11), when o = £, [t| > e

1
sz(s) =14+ 0 (H) . (5.14)
Hence

1 %—O-ioo s 1 ous S t 19
J = G(1+ )s e"ds + O (log ——)'t™=2dt | ,

2mi %—l—iT logy 10g Y Tlogy ogy

(5.15)

Tlogy

by (2.20) and (2.26). The error term is O ((logT)l>. If z ¢ N,

1 K+100

C(z) = —/ G(1+ s)s™'a’ds;
2mi K—100

we see that the main integral in J is just the error term obtained by applying

Perron’s formula to this integral for C'(x) and so is

—1—k

= w(m)m (log x)!
<<mz_11+T}log%} VT

(5.16)

as in (5.11). Hence (5.13) follows from (5.15) and (5.16). O
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Proof of Theorem 3. From Lemmas 10, 12 and 13 and equation (4.20) we
deduce that in the region H.

Cla,y) = m(u) + O (“L\ﬁf)l> — u(u)+ 0 (LL@)) | (5.17)

Also since py(u) > 1,

Cla,y) = 1+0(%(y)> (), (5.18)

which gives Theorem 3(i). Part (ii) is a consequence of (5.17) and Lemma 9.
We observe that, by (4.3), for large u

(n) ’ l-n—1 1
o, (u)| (logy > —
i )| Cogy) " > s
when
u(logu +logy u+ O(1)) < (logy)s = — (n+ 1 — 1) log, y
this is valid in the region G. given by (1.15) since u = 15% O

logy "
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SELF-INVERSIVE POLYNOMIALS WITH ALL ZEROS ON
THE UNIT CIRCLE

CHRISTOPHER D. SINCLAIR AND JEFFREY D. VAALER

ABSTRACT. We give a number of sufficient conditions for a self-inversive
polynomial to have all zeros on the unit circle.

1. INTRODUCTION

Given a polynomial g(z) € C[z] we may create a new polynomial, g*(2)
whose coefficients are obtained from the coefficients of g by reversing their
order followed by complex conjugation. That is, if

9(z) = coz¥ + 2" ez o, (1.1)
then

g () =cnN ey N 44 ae G
Or, more succinctly, g*(2) = 2V g(1/z). If a is a zero of g then 1/a is a zero
of g*, and thus the zeros of ¢g* are determined by ‘inverting’ the zeros of g
over the unit circle.

We define the set of conjugate reciprocal polynomials to be the set of
f € C[z] such that f = f*. And, if there exists some w on the unit circle such
that f = wf*, then we will call f an w-conjugate reciprocal polynomial. The
union of all w-conjugate reciprocal polynomials over all w on the unit circle
is the set of self-inversive polynomials. Thus conjugate reciprocal polynomi-
als are simply self-inversive polynomials corresponding to w = 1. Moreover,
there is an isometric bijection between the coefficient space of conjugate re-
ciprocal polynomials and that of w-conjugate reciprocal polynomials. This
correspondence is given by fixing a branch of the N-th root, and associat-
ing the conjugate reciprocal polynomial f(z) to the w-conjugate reciprocal
polynomial wf(w™/N2).

The zeros of a self-inversive polynomial are either on the unit circle, or
come in pairs symmetric with respect to the unit circle. This explains the
nomenclature, since the zeros are invariant under ‘inversion” with respect to
the unit circle. Self-inversive polynomials were first introduced in [1], the
original interest being the determination of the number of zeros on the unit
circle. Here our goal is similar; we report on conditions for a self-inversive
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polynomial to have all zeros on the unit circle. Our results are similar in
spirit to recent results of Schinzel [5] and Lakatos and Losonczi [3].

For p > 1 we define |g|, to be the p-norm on the coeflicients of ¢g. That is,
if g is given as in (1.1), then |g[h = |co|?” + [er [P + -+ + |en P

Theorem 1.1. If f is a monic self-inversive polynomial of degree N such

that
D

then f has all its zeros on the unit circle.

fP <2+

In fact, this result can be strengthened to the following:

Theorem 1.2. If f is a monic self-inversive polynomial with L non-zero

coefficients such that
p

m ’

then f has all its zeros on the unit circle.

IfIP <2+

Theorems 1.1 and 1.2 are sharp in the sense that their right hand sides
cannot be unconditionally improved.
It is easily seen that

7 = Jwf @ N2,

and consequently it suffices to prove Theorems 1.1 and 1.2 for monic conjugate
reciprocal polynomials.

2. THE GEOMETRY OF CONJUGATE RECIPROCAL POLYNOMIALS

Theorems 1.1 and 1.2 are presented (and proved) in an analytic way. How-
ever, they also shed light onto the interesting geometric properties of the set
of monic conjugate reciprocal polynomials with all zeros on the unit circle. To
see the geometric picture, notice that if f(z) = 2V + 12V 1+ +ey_12+1
is conjugate reciprocal, then cy_, = ¢,. If N is even, this implies that the
middle coefficient, cy/s, is real. It follows that a monic conjugate reciprocal
polynomial of degree N can be described by N — 1 real numbers, and we may
identify the set of monic conjugate reciprocal polynomials of degree N with
RY=1. Perhaps the best way to do this is to introduce the N —1 by N — 1
matrix Xy, whose j, k entry is given by

2 (65 +0n_jp) if 1<j < N/2,

Xuli k] ={ b it j=N/2, (2.1)

2 (i6y_j5 —i0;) if N/2<j<N,



314 Self-inversive polynomials

where d;;, = 1 if j = k and is zero otherwise. For instance,

Xy == and Xe=—10 0 v2 0 0
2 101 —i 0 9 .
10 0 —i 01 0 —2 0
10 0 0 —i

The v/2/2 factor is a normalization so that |det Xy| = 1. Given a € RV,
Xya is a vector in CV~1. Moreover if ¢ = Xya then cy_,, = ¢,, and we may
associate a conjugate reciprocal polynomial to a by specifying that

N-1
fle) = (Y 41+ e, o= Xya.
n=1

Finally, we set
Wy ={w € RY"': f,, has all zeros on the unit circle} . (2.2)

The set Wy was first studied by Petersen and Sinclair [4]. Their primary
goal was the determination of the volume of Wy (they show it is the same as
the volume of the N — 1 dimensional ball of radius 2). A related calculation
was done by DiPippo and Howe who determine the volume of the set of real
polynomials with all roots on the unit circle [2].

Finding sufficient conditions for a conjugate reciprocal polynomial to have
all its zeros on the unit circle corresponds to describing subsets of Wy. When
p = 2, Theorem 1.1 gives the radius of the largest N — 1-sphere (centered at
the origin) which is inscribed in Wy.

Wy

FiGUure 1. W3 and W, with their largest inscribed spheres.

Theorem 1.2 gives us the largest inscribed spheres for slices of Wy corre-
sponding to setting a fixed number of coefficients equal to 0. For instance,
W5 is a subset of RY. The slice of W; corresponding to setting coefficients of
2% and 22 to zero is given by the first graphic in Figure 2. The second graphic
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in Figure 2 corresponds to the slice formed by setting the coefficients of z*
and z to be zero.

F1GURE 2. Slices of W; and their largest inscribed disks

W has geometric properties which will allow us to describe two key sub-
sets. The properties that we need are summarized here.

Theorem 2.1 (K. Petersen, C. Sinclair).
(1) Wy is homeomorphic to a closed (N — 1)-ball,
(2) OWy ={w € Wi : fw has at least one multiple zero}.
(3) The group of isometries of Wy is isomorphic to the dihedral group of
order 2N, and generated by the isometries given by the N —1 by N —1
matrices R and C, whose j, k entries are

) 2rk . 2k
R[j, k] = 6;cos (%) — 0j N—k Sin (T) ,

Clj. k] =
_6j,k if j>N/2

Theorem 2.1, shows us the way to find the radius of the largest sphere
inscribed in Wy : Find the minimal 2-norm of a degree N monic conjugate
reciprocal polynomial with all zeros on the unit circle and at least one multiple
Zero.

Theorem 2.2. Let
2 2 2
Biz) = N _ 2 N-1_ N-2 _ . _ 1.
(2) =27 = 577 N_1" N_1°"

If f(2) is a monic polynomial of degree N, with all zeros on the unit circle
and at least one multiple zero, then

|fl2 =[R2 (2.3)
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Moreover, there is equality in (2.3) if and only if there exists & on the unit
circle such that f(z) = ¢Vh(£712).

Notice that |h[p is exactly the right hand side of the inequality in Theo-
rem 1.1.

Theorem 2.2, and the isometries of Wy allow us to enumerate the set of
monic degree N conjugate reciprocal polynomials which attain equality in
(2.3). To see this, notice that frw (respectively, fcy) is obtained from fy,
by multiplying each zero of f, by e*™/V (respectively, taking the complex
conjugate of each zero of fy). That is, frw(2) = fw(e72™/N2). Tt is easily
verified that h has a double zero at z = 1; the remaining zeros are simple.
Furthermore, h = f,, where the m-th coordinate of u € RV~ is given by

( 2v/2
—N—\_[l if m< N/2,
— 2 .
Ty e i m= N2, (2.4)
0 otherwise.

\

Thus, frru is a polynomial in OWy with a double zero at z = e*™/N and

the set {R"u: 0 < n < N} lies in the intersection of Wy with the sphere of
radius 2/v/N — 1 centered at the origin.

OOOOC

FI1GURE 3. A plot of the zeros of fgn, for 0 < n < N when N = 5.

For each 0 < n < N, the surface of the sphere of radius 2/v/N —1 is
tangent to the boundary of Wy at R"u. The tangent plane of 0Wy at R"u
separates RV~! into two half spaces, one of which contains the origin. The
intersection of the half spaces formed in this manner from all of the R"u
forms a generalized tetrahedron — a simplex. It turns out that this simplex
is contained completely in Wy, which gives us another sufficient condition for
a self-inversive polynomial to have all zeros on the unit circle.

Theorem 2.3. Let u € RY7! be defined by (2.4). If

n . <
R'u W_N_1

then w € Wy and fw has all zeros on the unit circle.

forall 0 <n< N, (2.5)
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This simplex can also be described as the convex hull of a set of N points
in WN-

Corollary 2.4. Let t € RV~ be given by
2V2  if m< N/2,

tm = 2 if m=N/2,

0 otherwise.

That 1is,

fo(z) =2 422N 2N 2 22 1 1L
If w is a convex linear combination of {R"t : 0 < n < N}, then fy(2) has
all zeros on the unit circle.

Wy

Fi1GURE 4. W3 and W, with their inscribed simplices.

The right hand side of (2.5) is simply |ul2, and thus the inscribed simplex
is described by the equations R"u-w < |ul3. Restricting ourselves to slices
of Wy formed by setting all but L coefficients of the corresponding conjugate
reciprocal polynomials to zero, we may improve Theorem 2.3 by replacing u
with a vector of length 4/4/L — 2 (the radius of the largest sphere inscribed
in the slice of Wy).

Theorem 2.5. Let w € RY~! be such that fy, has exactly L non-zero coeffi-
cients, and letu’ = (N —1)/(L — 2)u. If
R”u’~w§% forall 0<n<N, (2.6)
then w € Wy and fy has all zeros on the unit circle.
Geometrically, Theorem 2.5 describes a number of convex polytopes which

are inscribed into the intersection of Wy with linear subspaces of dimension
L — 2. Fixing one such linear subspace ., and identifying it with RL=2 we
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may project u onto a vector u* € RY=2. The isometries of Wy fix ., and
thus each isometry induces an action on R*~2. The orbit of u* under the
induced isometries yields a set of N vectors. It is easy to verify that the
projection of R"u’ onto .Z corresponds exactly to the image of u* under the
action on RY~! induced by the isometry R". The N conditions in (2.6) thus
yield at most N distinct half spaces in R*~2. In this manner Theorem 2.5
cuts out a convex polytope inside with at most N codimension one faces lying
in the intersection of Wy and .Z.

Figure 5 shows the slices of W5 from Figure 2 with the inscribed polytopes
guaranteed by Theorem 2.5. Notice in the slice of W5 determined by setting
the coefficients of z* and z equal to zero, the inscribed polytope seems to
describe the entire slice.

wy Wsy

FIGURE 5. Slices of W; and their inscribed polytopes

3. PROOFS

Viewed through the prism of trigonometric polynomials, the proofs of The-
orems 1.1, 1.2, 2.2, 2.3 and 2.5 are elementary.
First notice that if

N-1
fR)=2"+14) e (3.1)
n=1

is conjugate reciprocal, and M = N/2, then
V(Q) - 61\/[1'9][(61'9)

M-1
_ 6]%19 _’_e—lmé’ + {§ Cme(]W—m)ZH +m6(—]¥1+m)19} +C>]ku;

m=1

= 2cos(M0) + ¢},

+2 { Z R(cy,) cos ((M — m)@) + (e ) sin ((M - m)@)} g

m=1
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where the asterisk on the coefficient ¢), indicates that this (middle) coefficient
is non-existent when N is odd. From the right hand side of this expression,
we see that V' is real valued, and has exactly as many zeros in the interval
[0,27) as f has on the unit circle. The number of real zeros of V' is also equal
to the number of intersections of the graph of —2cos(M#) with that of

U9) = {Z R(cm) cos (M —m)f) + S(cy,) sin ((M — m)H)} +cy, (3.2)

m=1

(counting points of tangency of the graphs with multiplicities). If f = fy,
then ¢ = Xyw and 2R(c,,) = V2w, 23(cn) = V2wWy_pm = V2 wans—p and
ey = wyy (should it exist). In this situation (3.2) reads as

M-1
U(0) = wir + V2 { S~ w cos (M — m)8) + wans—y sin (M —m)8) ¢ .
m=1
(3.3)
The following lemma is an easy consequence of the Intermediate Value
Theorem.

Lemma 3.1. Let f and U be given as in (3.1) and (3.2). If

2m™n

(—1)"U(T>+220, foreach 0<n<N,

then f has all zeros on the unit circle.

Proof. Since Wy is closed, it suffices to prove the lemma for the case of strict
inequality. That is, we may assume

2
(—1)”U(%n>+2>0, foreach 0<n<N.

Replacing (—1)" with 1/cos(7mn) and clearing denominators, we find that
V(2rn/N) = U (27n/N) + 2 cos(mn) is positive when n is even, and negative
when n is odd. Thus, by the Intermediate Value Theorem, V' must have at
least one zero in each interval (27n/N,27(n + 1)/N), and since there are N
such subintervals of [0, 27), V' must have at least N zeros in [0, 27). It follows
that f has at least (and hence exactly) N zeros on the unit circle. O

Since there is an isometric bijection between conjugate reciprocal polynomi-
als and w-conjugate reciprocal polynomials, it suffices to prove Theorems 1.1,
1.2 and 2.2 in the case where f is conjugate reciprocal. Theorems 2.3 and
2.5 are stated only for conjugate reciprocal polynomials, but can be used for
more general self-inversive polynomials by exploiting the isometric bijection.
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3.1. The Proof of Theorems 1.1 and 1.2. Perhaps the simplest restric-
tion on U which satisfies Lemma 3.1 is that |U(0)| < 2 for all § € [0, 2r).
Theorems 1.1 and 1.2 follow from this condition by Cauchy’s Inequality, since
if exactly L — 2 of the ¢, are nonzero, then

M-1
1

1/p
1
|U<0)| < {|C>]¢<W’p+22 |Cm|p} (L_Z)l/q; where ]_?+5 =1.

m=1

Solving ¢ in terms of p, and noticing that the expression in braces is nothing
more than |f[}) — 2, we have

U0)] < (If]z —2)"7(L —2) D/,

It follows that if
D

(L —2)p=17
then |U(0)| < 2 for all §, and f has N zeros on the unit circle.

IflE <2+

3.2. The Proof of Theorem 2.2. As mentioned previously, Theorem 2.2
comes from finding the intersections of OWy with the closed ball of radius
2/4/N — 1 centered at the origin. Call this ball B, and suppose v.€ BNOWy.
Let {v,} C interior(B) be a sequence having v as a limit point. From Theo-
rem 1.1 and the proof of Lemma 3.1, each of the polynomials f,, has all simple
zeros lying on the unit circle. Moreover, the zeros of fy, are equidistributed
in the sense that each arc {e? : 2rn/N < 6 < 2w(n+1)/N}, contains exactly
one zero.

By Theorem 2.1, f, must have at least one multiple zero, and since it is
a limit point of polynomials f,, with equidistributed zeros, we may conclude
that f, has a double zero at e2mm/N for some 0 < n < N. From our knowledge
of the isometries of Wy, if w = R™"v, then f,, has a double zero at z = 1.
Forming U as in (3.3), we have

M—-1

U(0) =wh + V2w, =-2, (3.4)

m=1

and by Cauchy’s inequality,

M-1 1/2
2 < {<ww . zwzn} (Vo2
m=1

where the equality on the right follows since w is on the sphere of radius
2/v/N —1. We have equality in Cauchy’s inequality, and thus when N is
even, Wy = Wy = -+ = Wyr—1 = wM/\/ﬁ, and when N is odd,

w]. :w2 = "':wﬂffl/Q'
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This together with (3.4) implies that w = u given as in (2.4), and that
fw(z) = h(2) given as in the statement of the theorem. Moreover, v = R"u,
and thus B N 0Wy consists entirely of {R"u: 0 <n < N}, as claimed.

3.3. The Proof of Theorems 2.3 and 2.5. Using an easy induction argu-
ment based on the definition of R, or the fact that fry(2) = fw(e 2™V 2),
we can write R" as the matrix given by

) 2mnk i 2mnk
Rn[],k] = 5j,k COS ( N ) — dj,N—k; S11 ( N ) .

Thus, the m-th coordinate of R"u is given by

)
2./2 2mmn .
_N—1COS< N ) if m< N/2,
(R"a),, = 2 (—1y it m— N/2
m N—]_ 1 m = )
2v2 2
\ N\i_lsin( 7?'\?”) if m>N/2,

and, writing ¢(m) and s(m) for cos((M —m)2wn/N) and sin((M —m)27n/N)
respectively, we have

n _ 2 n+1 * —
R'u-w = m(—l) (wM +2 { Z wye(m) + w2Mm8(m)}>

m=1
2mn
_ _1\n+1 snn
- 2y U(N).

By assumption, R"u-w < 4/(N — 1), and thus, (=1)""'U (27n/N) < 2 for
all 0 < n < N. We conclude from Lemma 3.1 that fy has all zeros on the
unit circle.

The proof of Theorem 2.5 is essentially the same as that of Theorem 2.3
after replacing u with u’.
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THE MAHLER MEASURE OF ALGEBRAIC NUMBERS:
A SURVEY

CHRIS SMYTH

ABSTRACT. A survey of results for Mahler measure of algebraic numbers,
and one-variable polynomials with integer coefficients is presented. Re-
lated results on the maximum modulus of the conjugates (‘house’) of an
algebraic integer are also discussed. Some generalisations are given too,
though not to Mahler measure of polynomials in more than one variable.

1. INTRODUCTION

Let P(x) = apz®+ -+ +aq = ag H?Zl(z — ;) be a nonconstant polynomial
with (at first) complex coefficients. Then, following Mahler [101] its Mahler
measure is defined to be

M(P) = exp ( /0 o \P(e2”t)|dt> , (1)

the geometric mean of |P(z)| for z on the unit circle. However M(P) had
appeared earlier in a paper of Lehmer [94], in an alternative form

M(P) = |ao| ] lel- (2)

‘Oti|21

The equivalence of the two definitions follows immediately from Jensen’s for-
mula [88]

1
/ log [e*™ — aldt = log, |a.
0

Here log, x denotes max(0,logx). If |ag| > 1, then clearly M(P) > 1. This
is the case when P has integer coefficients; we assume henceforth that P is
of this form. Then, from a result of Kronecker [90], M (P) = 1 occurs only if
+P is a power of z times a cyclotomic polynomial.

In [101] Mahler called M (P) the measure of the polynomial P, apparently
to distinguish it from its (naive) height. This was first referred to as Mahler’s
measure by Waldschmidt [165, p.21] in 1979 (‘mesure de Mahler’), and soon
afterwards by Boyd [33] and Durand [75], in the sense of “the function that
Mahler called ‘measure’”, rather than as a name. But it soon became a name.
In 1983 Louboutin [98] used the term to apply to an algebraic number. We
shall follow this convention too — M () for an algebraic number « will mean

2000 Mathematics Subject Classification. Primary 11R06.
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the Mahler measure of the minimal polynomial P, of «, with d the degree
of «, having conjugates a = aq, g, ..., aq. The Mahler measure is actually
a height function on polynomials with integer coefficients, as there are only
a finite number of such polynomials of bounded degree and bounded Mahler
measure. Indeed, in the MR review of [98], it is called the Mahler height; but
‘Mahler measure’ has stuck.

For the Mahler measure in the form M (), there is a third representation
to add to (1) and (2). We consider a complete set of inequivalent valuations
.|, of the field Q(«), normalised so that, for v|p, |.|, = |.|, on Q,. Here Q,
is the field of p-adic numbers, with the usual valuation |.|,. Then for a¢ as in

(2),
laol = T laol," = TT [T max(1.[al), (3)

p<oo p<co vlp

coming from the product formula, and from considering the Newton polygons
of the irreducible factors (of degree d,) of P, over Q, (see e.g. [170, p. 73]).
Then [169, pp. 74-79], [23] from (2) and (3)

M(a) = | [ max(1, |a]f), (4)

all v

and so also

log M
h(a) := = ZlogJr |a|dv/d, (5)
all v

Here h(«) is called the Weil, or absolute height of «.

2. LEHMER’S PROBLEM

While Mahler presumably had applications of his measure to transcendence
in mind, Lehmer’s interest was in finding large primes. He sought them
amongst the Pierce numbers Hle(l + o), where the «; are the roots of
a monic polynomial P having integer coefficients. Lehmer showed that for
P with no roots on the unit circle these numbers grew with m like M (P)™.
Pierce [120] had earlier considered the factorization of these numbers. Lehmer
posed the problem of whether, among those monic integer polynomials with
M(P) > 1, polynomials could be chosen with M (P) arbitrarily close to 1.
This has become known as ‘Lehmer’s problem’; or ‘Lehmer’s conjecture’, the
‘conjecture’ being that they could not, although Lehmer did not in fact make
this conjecture.! The smallest value of M (P) > 1 he could find was

M(L) = 1.176280818. . .,

LLehmer’s conjecture’ is also used to refer to a conjecture on the non-vanishing of
Ramanujan’s 7-function. But I do not know that Lehmer actually made that conjecture
either: in [95, p. 429] he wrote ... and it is natural to ask whether 7(n) = 0 for any
n> 0.7
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where L(z) = 210429 — 27 — 26 — 25 — 24 — 23 4 2+ 1 is now called ‘Lehmer’s
polynomial’. To this day no-one has found a smaller value of M(P) > 1 for
P(z) € Zz].

Lehmer’s problem is central to this survey. We concentrate on results for
M (P) with P having integer coefficients. We do not attempt to survey results
for M(P) for P a polynomial in several variables. For this we refer the reader
to [18], [33], [163], [39], [43], [40], [79, Chapter 3|. However, the one-variable
case should not really be separated from the general case, because of the fact
that for every P with integer coefficients, irreducible and in genuinely more
than one variable (i.e., its Newton polytope is not one-dimensional) M (P) is
known [33, Theorem 1] to be the limit of { M (P, )} for some sequence {P,} of
one-variable integer polynomials. This is part of a far-reaching conjecture of
Boyd [33] to the effect that the set of all M(P) for P an integer polynomial
in any number of variables is a closed subset of the real line.

Our survey of results related to Lehmer’s problem falls into three categories.
We report lower bounds, or sometimes exact infima, for M(P) as P ranges
over certain sets of integer polynomials. Depending on this set, such lower
bounds can either tend to 1 as the degree d of P tends to infinity (Section 4),
be constant and greater than 1 (Section 5), or increase exponentially with d
(Section 6). We also report on computational work on the problem (Section
8).

In Sections 3 and 7 we discuss the closely-related function [a] and the
Schinzel-Zassenhaus conjecture. In Section 9 connections between Mahler
measure and the discriminant are covered. In Section 10 the known proper-
ties of M(«a) as an algebraic number are outlined. Section 11 is concerned
with counting integer polynomials of given Mahler measure, while in Section
12 a dynamical systems version of Lehmer’s problem is presented. In Section
13 variants of Mahler measure are discussed, and finally in Section 14 some
applications of Mahler measure are given.

3. THE HOUSE [a] OF &« AND THE CONJECTURE OF SCHINZEL AND
Z. ASSENHAUS

Related to the Mahler measure of an algebraic integer « is o], the house of
«, defined as the maximum modulus of its conjugates (including « itself). For
a with r > 0 roots of modulus greater than 1 we have the obvious inequality

M(a)"* < M(e)"" <fal < M(a) (6)

(see e.g. [34]). If v is in fact a unit (which is certainly the case if M(«a) < 2)
then M(a) = M(a™') so that

M () < (max(fal, [T/a))"?.
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In 1965 Schinzel and Zassenhaus [144] proved that if a # 0 an algebraic
integer that is not a root of unity and if 2s of its conjugates are nonreal, then

[a] > 1+47°72 (7)

This was the first unconditional result towards solving Lehmer’s problem,
since by (6) it implies the same lower bound for M(«) for such a. They
conjectured, however, that a much stronger bound should hold: that under
these conditions in fact

[al>1+c/d (8)
for some absolute constant ¢ > 0. Its truth is implied by a positive answer
to Lehmer’s ‘conjecture’. Indeed, because [a] > M (a)'/* where d = deg o, we

have low M
0 o
@z 1 BNy ) )
so that if M(a) > ¢y > 1 then [a] > 1+ %.

Likewise, from this inequality any results in the direction of solving Lehmer’s
problem will have a corresponding ‘Schinzel-Zassenhaus conjecture’ version.
In particular, this applies to the results of Section 5.1 below, including that
of Breusch. His inequality appears to be the first, albeit conditional, result in
the direction of the Schinzel-Zassenhaus conjecture or the Lehmer problem.

4. UNCONDITIONAL LOWER BOUNDS FOR M («) THAT TEND TO 1
AS d — o0

4.1. The bounds of Blanksby and Montgomery, and Stewart. The
lower bound for M(«) coming from (7) was dramatically improved in 1971
by Blanksby and Montgomery [22], who showed, again for a of degree d > 1
and not a root of unity, that

1

52dlog(6d)

Their methods were based on Fourier series in several variables, making use
of the nonnegativity of Fejér’s kernel

M(a) > 1+

K 2
EE D (1 ) eos(hn) = g (Z ) -
k=1

They also employed a neat geometric lemma for bounding the modulus of
complex numbers near the unit circle: if 0 < p < 1 and p < |z| < p~! then

|z—1\gpfl‘pﬁ—1‘. (10)

In 1978 Stewart [158] caused some surprise by obtaining a lower bound of
the same strength 1 + dlog - by the use of a completely different argument.
He based his proof on the construction of an auxiliary function of the type
used in transcendence proofs.
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In such arguments it is of course necessary to make use of some arithmetic
information, because of the fact that the polynomials one is dealing with,
here the minimal polynomials of algebraic integers, are monic, have integer
coefficients, and no root is a root of unity. In the three proofs of the results
given above, this is done by making use of the fact that, for a not a root
of unity, the Pierce numbers [],(1 — /") are then nonzero integers for all
m € N. Hence they are at least 1 in modulus.

4.2. Dobrowolski’s lower bound. In 1979 a breakthrough was achieved
by Dobrowolski, who, like Stewart, used an argument based on an auxiliary
function to get a lower bound for M(«). However, he also employed more
powerful arithmetic information: the fact that for any prime p the resultant
of the minimal polynomials of o and of o is an integer multiple of p?. Since
this can be shown to be nonzero for @ not a root of unity, it is at least p? in
modulus. Dobrowolski [54] was able to apply this fact to obtain for d > 2 the
much improved lower bound

1 log log d s
M 1 . 11
() > +1200( log d > (11)

He also has an asymptotic version of his result, where the constant 1/1200
can be increased to 1 — ¢ for a of degree d > dy(¢). Improvements in the
constant in Dobrowolski’s Theorem have been made since that time. Cantor
and Straus [49] proved the asymptotic version of his result with the larger
constant 2 — ¢, by a different method: the auxiliary function was replaced
by the use of generalised Vandermonde determinants. See also [125] for a
similar argument (plus some early references to these determinants). As with
Dobrowolski’s argument, the large size of the resultant of o and o was an
essential ingredient. Louboutin [98] improved the constant further, to 9/4 —«,
using the Cantor-Straus method. A different proof of Louboutin’s result was
given by Meyer [108]. Later Voutier [164], by a very careful argument based
on Cantor-Straus, has obtained the constant 1/4 valid for all a of degree
d > 2. However, no-one has been able to improve the dependence on the
degree d in (11), so that Lehmer’s problem remains unsolved!

4.3. Generalisations of Dobrowolski’s Theorem. Amoroso and David
[3, 4] have generalised Dobrowolski’s result in the following way. Let a1, ..., a,
be n multiplicatively independent algebraic numbers in a number field of de-
gree d. Then for some constant ¢(n) depending only on n

1
>
— dlog(3d)c
Matveev [107] also has a result of this type, but using instead the modified
Weil height h,(a) := max(h(a),d | logal).
Amoroso and Zannier [11] have given a version of Dobrowolski’s result for
a, not 0 or a root of unity, of degree D over an finite abelian extension of a

h(ay) ... h(ay) (12)



Chris Smyth 327

¢ (logloghD 13
h > — | = 1
(O‘)—D( log 2D ) ’ (13)

where the constant ¢ depends only on the number field, not on its abelian
extension. Amoroso and Delsinne [9] have recently improved this result, for
instance essentially reducing the exponent 13 to 4.

Analogues of Dobrowolski’s Theorem have been proved for elliptic curves
by Anderson and Masser [12], Hindry and Silverman [84], Laurent [93] and
Masser [104]. In particular Masser proved that for an elliptic curve E defined
over a number field K and a nontorsion point P defined over a degree < d
extension F' of K that the canonical height iL(P) satisfies

- C

MP) 2 Fiogdr:
Here C' depends only on F and K. When E has non-integral j-invariant
Hindry and Silverman improved this bound to B(P) > Wid)Q. In the case
where F has complex multiplication, however, Laurent obtained the stronger
bound

number field. Then

h(P) > %(log logd/ log d)®.

This is completely analogous to the formulation of Dobrowolski’s result (11)
in terms of the Weil height h(a) = log M(a)/d.

5. RESTRICTED RESULTS OF LEHMER STRENGTH: M (a) > ¢ > 1.

5.1. Results for nonreciprocal algebraic numbers and polynomials.
Recall that a polynomial P(z) of degree d is said to be reciprocal if it satisfies
2P(1/z) = £P(z). (With the negative sign, clearly P(z) is divisible by z—1.)
Furthermore an algebraic number « is reciprocal if it is conjugate to a~! (as
then P, is a reciprocal polynomial). One might at first think that it should
be possible to prove stronger results on Lehmer’s problem if we restrict our
attention to reciprocal polynomials. However, this is far from being the case:
reciprocal polynomials seem to be the most difficult to work with, perhaps
because cyclotomic polynomials are reciprocal; we can prove stronger results
on Lehmer’s problem if we restrict our attention to nonreciprocal polynomials!
The first result in this direction was due to Breusch [44]. Strangely, this
paper was unknown to number theorists until it was recently unearthed by
Narkiewicz. Breusch proved that for av a nonreciprocal algebraic integer

M(a) > M(2° -2 — 1) =1.179%... . (14)
Breusch’s argument is based on the study of the resultant of o and a~*, for

a a root of P. On the one hand, this resultant must be at least 1 in modulus.
But, on the other hand, this is not possible if M (P) is too close to 1, because

then all the distances |o; — a; '] are too small. (Note that a; = ;" implies
that P is reciprocal.)
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In 1971 Smyth [155] independently improved the constant in (14), showing
for a a nonreciprocal algebraic integer

M(a) > M(2* —2—1) =0y = 1.3247 ..., (15)

the real root of 2> — z — 1 = 0. This constant is best possible here, 23 —z — 1

being nonreciprocal. Equality M(a) = 6y occurs only for a conjugate to
(+60)*'/* for k some positive integer.? Otherwise in fact M(a) > 6y + 1074
([156]), so that 6 is an isolated point in the spectrum of Mahler measures
of nonreciprocal algebraic integers. The lower bound 10~ for this gap in the
spectrum was increased to 0.000260. .. by Dixon and Dubickas [52, Th. 15].
It would be interesting to know more about this spectrum. All of its known
small points come from trinomials, or their irreducible factors:

5

1.324717959 - = M(2® — 2z — 1) = M(ia__ﬁf);
1.349716105 -

P32 1) = M(28+Z+1);
1.367854634 - (2 22zt

(=

M2 =24+ 22— 2+4+1) :M(%);

1.359914149 - - - = M(2° P B

1.364199545 - M(2° — 22+ 1);

M(29 — 284 26 — 25 4 28 — 2 4 1) = M(Zt2tl),

The smallest know limit point of nonreciprocal measures is
nlirgloM(z" +2+1)=1.38135...

([31]). The spectrum clearly contains the set of all Pisot numbers, except
perhaps the reciprocal ones. But in fact it does contain those too, a result
due to Boyd [36, Proposition 2]. There are however smaller limit points of
reciprocal measures (see [33], [42] ).

The method of proof of (15) was based on the Maclaurin expansion of the
rational function F(z) = P(0)P(z)/2¢P(1/z), which has integer coefficients
and is nonconstant for P nonreciprocal. This idea had been used in 1944
by Salem [133] in his proof that the set of Pisot numbers is closed, and
in the same year by Siegel [147] in his proof that 6, is the smallest Pisot
number. One can write F'(z) as a quotient f(z)/g(z) where f and g are
both holomorphic and bounded above by 1 in modulus in the disc |z| < 1.
Furthermore, f(0) = ¢g(0) = M(P)~!. These functions were first studied by
Schur [146], who completely specified the conditions on the coefficients of a
power series >~ ¢, 2" for it to belong to this class. Then study of functions
of this type, combined with the fact that the series of their quotient has integer
coefficients, enables one to get the required lower bound for M(P). To prove
that 6, is an isolated point of the nonreciprocal spectrum, it was necessary
to consider the quotient F(z)/Fi(z), where Fi(z) = Pi(0)Pi(2)/2?P1(1/z).
Here P, is chosen as the minimal polynomial of some (£6y)*'/* so that, if
F(z) =1+ ap2® + ..., where a; # 0 then also Fy(z) = 1 + a;2" (mod 2*1).

2As Boyd [36] pointed out, however, this does not preclude the possibility of equality
for some reciprocal a. But it was proved by Dixon and Dubickas [52, Cor. 14] that this
could not happen.
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Thus this quotient, assumed nonconstant, had a first nonzero term of higher
order, enabling one to show that M(P) > 6, + 10~*.

5.2. Nonreciprocal case: generalizations. Soon afterwards Schinzel [137]
and then Bazylewicz [15] generalised Smyth’s result to polynomials over Kro-
neckerian fields. (These are fields that are either totally real extensions of the
rationals, or totally nonreal quadratic extensions of such fields.) For a further
generalisation to polynomials in several variables see [142, Theorem 70]. In
these generalisations the optimal constant is obtained. If the field does not
contain a primitive cube root of unity ws then the best constant is again 6y,
while if it does contain ws then the best constant is the maximum modulus
of the roots 0 of 6% — w30 — 1 = 0.

Generalisations to algebraic numbers were proved by Notari [116] and
Lloyd-Smith [97]. See also Skoruppa’s Heights notes [154] and Schinzel [142].

5.3. The case where Q(a)/Q is Galois. In 1999 Amoroso and David [4],
as a Corollary of a far more general result concerning heights of points on
subvarieties of GI, solved Lehmer’s problem for Q(«)/Q a Galois extension:
they proved that there is a constant ¢ > 1 such that if « is not zero or a root
of unity and Q(«) is Galois of degree d then M (a) > c.

5.4. Other restricted results of Lehmer strength. Mignotte [109, Cor.
2] proved that if « is an algebraic number of degree d such that there is a
prime less than dlogd that is unramified in the field Q(«) then M(«) > 1.2.

Mignotte [109, Prop. 5] gave a very short proof, based on an idea of
Dobrowolski, of the fact that for an irreducible noncyclotomic polynomial P
of length L = ||P||; that M(P) > 2'/?L. For a similar result (where 21/2 is
replaced by 1+ 1/(6L)), see Stewart [159].

In 2004 P. Borwein, Mossinghoff and Hare [28] generalised the argument in
[155] to nonreciprocal polynomials P all of whose coefficients are odd, proving
that in this case

M(P)> M(z* —z—1) = ¢.

Here ¢ = (1++/5)/2. This lower bound is clearly best possible. Recently Bor-
wein, Dobrowolski and Mossinghoff have been able to drop the requirement
of nonreciprocality: they proved in [27] that for a noncyclotomic irreducible
polynomial with all odd coefficients then

M(P) > 5Y4 =1.495348 ... . (16)

In the other direction, in a search [28] of polynomials up to degree 72 with
coefficients =1 and no cyclotomic factor the smallest Mahler measure found
was M (20 4+ 2° — 24 — 23 — 22 + 2+ 1) = 1.556030.. . . .

Dobrowolski, Lawton and Schinzel [59] first gave a bound for the Mahler
measure of an noncyclotomic integer polynomial P in terms of the number k
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of its nonzero coefficients:
1

MP)>1+ —.
(P) = +ekaHQk:?

(17)

Here exp, ., is the (k + 1)-fold exponential. This was later improved by

Dobrowolski [56] to 1 + g7 exp(—2.27kF), and lately [57] to
1

exp(a3lt=2/4 k2 log k)’

where a < 0.785. Furthermore, in the same paper he proves that if P has no
cyclotomic factors then

M(P)>1+ (18)

0.31
M(P) > 1—1—7. (19)
With the additional restriction that P is irreducible, Dobrowolski [55] gave

the lower bound

log(2
M(P)>1+ og2(e )k + 1)+ (20)
In [57] he strengthened this to
0.17
M(P)>1 21

where m = [k/2].

Recently Dobrowolski [58] has proved that for an integer symmetric n x n
matrix A with characteristic polynomial y(x), the reciprocal polynomial
2"xa(z+1/z) is either cyclotomic or has Mahler measure at least 1.043. The
Mabhler measure of A can then be defined to be the Mahler measure of this
polynomial. McKee and Smyth [100] have just improved the lower bound
in Dobrowolski’s result to the best possible value 7y = 1.176... coming from
Lehmer’s polynomial. The adjacency matrix of the graph below is an example
of a matrix where this value is attained.

The Mahler measure of a graph, defined as the Mahler measure of its
adjacency matrix, has been studied by McKee and Smyth [99]. They showed
that its Mahler measure was either 1 or at least 7y, the Mahler measure of the
graph " " 177" """ They further found all numbers in the interval [1, ¢] that
were Mahler measures of graphs. All but one of these numbers is a Salem
number.

6. RESTRICTED RESULTS WHERE M () > C“.

6.1. Totally real «. Suppose that « is a totally real algebraic integer of
degree d, o # 0 or 1. Then Schinzel [137] proved that

M(a) > ¢, (22)

A one-page proof of this result was later provided by Hohn and Skoruppa [86].
The result also holds for any nonzero algebraic number « in a Kroneckerian
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field, provided || # 1. Amoroso and Dvornicich [10, p. 261] gave the inter-
esting example of a = %\/ 3+ /=7, not an algebraic integer, where |a| = 1,
Q(«) is Kroneckerian, but M(a) =2 < ¢?.

Smyth [157] studied the spectrum of values M (a)'/¢ in (1, 00). He showed
that this spectrum was discrete at first, and found its smallest four points.
The method used is semi-infinite linear programming (continuous real vari-
ables and a finite number of constraints), combined with resultant informa-
tion. One takes a list of judiciously chosen polynomials P;(z), and then finds
the largest ¢ such that for some ¢; > 0

log., |z| zc—Zcilog\Pi(a?ﬂ (23)

(2

for all real x. Then, averaging this inequality over the conjugates of «, one
gets that M(«) > e, unless some P;(«) = 0.

Two further isolated points were later found by Flammang [80], giving
the six points comprising the whole of the spectrum in (1,1.3117). On the
other hand Smyth also showed that this spectrum was dense in (¢, c0), where
¢ =1.31427... . The number /¢ is lim,,_.., M(«,), where 8y = 1 and 3, of
degree 2", is defined by 8, — 8, = B,_1(n > 1). The limiting distribution
of the conjugates of (3, was studied in detail by Davie and Smyth [51]. It is
highly irregular: indeed, the Hausdorff dimension of the associated probability
measure is 0.800611138269168784 ... . It is the invariant measure of the map
C — C taking t — t — 1/t, whose Julia set (and thus the support of the
measure) is R.

Bertin [17] pointed out that from a result of Matveev (22) could be strength-
ened when o was a nonunit.

6.2. Langevin’s Theorem. In 1988 Langevin [92] proved the following gen-
eral result, which included Schinzel’s result (22) as a special case (though not
with the explicit and best constant given by Schinzel). Suppose that V' is an
open subset of C that has nonempty intersection with the unit circle |z| = 1,
and is stable under complex conjugation. Then there is a constant C'(V') > 1
such that for every irreducible monic integer polynomial P of degree d having
all its roots outside V' one has M(P) > C(V)% The proof is based on the
beautiful result of Kakeya to the effect that, for a compact subset of C stable
under complex conjugation and of transfinite diameter less than 1 there is
a nonzero polynomial with integer coefficients whose maximum modulus on
this set is less than 1. (Kakeya’s result is applied to the unit disc with V'
removed.) For Schinzel’s result take V = C\R, C(R) = ¢'/2, where the value
of C'(R) given here is best possible. It is of course of interest to find such best
possible constants for other sets V.

Stimulated by Langevin’s Theorem, Rhin and Smyth [129] studied the case
where the subset of C was the sector Vy = {z € C : |argz| > 0}. They found
a value C'(Vy) > 1 for 0 < 0 < 27/3, including 9 subintervals of this range for
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which the constants found were best possible. In particular, the best constant
C(Vz/2) was evaluated. This implied that for P(z) irreducible, of degree d,
having all its roots with positive real part and not equal to z —1 or 22 —z+1
we have

M(P)Y4 > M (25 —22° +42* — 523 + 422 — 22+ 1)/° = 112033793 . .., (24)

all roots of 26 — 22% + 42* — 523 + 422 — 22 + 1 having positive real part.
Curiously, for some root « of this polynomial, o + 1/« = 62, where as above
0y is the smallest Pisot number.

Recently Rhin and Wu [131] extended these results, so that there are now
13 known subintervals of [0, 7] where the best constant C'(Vp) is known. It
is of interest to see what happens as 6 tends to m; maybe one could obtain
a bound connected to Lehmer’s original problem. Mignotte [112] has looked
at this, and has shown that for § = m — ¢ the smallest limit point of the
set M(P)Y4 for P having all its roots outside Vj is at least 1 + ce® for some
positive constant c.

Dubickas and Smyth [73] applied Langevin’s Theorem to the annulus

V(RT,R)={2€C| R <|z2| < R},

where R > 1 and v > 0, proving that the best constant C(V(R™7, R)) is
/()

6.3. Abelian number fields. In 2000 Amoroso and Dvornicich [10] showed
that when « is a nonzero algebraic number, not a root of unity, and Q(«)
is an abelian extension of Q then M(«) > 5412 They also give an example
with M(a) = 7%'2. Tt would be interesting to find the best constant ¢ > 1
such that M(a) > ¢ for these numbers. Baker and Silverman [13], [151],
[14] generalised this lower bound first to elliptic curves, and then to abelian
varieties of arbitrary dimension.

6.4. Totally p-adic fields. Bombieri and Zannier [25] proved an analogue
of Schinzel’s result (22) for ‘totally p-adic’ numbers: that is, for algebraic
numbers « of degree d all of whose conjugates lie in Q,. They showed that
then M () > ¢f, for some constant ¢, > 1.

6.5. The heights of Zagier and Zhang and generalisations. Zagier [171]
gave a result that can be formulated as proving that the Mahler measure of
any irreducible nonconstant polynomial in Z[(z(x — 1)] has Mahler measure
at least /2, apart from 4(x(x —1)+1). Doche [60, 61] studied the spectrum
resulting from the measures of such polynomials, giving a gap to the right of
the smallest point ¢'/2, and finding a short interval where the smallest limit
point lies. He used the semi-infinite linear programming method outlined
above. For this problem, however, finding the second point of the spectrum
seems to be difficult. Zagier’s work was motivated by a far-reaching result of
Zhang [173] (see also [169, p. 103]) for curves on a linear torus. He proved
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that for all such curves, apart from those of the type 'y’ = w, where i, j € Z
and w is a root of unity, there is a constant ¢ > 0 such that the curve has only
finitely many algebraic points (x,y) with h(x) + h(y) < c. Zagier’s result was
for the curve x +y = 1.

Following on from Zhang, there have been recent deep and diverse gener-
alisations in the area of small points on subvarieties of G} . In particular see
Bombieri and Zannier [24], Schmidt [145] and Amoroso and David [5, 6, 7, 8].

Rhin and Smyth [130] generalised Zagier’s result by replacing polynomials
in Z(x(z — 1)) by polynomials in Z[Q(x)], where Q(z) € Z[z] is not + a
power of x. Their proof used a very general result of Beukers and Zagier
[21] on heights of points on projective hypersurfaces. Noticing that Zagier’s
result has the same lower bound as Schinzel’s result above for totally real «,
Samuels [135] has recently shown that the same lower bound holds for a more
general height function. His result includes those of both Zagier and Schinzel.
The proof is also based on [21].

7. LOWER BOUNDS FOR []

7.1. General lower bounds. We know that any lower bound for M («)
immediately gives a corresponding lower bound for [a, using (9). For instance,
from [164] it follows that for a of degree d > 2 and not a root of unity

1 [loglogd\®
>14 — . 25
al= +4d( log d ) (25)

Some lower bounds, though asymptotically weaker, are better for small de-
grees. For example Matveev [105] has shown that for such «
log(d + 0.5)

d? ’
which is better than (25) for d < 1434 (see [132]). Recently Rhin and Wu
have improved (26) for d > 13 to

[a] > exp (26)

3log(d/2)
EE

which is better than (25) for d < 6380. See also the paper of Rhin and Wu
in this volume.

Matveev [105] also proves that if « is a reciprocal (conjugate to a™!) alge-
braic integer, not a root of unity, then [a] > (p — 1)/®™) where p is the least
prime greater than m =n/2 > 3.

Indeed, Dobrowolski’s first result in this area [53] was for o] rather than
M («): he proved that

] > exp (27)

log d
6d?

o] > 1+



334 Mahler measure of algebraic numbers

His argument is a beautifully simple one, based on the use of the power sums
SE = Zle aF, the Newton identities, and the arithmetic fact that, for any
prime p, Sg, = s, (mod p).

The strongest asymptotic result to date in the direction of the Schinzel-
Zassenhaus conjecture is due to Dubickas [62]: that given € > 0 there is a
constant d(¢) such than any nonzero algebraic integer a of degree d > d(e)
not a root of unity satisfies

64 loglogd\® 1
1+ (= — = =Rl [ 2
ol > +<7T2 5)( log d ) q (28)

Cassels [46] proved that if an algebraic number « of degree d has the prop-
erty [a] < 1+ 101d2 then at least one of the conjugates of a has modulus 1.
Although this result has been superseded by Dobrowolski’s work, Dubickas

[66] applied the inequality

n n—1
Tl 1] < (H max(1, |zmr>) )
m=1

k<j

for complex numbers z1, ..., z,, a variant of one in [46], to prove that

1/
M(a)? [[T10g]ad

for a nonreciprocal algebraic number « of degree d with conjugates «;.

"> 1/020)

7.2. The house [a] for a nonreciprocal. The Schinzel-Zassenhaus conjec-
ture (8) restricted to nonreciprocal polynomials follows from Breusch’s result
above, with ¢ = log1.1796 - -- = 0.165. .., using (9). Independently Cassels
[46] obtained this result with ¢ = 0.1, improved by Schinzel to 0.2 ([136]),
and by Smyth [155] to logfy = 0.2811... . He also showed that ¢ could not
exceed 2logfy = 0.4217... . In 1985 Lind and Boyd (see [34]), as a result
of extensive computation (see Section 8), conjectured that, for degree d, the
extremal o are nonreciprocal and have ~ %d roots outside the unit circle.
What a contrast with Mahler measure, where all small M («) are reciprocal!
This would imply that the best constant c is %log 0p. In 1997 Dubickas [64]
proved that ¢ > 0.3096 in this nonreciprocal case.

7.3. The house of totally real a. Suppose that « is a totally real algebraic
integer. If [a] < 2 then by [90, Theorem 2] « is of the form w + 1/w, where w
is a root of unity. If for some 6 > 0 we have 2 < [a]< 2+ 6%/(1+9), then, on
defining v by v+ 1/v = «, we see that v and its conjugates are either real
or lie on the unit circle, and 1 < [y] < 1+ 4. This fact readily enables us to
deduce a lower bound greater than 2 for [a] whenever we have a lower bound
greater than 1 for []. Thus from (7) [144] it follows that for o not of the form
2 cosmr for any r € QQ

[a] > 2 4 472473 (30)
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[144]. In a similar way (28) above implies that for such a, and d > d(¢) that

4096 loglogd 61
> 2 — — | = 31
! +(7T4 E)<10gd)d2 1)
[62]. However Dubickas [63] managed to improve this lower bound to
(loglog d)?
2 B 32
[a] > +38d(logd)4 (32)

He improved the constant 3.8 to 4.6 in [64].

7.4. The Kronecker constant. Callahan, Newman and Sheingorn [48] de-
fine the Kronecker constant of a number field K to be the least € > 0 such
that [a] > 1 + ¢ for every algebraic integer v € K. The truth of the Schinzel-
Zassenhaus conjecture (8) would imply that the Kronecker constant of K is
at least ¢/[K : Q]. They give [48, Theorem 2] a sufficient condition on K for
this to be the case. They also point out, from considering aar — 1, that if «
is a nonzero algebraic integer not a root of unity in a Kroneckerian field then
[a] > v/2 (See also [111]), so that the Kronecker constant of a Kroneckerian
field is at least v2 — 1.

8. SMALL VALUES OF M (a) AND [a]

8.1. Small values of M(«a). The first recorded computations on Mahler
measure were performed by Lehmer in his 1933 paper [94]. He found the
smallest values of M («) for a of degrees 2,3 and 4, and the smallest M («)
for a reciprocal of degrees 2,4,6 and 8. Lehmer records the fact that Poulet
(?unpublished) “...has made a similar investigation of symmetric polynomi-
als with practically the same results”. Boyd has done extensive computations,
searching for ‘small’ algebraic integers of various kinds. His first major pub-
lished table was of Salem numbers less than 1.3 [29], with four more found in
[30]. Recall that these are positive reciprocal algebraic integers of degree at
least 4 having only one conjugate (the number itself) outside the unit circle.
These numbers give many examples of small Mahler measures, most notably
(from (2)) M(L) = 1.176... from the Lehmer polynomial itself, which is the
minimal polynomial of a Salem number. In later computations [32], [38], he
finds all reciprocal o with M(«) < 1.3 and degree up to 20, and those with
M () < 1.3 and degree up to 32 having coefficients in {—1,0,1} (‘height 17).

Mossinghoff [114] extended Boyd’s tables from degree 20 to degree 24 for
M(a) < 1.3, and to degree 40 for height 1 polynomials, finding four more
Salem numbers less than 1.3. He also has a website [115] where up-to-date ta-
bles of small Salem numbers and Mahler measures are conveniently displayed
(though unfortunately without their provenance). Flammang, Grandcolas
and Rhin [82] proved that Boyd’s table, with the additions by Mossinghoff,
of the 47 known Salem numbers less than 1.3 is complete up to degree 40. Re-
cently Flammang, Rhin and Sac-Epée [83] have extended these tables, finding
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all M(«a) < 6y for a of degree up to 36, and all M(«) < 1.31 for a of degree
up to 40. This latter computation showed that the earlier tables of Boyd and
Mossinghoff for « of degree up to 40 with M (a) < 1.3 are complete.

8.2. Small values of [a]. Concerning [a], Boyd [34] gives tables of the
smallest values of [a] for a of degree d up to 12, and for « reciprocal of degree
up to 16. Further computation has recently been done on this problem by
Rhin and Wu [132]. They computed the smallest house of algebraic numbers
of degree up to 28. All are nonreciprocal, as predicted by Boyd’s conjecture
(see Section 7.2). Their data led the authors to conjecture that, for a given
degree, an algebraic number of that degree with minimal house was a root of
a polynomial consisting of at most four monomials.

9. MAHLER MEASURE AND THE DISCRIMINANT

9.1. Mabhler [103] showed that for a complex polynomial
P(z) =apz + - +ag=ag(z — ) ... (2 — ag)
its discriminant disc(P) = ag® 2 ],_ (i — a;)? satisfies
| disc(P)| < d*M(P)*2. (33)

From this it follows immediately that if there is an absolute constant ¢ > 1
such that |disc(P)| > (cd)? for all irreducible P(z) € Z[z], then M(P) >
¢/(24=2) " wwhich would solve Lehmer’s problem. This consequence of Mahler’s
inequality has been noticed in various variants by several people, including
Mignotte [109] and Bertrand [16].

In 1996 Matveev [106] showed that in Dobrowolski’s inequality, the degree
d > 2 of a could be replaced by a much smaller (for large d) quantity

6 = max(d/ disc(a)?, 5y (¢))

for those o for which a? had degree d for all primes p. (Such « do not include
any roots of unity.) Specifically, he obtained for given £ > 0

M(a) > exp <<2 o) (lof‘; " ) ) (34)

for these a.
Mahler [103] also gives the lower bound

§(P) > V3| disc(P)|2d~ @22 pg(p)~(m=1) (35)

for the minimum distance §(P) = min;; |o; — ;| between the roots of P.
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9.2. Generalisation involving the discriminant of Schinzel’s lower
bound. Rhin [127] generalised Schinzel’s result (22) by proving, for « a to-
tally positive algebraic integer of degree d at least 2 that

. /2
M(a) > (“— Vj”) . (36)

Here §; = | disc(a)|*/4@=Y . This result apparently also follows from an earlier
result of Zaimi [172] concerning a lower bound for a weighted product of the
moduli of the conjugates of an algebraic integer — see the Math Review of
Rhin’s paper.

10. PROPERTIES OF M () AS AN ALGEBRAIC NUMBER

A Perron number is an algebraic integer with exactly one conjugate of
maximum modulus. It is clear from (2) that M (a) is a Perron number for
any algebraic integer «; this seems to have been first observed by Adler
and Marcus [1] (see [36]). In the other direction: is the Perron number
1+ /17 a Mahler measure? See Schinzel [143], Dubickas [71]. Dubickas [70]
proves that for any Perron number 3 some integer multiple of § is a Mahler
measure. (These papers also contains other interesting properties of the set
of Mahler measures.) Boyd [35] proves that if 3 = M(«) for some algebraic
integer «, then all conjugates of 3 other than [ itself either lie in the annulus
Bl < |z| < B or are equal to 571

If o were reciprocal, it might be expected that M («) would be recipro-
cal too, while if a were nonreciprocal, then M («) would be nonreciprocal.
However neither of these need be the case: in [36, Proposition 6] Boyd
exhibits a family of degree 4 Pisot numbers that are the Mahler measures
of reciprocal algebraic integers of degree 6, and in [36, Proposition 2] he
notes that for ¢ > 3 a root «, of the irreducible nonreciprocal polynomial
2t — g2 + (¢4 1)2% — 22 + 1 then M(oy) = (g + v/¢*> — 4) is reciprocal.
In fact, since M(3(q + v/¢> —4)) = 5(¢ + /¢> — 4), this also shows that a
number can be both a reciprocal and a nonreciprocal measure. See also [37].
Dixon and Dubickas [52] prove that the set of all M («) does not form a semi-
group, as for instance V2 + 1 and /3 + 2 are Mahler measures, while their
product is not. (In terms of polynomials, this set is of course equal to the set
of all M(P) for P irreducible. If instead we take the set of all (reducible and
irreducible) polynomials, then, because of M(PQ) = M(P)M(Q) this larger
set does form a semigroup.)

In [69] Dubickas proves that the additive group generated by all Mahler
measures is the group of all real algebraic numbers, while the multiplica-
tive group generated by all Mahler measures is the group of all positive real
algebraic numbers.
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We know that M(P(z)) = M(P(%2*)) for either choice of sign, and any
k € N. Is this the only way that Mahler measures of irreducible polynomials
can be equal? Boyd [32] gives some illuminating examples to show that there
can be other reasons that make this happen. The examples were discovered
during his computation of reciprocal polynomials of small Mahler measure
(see Section 8). For example, for Ps = 204 22° +22% + 2% + 222 + 224+ 1 and
Po=28 42" — 20 — 20 4 24 — 23 — 22 + 2 4+ 1 we have

M(Ps) = M(Ps) = 1.746793 - - - = M,

say, where both polynomials are irreducible. Boyd explains how such ex-
amples arise. If a;(i = 1,...,8) are the roots of P, then for different i
M (o) can equal M, M? or M?. The roots of Ps are the three aja; with
M(aya;) = M and their reciprocals. Clearly M(a?) = M?, while for three
other «; the product aja; is of degree 12 and has M(aj;) = M3. (P has
the special property that it has roots oy, ag, as, ay with ayags = azay # 1.)

Dubickas [67] gives a lower bound for the distance of an algebraic number
~ of degree n and leading coefficient ¢, not a Mahler measure, from a Mahler
measure M («) of degree D:

[M(a) =] > e P(2m) ™. (37)

11. COUNTING POLYNOMIALS WITH GIVEN MAHLER MEASURE

Let #(d,T) denote the number of integer polynomials of degree d and
Mahler measure at most 7'. This function has been studied by several authors.
Boyd and Montgomery [41] give the asymptotic formula

c(logd)™Y2d Y exp <%\/105g(3)d> (1+0(1)), (38)

where ¢ = 1251/105¢(3)e ", for the number #(d, 1) of cyclotomic polynomials
of degree d, as d — oo.

Dubickas and Konyagin [72] obtain by simple arguments the lower bound
#(d, T) > 274 (d + 1)~@+D/2 and upper bound #(d, T) < T*" exp(d*/2),
the latter being valid for d sufficiently large. For T' > 6, they derived the
upper bound #(d,T) < T1+16loglogd/logd) = Chern and Vaaler [50] obtained
the asymptotic formula VT4 +O0y(T9) for #(d, T) for fixed d, as T — oo.
Here V4 is an explicit constant (the volume of a certain star body). Recently
Sinclair [153] has produced corresponding estimates for counting functions of
reciprocal polynomials.

12. A DYNAMICAL LEHMER’S PROBLEM

Given a rational map f(a) of degree d > 2 defined over a number field K,
one can define for o in some extension field of K a canonical height

hy(a) = Tim d~"h(f"(a),
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where f™ is the nth iterate of f, and h is, as before, the Weil height of «.
Then hs(a) = 0 if and only if the iterates f™(«) form a finite set, and an
analogue of Lehmer’s problem would be to decide whether or not

C
h >
re) 2 deg()
for some constant C' depending only on f and K. Taking f(a) = af we
retrieve the Weil height and the original Lehmer problem. There seem to be
no good estimates, not even of polynomial decay, for any f not associated
to an endomorphism of an algebraic group. See [152, Section 3.4] for more
details.

13. VARIANTS OF MAHLER MEASURE

Everest and ni Fhlathuiin [77] and Everest and Pinner [78] (see also [79,
Chapter 6]) have defined the elliptic Mahler measure, based on a given el-
liptic curve £ = C/L over C, where L = (w;,ws) C C is a lattice, with @,
its associated Weierstrass p-function. Then for F' € C[z] the (logarithmic)
elliptic Mahler measure mg(F") is defined as

1 1
/ / 10g |F(pL(t1w1 -+ t2W2))|dt1dt2. (39)
0 Jo

If F is in fact defined over Q and has a rational point () with z-coordinate
M/N then often mg(Nz — M) = 2h(Q), showing that m is connected with
the canonical height on F.

Kurokawa [91] and Oyanagi [118] have defined a ¢g-analogue of Mahler mea-
sure, for a real parameter q. As ¢ — 1 the classical Mahler measure is recov-
ered.

Dubickas and Smyth [74] defined the metric Mahler measure M(«) as the
infimum of [[, M(5;), where [[, 3; = o. They used this to define a metric
on the group of nonzero algebraic numbers modulo torsion points, the metric
giving the discrete topology on this group if and only if Lehmer’s ‘conjecture’
is true (ie., info.pr(a)>1 M(a) > 1).

Very recently Pritsker [122, 123] has studied an areal analogue of Mahler
measure, defined by replacing the normalised arclength measure on the unit
circle by the normalised area measure on the unit disc.

14. APPLICATIONS

14.1. Polynomial factorization. I first met Andrzej Schinzel at the ICM
in Nice in 1970. There he mentioned to me an application of Mahler measure
to irreducibility of polynomials. (After this we had some correspondence
about the work leading to [155], which was very helpful to me.) If a class of
irreducible polynomials had Mahler measure at least B, then any polynomial
of Mahler measure less than B? can have at most one factor from that class.
For instance, a trinomial z¢ 4 2™ £ 1 has, by Vicente Goncalves’ inequality
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[162], [117], [124, Th. 9.1.1) M(P)* + M(P)~* < ||P|[3, Mahler measure at
most ¢. Since ¢ < 62, by (15) such trinomials can have at most one irreducible
noncyclotomic factor. Here ||P||2 is the 2-norm of P (the square root of the
sum of the squares of its coefficients).

More generally Schinzel (see [54]) pointed out the following consequence
of (11): that for any fixed ¢ > 0 and polynomial P of degree d with integer
coefficients, the number of its noncyclotomic irreducible factors counted with
multiplicities is O(d°||P||3"°). See also [138], [140], [121].

14.2. Ergodic theory. One-variable Mahler measures have applications in
ergodic theory. Consider an automorphism of the torus R¢/Z? defined by a
d x d integer matrix of determinant +1, with characteristic polynomial P(z).
Then the topological entropy of this map is log M (P) (Lind [96] — see also
[33], [79, Theorem 2.6]).

14.3. Transcendence and diophantine approximation. Mahler measure,
or rather the Weil height h(a) = log M(«a)/d, plays an important technical
role in modern transcendence theory, in particular for bounding the coeffi-
cients of a linear form in logarithms known to be dependent.

As remarked by Waldschmidt [169, p65], the fact that this height has three
equivalent representations, coming from (1), (2) and (4) makes it a very
versatile height function for these applications.

If aq, ..., a, are algebraic numbers such that their logarithms are Q-linearly
dependent, then it is of importance in Baker’s transcendence method to get
small upper estimates for the size of integers mq,...,m, needed so that
mylogag + -+ + myloga,, = 0. Such estimates can be given using Weil
heights of the a;. See [169, Lemma 7.19] and the remark after it.

Chapter 3 (‘Heights of Algebraic Numbers’) of [169] contains a wealth of in-
teresting material on the Weil height and other height functions, connections
between them, and applications. For instance, for a polynomial f € Z[z] of
degree at most N for which the algebraic number « is not a root one has

1
>
= St

where || f||1 is the length of f, the sum of the absolute values of its coefficients,
and d = deg a ([169, p83)).

In particular, for a rational number p/q # « with ¢ > 0, and f(x) = qr —p
we obtain

P 1
oa—=|> ) 40
| s o
14.4. Distance of a from 1. From (40) we immediately get for a # 1
1
1] > (41)

21 M(a)’



Chris Smyth 341

Better lower bounds for |o—1] in terms of its Mahler measure have been given
by Mignotte [110], Mignotte and Waldschmidt [113], Bugeaud, Mignotte and
Normandin [45], Amoroso [2], Dubickas [63], and [65]. For instance Mignotte
and Waldschmidt prove that

ja = 1] > exp{—(1 + £)(d(log d) (log M(a)))"/} (42)

for ¢ > 0 and « of degree d > d(e). Dubickas [63] improves the constant 1 in
this result to /4, and in the other direction [65] proves that for given ¢ > 0
there is an infinite sequences of degrees d for which an « of degree d satisfies

o o) 172
\a—1|<exp{—(c—5) (%) } (43)

Here Dubickas uses the following simple result: if F' € C|z] has degree ¢ and
F’(1) # 0 then there is a root a of F such that |a — 1| < ¢|F(1)/F'(1)].

14.5. Shortest unit lattice vector. Let K be a number field with unit
lattice of rank r, and M = min M(«), the minimum being taken over all
units a € K, @ not a root of unity. Kessler [89] showed that then the shortest

vector A in the unit lattice has length [|A]]2 at least /25 log M.

14.6. Knot theory. Mahler measure of one-variable polynomials arises in
knot theory in connection with Alexander polynomials of knots and reduced
Alexander polynomials of links — see Silver and Williams [148]. Indeed, in
Reidemeister’s classic book on the subject [126], the polynomial L(—z) ap-
pears as the Alexander polynomial of the (—2,3,7)-pretzel knot. Hironaka
[85] has shown that among a wide class of Alexander polynomials of pretzel
links, this one has the smallest Mahler measure. Champanerkar and Kofman
[47] study a sequence of Mahler measures of Jones polynomials of hyperbolic
links L,, obtained using (—1/m)-Dehn surgery, starting with a fixed link.
They show that it converges to the Mahler measure of a 2-variable polyno-
mial. (The many more applications of Mahler measures of several-variable
polynomials to geometry and topology are outside the scope of this survey.)

15. FINAL REMARKS

15.1. Other sources on Mahler measure. Books covering various aspects
of Mahler measure include the following: Bertin and Pathiaux-Delefosse [19],
Bertin et al [20], Bombieri and Gubler [23], Borwein [26], Schinzel [139],
Schinzel [142], Waldschmidt [169].

Survey articles and lecture notes on Mahler measure include: Boyd [31],
Boyd [33], Everest [76], Hunter [87], Schinzel [141], Skoruppa [154], Stewart
[159], Vaaler [160], Waldschmidt [167].
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15.2. Memories of Mahler. As one of a small group of undergraduates in
ANU, Canberra in the mid-1960s, we were encouraged to attend graduate
courses at the university’s Institute of Advanced Studies, where Mahler had
a research chair. I well remember his lectures on transcendence with his
blackboard copperplate handwriting, all the technical details being carefully
spelt out.
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